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Abstract

The work proposes a comprehensive approach to the synthesis of the coefficients of PI- and PID-controllers, as well
as the coefficients of feedback based on the state variables of the system, using the feedback linearization method for the
synthesis of control influences. This approach considers not only the static but also the dynamic characteristics of the
system, allowing for higher control accuracy. The feedback linearization method facilitates the transformation of nonlinear
systems into linear ones, simplifying their further analysis and controller design. The research shows that the new
methodology for synthesizing the coefficients of controllers provides improved system stability, reduces sensitivity to
external influences, and decreases the response time of the system to changes in operating conditions. A comparison of the
proposed approach with the classical feedback linearization method demonstrates significant advantages in adaptability and
accuracy. Specifically, the new methodology accounts for real-time changes in system parameters, which is critically
important for complex automated processes. Using a two-mass system as an example, the practical application of this
approach for synthesizing a control system is demonstrated, allowing for greater precision in control and reduced
energy costs. The results of experimental studies confirm the effectiveness of the proposed methodology, indicating
its ability to ensure stable system operation under variable loads and external influences. The analysis showed that the
new approach can be utilized not only in traditional automated systems but also in a wide range of applications, such
as robotics, industrial automation, and electric drive control systems. This research opens new horizons for the further
development of adaptive control methods and can serve as a foundation for future studies in this field.
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1. Introduction

The present market competition encourages manufacturers to search for new approaches to improve the
efficiency and productivity of technological equipment. At the same time, there is a significant gap between the
development of automatic control theory and the practical application of the created methods for synthesising control
influences in technical systems. Technological objects are mostly nonlinear in nature. Such a nonlinear system, which
is generally described by an n"-order differential equation, is reduced to a system of first-order differential equations:

#(6) = £ (2(0,00)) + g(2(0) - u(®) + £(0), (€

where £(t) = [x,(t), x5 (t), ... x,, (O]7, 2, () = x(t), x,(t) = x(t) is vector of system state variables; u(t) € R" is
vector of control influences; &(t) is vector of external disturbances; f (az(t),é(t)) and g(a?(t)) are nonlinear
functions that describe the system; 8(t) is system parameter vector.
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Improvement of nonlinear system stability, reduction of sensitivity to external influences and decrease of the
response time of the system to changes in operating conditions are important tasks that need to be solved.

2. Analysis of publications and research

In view of the complexity of the methods for synthesising nonlinear systems [1]-[4], in the industrial process
control systems, traditionally, the control systems synthesised on the basis of linearized models are used. A system
model is created by linearizing the system in the area of a certain point in the state space (t) = x(t) — x,(t),

Au(t) = u(t) — up(t). The functions f(x(t),é(t)) and g(x(t)) are expanded in a Taylor series. Given that the
operating point region is quite small, the Taylor series expressions with an order higher than the first are neglected.
As a result, the system model is obtained in the form of the following equations:

x(t) =A%)+ B -u(t),

y(t) = C-x(t), )
where A, B are the matrix of the system and the matrix of control and disturbing influences, respectively; C is the
observability matrix of the system.

When expanded in the Taylor series in the area of a few points, a dynamical system class is contained [5].

The presence of a linear model of the system makes it possible to apply the classical control theory methods to
the synthesis of control influences [6]. This advantage is realised by the well-known method of feedback linearization
[31.[71-[9]. By changing to another coordinate basis z=T(x), we obtain the system:

Z2(t) = A-Z(t) + B - [a(x(t)) + B(x(D)) - a(t)], (3)
where 4, B are controlled matrices; B (x(t)) # 0 for x(t) € R™ and B(x(t)) = Ly L} T (x); a(x(t)) = LFT(x);

LeT(x) = agi") f(x), LyT(x) = agix) - g(x) are derivatives of function T(x) with respect to f(x) and g(x); ris an

indicator characterising the presence of internal system dynamics.

We synthesize a controlling influence in the form of

at) = m [—a(z(®) +7(®)], @

and obtain a linear system
zZ(t) = A-Z(t) + B - 7(t). (5)
In case of a ‘single input, single output’ system, we will get:

z (£)™ = y(t). (integrator series) (6)

System (6) can be obtained from (2) by applying an approach that is an interpretation of the feedback
linearisation method for a linear system [10]. In particular, the application of the feedback linearization method in the
case of system (2) gives:

y=C-x=C-A-x+C-B-u,
and if C - B = 0, we obtain
y=C-A-x=C-A-A-x+C-A-B-u etc
It will allow us to obtain an expression for the controlling influence u as:
u=—(C-A"1-B)1-C-A - x+(C-A"*- B v. (7)
After substituting the synthesised control into system (2), we obtain:
y©© =v. ®)

Thus, as it was shown in [10], the control influence u provides compensation for the n-r zeros of the system
transfer function.
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3. Goal of the paper

The goal of this work is to present the developed methodology for synthesizing the coefficients of controllers for
nonlinear technological objects to provide the improved system stability, reduced sensitivity to external influences
and decreased response time of the system to changes in operating conditions.

4. Presentation and discussion of the research results
In the case of obtaining a system model as a chain of series-connected integrators, control by the full state vector
is traditionally used. In particular, for the case of system (8):
v=—kyy—ky-y—-—kp_q -y,
or
v=—ky-C-x—k -C-A-x——k._; -C-A"1.x,
which allows implementing the desired root location of the characteristics polynomial.

However, the classical feedback linearization method has two main disadvantages [11]-[13]:

1) Availability of an adequate model of the physical system with correctly determined parameters, which is a rather
complex task, both due to the complexity of the technological processes themselves and the presence of uncertainties;

2) Significant impact on the control quality of disturbances.

The second disadvantage can be slightly reduced by implementing a PI- or PID-controller (Fig.1) in the system
by using a differential component in the control of the full state vector [14]. In this case, the component of the control
influence v will be formed as:

e:antr_kl.y_kz.}',_..,_kr_l,y(r—l);
V=kp'e+kd'%+ki'f€dt.

For the third-order system, using the transfer through the summer, taking into account (6) and (8), the structure
of the control system with the Pl-controller will have the form shown in Fig.2.

1] 2[1 lel
— = S
S S S

a b
Fig.1. Control system block diagrams based on the full state vector with a P1-controller (a) or a PID-controller (b).
The transfer function of the closed system will have the form:

Y(s) _ kps+k;

m =H(s) = st4kpkys3+(kpko+kiky)s?+(kpka+kiks)s+kiks (9)
Applying the standard form of the roots placement of a characteristic equation, we obtain:
kp'kl = aq " Wy,
ky-ky+ki ki =a, w®;
P 2 i 1 2 0 (10)

lkp'k3+ki'kz=as'wo3;

. = . 4
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kpk3 +ki*k2

Fig.2. Transformed block diagram of the system with PI-controller.

From the transfer function of the system (9) when s=0, we get:

Y(s=0) _ k; _ 1

U(s=0)  kyks k3

Then ks = U, Yo and ki = @o* / ks = wg*Youl U, accordingly. After substitution of ks and k;, the system of
equations (10) will take the following form when adjusted to the standard binomial:

I( ky ky =4-wp;
4 ky - k2 +w04YZZt'k1 =6 wo?; (11)
Itkp . YZ; + a)o“Y;’]—’:t ky = 4wyl
. . . 4wg 4w~ p‘yuz L .
From first equation (11) we obtain k, = e and from 3rd one k, = w04%”“t and by substituting them into
the 2nd equation, after some simple transformations, we obtain: ’
p® =4 @p® T Je)® 46 g (Y;’]Zt)z kp — 4 wo® (%)3 = 0. (12)

Rewriting equation (12) as
Y 2 Y, Your\2\ _
(k,,—z-w03-;’]_zt)-<kp —2-w03-g—':f.kp+2.w06(;’]zt) )‘0’

and taking into account that the quadratic equation will have complex-conjugate roots, we get

Y, 2 2
z a2 —out W, 2t
"7y, 0o,

kp=2'(1)03'

The dynamic characteristics of the system at the above coefficient settings for the case of w, =1 and
ks = U, /Yoy = 1 are shown in Fig.3.

The obtained results demonstrate an improvement in the control quality compared to the traditional use of the
state variable control system. It is important to note that the approach of applying a standard form for adjusting the
Pl-controller has its limits. For example, in the case of a 2nd order system, the system of equations for determining
the controller parameters will be as follows:

kp " kl =3- Wy,
kp'k2+ki'k1=3'(1)02; (13)
ki * k2 = (l.)03.
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Fig.3. The transient process and response to disturbances at time t = 15 s in the traditional state variable
control system (___ blue) and in the system with an additional PI-controller (___red).

From the transfer function of the system at s=0 we obtain k, = U, /Y, and k; = 00> | ky = 0> You ! U,
accordingly. After substitution to (13), the system of equations for determining the controller parameters will become:

kp'k1=3'a)0;

14
+w03.Yout/UZ.k1=3.w02. ( )

{kp . Uz/

Determining k; = 3-ao / k, from the 1st equation of the system (14) and substituting it into the 2nd equation, we

Yout

2
obtain the quadratic equation kp2 —3-wy? -“)Z/M ky + 3wyt (“’Z/M) =0 which does not have the real
z V4

roots. However, if we set the system to the standard form of the minimum root mean square error, the system would
look as follows:

kp'k1=1'(l)0;

15
+w03.Yout/UZ.k1=2.w02_ ( )

{kp ) UZ/Y

out

2
and obtained quadratic equation k,,z—z-woz-y"“t/U ky, +1-wp* (Yout/U) =0, will have a real root
z z
ko= 00" Your! U, Thenky = 1- wg / ky = 1/ (o You! Uy).

In control systems with a PID-controller, the control structure shown in Fig.4 is often used to avoid negative
signal response at the controller output when the control signal changes rapidly.

Fig.4. The block diagram of the control system structure with a modified PID-control law.

Then, in the case of the 3rd order system, after moving the PID-controller through the summer, taking into
account (6) and (8), the structure of the control system with the modified PID-controller will be shown in Fig.5.

The transfer function of the closed-loop system is given by

kp'S‘l'ki
Y .
(s) — H(s) = T+ky Ky a6
U(s) S4+(kp-k1+kd-k2)s3+(kp-k2+kd-k3+k,--k1)sz+(kp-k3+ki-k2)s+ K-k,
1+kdk1 1+kdk1 1+kdk1 1+kdk1



Synthesis of PI- and PID-Regulators in Control Systems Derived by the Feedback ...

J1]
s

kp'kl + kd'kz"

kp‘k2+kd'k3 +k|k1

ki'k3
S

Fig.5. Transformed block diagram of the system with a modified PID-controller.

If we adopt the standard binomial form, we get the system of equations:

ky-ky+ky k
p 1 d 2:4_0)0;
1+kd'k1
kp'k2+kd'k3+ki'k1=6.w2.
< 1+ kg ky 0
ky-ks+ki-k
p 3 i 2:4-w03;
1+kd'k1
ki'k3 =w4
14+ky ky O

System of equations (17), when 1 + k; - k; # 0, can be written as:

( kp'k1+kd'k2_kd'k1'4'w0:4'(1)0;
kp'kz+kd'k3+kl"k1_kd'k1'6'w02:6'(1)02;
kp'k3+kl"k2_kd'k1'4'w03:4'0)03;

\ K ks — kg ky - wot = wot.

125

17)

(18)

As in the previous case, from the transfer function of the system at s=0, we obtain ks = U, /Y. Setting the value
k4 = a, we find the values of the control system coefficients. Fig.6 — Fig.9 show the change in the coefficients of the

control system for different values of the coefficient k; and the geometric mean root w,.

Fig.10 shows the dependences of the change in the output value and the control signal for the proposed and

classical control systems for the case of wy = 1 and ks = U, /Yo, = 1.

50

) 50
j 100 0 ; i i
w0=0.1+(j-1)*0.025 kd=0.1+(i-1)*0.02 w0=0.1+(j-1)"0.025 kd=0.1+(i-1)*0.02

100 o0

Fig.6. Dependence of the change in the feedback Fig.7. Dependence of the change in the feedback

coefficient ky (kg , wo). coefficient k, (kg , wo).

150
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kp (kd, w)

ki (kd, wO)
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Fig.8. Dependence of change in the gain coefficient of the Fig.9. Dependence of change in coefficient of the integral
proportional part of the controller k,, (kg , wo). part of the regulator k; (kg , wg)
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Fig.10. Transient characteristic and disturbance response at time t = 15 s in a traditional state variable
control system (__ blue) and in systems with an additional PI1-(___red) or PID- (___green) controller.

The obtained dependencies allow us to assert that the implementation of a differential feedback on the system by
state variables during the control synthesis using the binomial form will slightly affect on its dynamic characteristics.

5. The application of the proposed approach for two-mass system
Let's apply the proposed approach to the synthesis of control influence in the two- mass system in Fig.11.

C

My ta v M, "o p
oM Do HE T,
x " ‘™,
bl I B
)

Fig. 11. Block diagram of a two-mass system.

The model of a two-mass system of state variables x = A - x + B - u in the case of a positioning system can be

written as:

&0 Btap 1 B 1

[ dt ] [- = =~ £ o] o, SR

|dM1z| | J1 0]1 J1 0| Ml ]6 . ”

dt | _ C12 —C12 12 .

o I S-S 1 by I S
dat J2 J2 J2 l»b J2

% L o 0 1 01 Lo ol

When applying the feedback linearization method, we set z; = 1 and obtain:
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21 = ZZ = (1)2;
. . 1
Z; = Z3 = Wy = (M12 +[)’-(w1—w2)—Mc—af2-w2);
2

. . 1 . . . . ) 1 .
23=z4=w2=]—2-(M12+[)’-(w1—wz)—Mc—afz-wz)=]—2-(c-(w1—w2)—Mc)+

(20)
1 B B
+]_2'<]_1‘(M_M12 _ﬂ'(w1_wz)_af1‘w1) _]_2‘ (Mlz + B (w _‘Uz)_MC_afz‘wz))_
1
_]_'a]ﬁ' (Mlz +ﬁ' (wl_a)z)_Mc_afz ‘0)2).
2 2
The system has a relative degree of p=3, and the expression for the control influence will be as follows:
J1J. 1 . 1 1
M =%<V—E' (c- (o —a)z)—Mc)—E-ﬁ- (M, = B (o, —wz)—afl-w1)+z<£-
(21)

'(M12+ﬁ'(w1_(Uz)_MC_afz'w2)+a]_];2'(M12+ﬁ'(w1_wz)_MC_afz‘w2)>>.

When Mc=0andMc=0 we obtain Mzg-v+h']2-M12(B+B+—‘21f2)+&-(w1—w2)-
B B J1J2 J3 B
(ﬁ_+w__)+uﬁ_fwl_uw
J1J2 J5 J2 B J1)2 B I3

After substitution the expression for the moment determination, taking into account the assumption, the system
of equations (20) will take the below form:

71 = Zy;

{z’z = Z3; (22)
ZI3 = V.

The synthesis of the control influence v when the PI controller is used and when applying the full state vector
control for a third-order system is given above in this article.

For comparison, Fig.12 shows the transient processes in the classical system synthesised by the modal control
method and in the system synthesised by the classical feedback linearization method, as well as with the use of an
additional Pl-controller. The feedback coefficients by state variables in the modal control system are calculated
according to the equations given in [15].

In the case when the control is synthesised by the classical feedback linearization method, the feedback
coefficients of state variables are equal to k; =3 w,, k; =3 w3, k, = w3, respectively, and the equation for
determining the control influence is as follows: v =M, —k, - z; —k, 2z, —k;-z;. At time t = 50 s, we have a
displacement disturbance applied to the system.

h(t) '

' ' ts
| | ’
0 10 20 30 40 50 60 70

Fig.12. Transient characteristics and response to disturbances at time t = 50 s in case with a traditional modal control system
(___blue), a classical system synthesised by the feedback linearization method (___green), and a system synthesised by the
feedback linearization method with an additional Pl1-controller (___red).
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The obtained results demonstrate significantly better dynamic and static characteristics in comparison with both the
modal control system and the classical system synthesized by the feedback linearization method. As noted in [15], in the
system, if internal and external friction are not taken into account in the synthesis of the modal controller, an overshoot
occurs. It is caused by the zero of the transfer function and inadequacy of the model used for synthesis of the controller.
When taking into account the friction, the overshoot is extremely small, as shown in Fig.12. In the system synthesized by
feedback linearization method with a Pl-controller, the overshoots are caused by Pl-controller which leads to the
appearance of a zero in the transfer function of the system (9). It is also worth noting that the system synthesized by the
feedback linearization method is adjusted to the standard form of the 3rd order, while the modal controller and the
system with an additional Pl-controller use the standard form of the 4th order, which affects the system dynamics.

In the case of a traditional two-mass system, its mathematical model will look like:

N AL Lo

dM l N1 1 1 I W1 |]1 I M

121 = C12 0 —C12 'IMlz +lo o I[M] (23)
ddf B 1 Bap| Lol | 1] He

doy A 1° 77

dt Iz Iz Iz 2

When applying the feedback linearization method to (23) at z; = w,, we obtain
Z1 =2, =w,=1/J,- (M12 + B (w; — wy) _Mc_afz 'wz)i
Z=z3 =W, =1/, (M12 + B (w1 — @) — Mc — ag, wz) (24)
The system has a relative degree of p =2, and the equation for the control influence M will be similar to the case
of a positional two-mass system. Adjusting the controller coefficients using the standard binomial form, as described

above, is impossible. In our research, we will use the standard form: s® + wy - s2 + 2 - w3 - s + w3. Then, in the case
of synthesis of a PID-controller, we obtain the following system of equations:

kp'k1+kd'k2
L = T—1-wy
1+kd'k1
k, k,+k; -k
|4 2 i 1 2
P2t 9. . 25
| " 1+ kg ky @o' (25)
l kl"kz :w3
1+kg ky °°

From the transfer function of the system at s=0, we obtain k, = M, / ,. At the differential regulator coefficient
kq = 0.85, the values of the control system coefficients for w, =1 are equal to k; = 1.6001; k, = 0.9437;
k; = 2.23601 respectively.

For comparison, in Fig.13 are shown transient processes in a classical system synthesised by the classical feedback

linearisation method and with the use of an additional PI-controller or PID-controller. The synthesis of the control input
v using a PI-controller and control by the full state vector for a 2nd order system is given above in this article.

1.4 T T T —

' h(t)
12

1+

08

0.6
0.4
0.2

| | 1 1 | t,S
0 5 10 15 20 25 30 35 40

Fig.13. Transient process and response to disturbances at time t = 25 s in the system synthesised by the feedback linearization
method when adjusting to the binomial form (___red) with an additional PID- controller (__ green) and Pl-controller (___blue)
when adjusting the system to the form s3 + wg - s%2 + 2 - 0 - s + w3.



Synthesis of PI- and PID-Regulators in Control Systems Derived by the Feedback ... 129

In the case when the control is synthesised by the classical feedback linearization method, the feedback
coefficients for the state variables are k; =2-w,, k, = w3, respectively, and the control influence is
v=M, -k, z,—k,z. Attime t = 25 s, a disturbance acts on the system.

The obtained results allow us to confirm that the application of a PI- or PID-controller to the
control structure provides an astatic control system by disturbance. At the same time, the introduction of a
differential component, when tuned to the standard form of the minimum mean square error, significantly
improves the system's dynamic characteristics, in comparison with the control synthesised on the basis of the
binomial form.

6. Conclusion

The proposed approach to the complex adjustment of the coefficients of PI- or PID-controllers and feedback
coefficients on state variables in control systems based on the full state vector improves the static and dynamic
properties of the system, which is confirmed by the results shown in Fig.3 and Fig.10.

Depending on the chosen standard form for adjusting the control system coefficients, effect of the
differential component of the control influence on the system characteristics changes, as shown by the results in
Fig.10 and Fig.13.

The application of the proposed approach for the synthesis of the control influence in a two-mass system
has demonstrated its effectiveness in comparison with traditional modal control. The presence of internal
dynamics of the system influences the nature of transients in systems synthesised using the feedback
linearization method.
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Cunres I1I- Tta IIII-peryasaTopiB y cucreMax KepyBaHHS,
OTPUMAaHMX METOA0M JiiHeapu3allii 3BOPOTHUM 3B’ SI3KOM

.o cab - . .
Anppiit Josuncekuii®®, Jlinis Kama®, Crenan IMakix®, Poman CagoBebkuii®

®Hayionanvnuii ynisepcumem «JIvgiecoka nonimexuixay, 6ya. Cmenana Bandepu, 12, Jlveis, 79013, Ypaina
®Padomcorui yuigepcumem im. Kazimipa [lynackezo, eyn. Ayka Manvuesckezo, 29, Padom, 26-600, Ilorvwa

AHoTanis

B po6oTi 3ampomnoHoBaHO KOMIUTEKCHUH miaxix o cuHTe3y KoedimientiB I1I- ta ITI/I-perymsaTopis, a Takox
Koe(ilieHTIB 3BOPOTHUX 3B’S3KIB 32 3MIHHAMHU CTaHY CHCTEMH IIPH 3aCTOCYBaHHI METOJy JliHeapHu3allil 3BOPOTHIM
3B’S3KOM JUIS CHHTE3y Kepyrouux BIUiuBiB. llel migxig BpaxoBye HE JIMINE CTaTWYHI, aje W JUHAMIYHI
XapaKTePUCTHKH CHUCTEMH, IO O3BOJSIE IOCATTH OLMBbII BHUCOKOI TOYHOCTI B yIpaBiiHHI. MeTon miHeapw3aii
3BOPOTHHM 3B’SI3KOM 3a0e3reuye MepeTBOPEHHs HEeNIiHIMHUX CHCTEM Y JIiHiIHI, 0 CIPONIYe X NOAAJIbLIMK aHaNTi3 Ta
MPOEKTYBAaHHS KOHTpouiepiB. JloCmiKeHHS TOKa3ye, MO0 HOBAa METOIOJOTIA CHHTE3Y KOCQII€HTIB pEeryisaTopiB
3a0e3neuye TOKpalleHy CTaOUIbHICTh CHCTEMH, 3HWXKYE UYYTJIMBICT JIO 30BHILIHIX BIUIMBIB Ta 3MEHIIYE Yac
pearyBaHHSI CHCTEMH Ha 3MiHM B yMOBax ekciuryaramii. ITOpiBHSHHS 3ampONOHOBAHOTO INAXOAY 3 KJIACHYHUM
METOJIOM JliHeapH3allii 3BOPOTHHM 3B’S3KOM JIEMOHCTPY€E 3HA4HI IepeBard y aJIalTHBHOCTI Ta TOYHOCTI. 30Kpema,
HOBa METOJIOJIOTISl JTO3BOJIIE BPAaxOBYBaTH 3MIHM B IapaMeTpax CHCTEMH B pPEaJbHOMY 4aci, IO € KPUTHYHO
BOXJIMBUM JUIS CKJIaJHUX aBTOMAaTH30BaHMX mpolieciB. Ha mpukiajgl ABOMacoBoi CHCTEMH INPOAEMOHCTPOBAHO
MpaKTHYHE 3aCTOCYBAHHS IIHOTO MiJXOY JJISi CHHTE3Y CHCTEMH KEPYBaHHS, 10 HAJla€ MOMJIUBICTh AOCATTH OUIBIIO]
TOYHOCTI B YNpPaBJiHHI Ta 3MEHIIMTH EHEPreTUYHI BUTPATH. Pe3ysibTaTH eKCIepUMEHTAJIbHUX JOCIIIKEHb
MiATBEPIKYIOTh €(EKTUBHICTH 3aIPOIIOHOBAHOT METOOJIOTII, BKa3yrOYn Ha ii 3/aTHICTH 3a0e3ledyBaTH CTAOITbHY
pobOTY CHCTEeMH B YMOBax 3MIHHHX HABaHTaXKEHb 1 30BHIIIHIX BIUIMBIB. AHAJIi3 IMOKAa3aB, 10 HOBHUU MIAXiA MOXKE
OyTH BUKOPHCTaHUH HE JIMIIE B TPAIUNIHHUX aBTOMAaTH30BaHNX CUCTEMaX, aje i B IMPOKOMY CIIEKTpi 3aCTOCYBaHb,
TaKUX sK poOOTOTEXHiKa, MPOMHUCIOBA aBTOMATH3allisl Ta CHUCTEMU YIPABIIHHS €JEKTPUYHMMH NpuBojaMu. [lane
JIOCJIJPKEHHS BiIKPHBA€ HOBI TOPH30HTH JUIS IOJAJBIIOrO PO3BUTKY aIalTHBHUX METOJIB YIpaBIiHHA Ta MOXe
CJIyT'yBaTH OCHOBOIO JUIS MAWOYTHIX AOCIIIKEHb Y LiH raimysi.

Katouosi ciioBa: sineapuzanist 380poTHUM 3B’ s13k0M; T11/I-perynstop; cucrema KepyBaHHS, CHHTE3; JIBOMAcoBa

cucreMma.



