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This study aims to explore the consideration of boundary layer flow and heat transfer over
a moving plate with the presence of the magneto-hydrodynamics at the surface in carbon
nanotubes. The mathematical model for the boundary layer flow problem is obtained
and solved using numerical techniques based on Haar wavelet collocation. The types of
nanoparticles used in this research were single-walled carbon nanotubes and multi-walled
carbon nanotubes with water and kerosene that were used as base fluid. The partial
differential equations are transformed into nonlinearly ordinary differential equations by
similarity transformation. Maple software is used to work on these equations. The results
were represented in the formation of graphs including velocity and temperature profile, skin
friction coeflicient and local Nusselt number for different values of magnetic field, CNTs
volume friction and moving parameter. The outcomes obtained are that the moving plate
gives non-unique solutions. In addition, the increments of magnetic field into the flow will
increase value of skin friction coefficient and the heat transfer coefficient.

Keywords: carbon nanotubes; boundary layer flow; moving plate; Haar wavelet; heat
transfer; magneto-hydrodynamics.
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1. Introduction

The performance impact, energy efficiency, and operational costs of numerous processes are crucial for
various industrial applications. Therefore, advancements in heat transfer technologies are essential.
Traditionally, base fluids like water and kerosene have been used as heat transfer media. However,
rising industrial demands for faster heat transfer have led to developed the innovative idea of mixing
nanoparticles (NPs) with base fluids, resulting in the creation of nanofluids (NFs) Choi and Eastman [1].
Nanoparticles, which are particles with dimensions typically less than 100 nanometers, can significantly
enhance the thermal properties of the base fluid. These nanoparticles can be made from a variety of
materials, including metals (such as copper and aluminum), metal oxides (such as alumina and titania),
and other advanced materials (such as carbon nanotubes and graphene).

Among various types of nanofluids, carbon nanotube (CNT) nanofluids are considered some of the
most effective due to their exceptionally high thermal conductivity compared to other nanoparticles [2,
3]. Carbon nanotubes, which are cylindrical structures with nanoscale diameters and lengths that
are categorized into single-walled carbon nanotubes (SWCNTs) and multi-walled carbon nanotubes
(MWCNTs). CNTs are used in a wide range of applications such as biosensors for their high surface
area and electrical conductivity, which improve the sensitivity and performance of these sensors [4-7],
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various medical technologies, including drug delivery systems and imaging techniques, due to their
biocompatibility and ability to interact with biological systems [8] and nanogenerator technologies,
which convert mechanical energy into electrical energy [9]. CNTs exhibit a remarkable range of thermal
conductivity values, from as low as 0.1 W/mK to as high as 6600 W/mK [10]. This broad spectrum
of thermal conductivity is attributed to the structure, type of CNT, and the conditions under which
they are measured.

Magneto-hydrodynamics (MHD) is a field that merges principles of both magnetism and fluid
dynamics to study the behavior of electrically conductive fluids in the presence of a magnetic field [11].
Magnetic field typically increases the local skin friction coefficient because the Lorentz force acts as
an additional body force in the fluid, enhancing the momentum transfer near the boundary layer and
thus increasing friction. Experimental work by Masaaki et al. [12] demonstrated that the presence of a
magnetic field enhances the heat transfer coefficient. This occurs because the magnetic field influences
the thermal boundary layer, causing positive impact on energy transfer of heat from the fluid to
the boundary. The interplay between magnetic forces and fluid dynamics opens up new avenues for
optimizing systems where heat and mass transfer are critical.

Solving nonlinear ordinary differential equations (ODEs) over an infinite interval presents numerous
difficulties, particularly when using numerical methods like the Shooting method and Finite element
method, as well as semi-numerical methods such as perturbation parameters and Pade approximations.
These methods often face limitations related to convergence, stability, and the need for accurate initial
guesses when solving boundary value problems (BVPs). Due to these challenges, it is crucial to develop
new efficient techniques that can overcome these obstacles and overall solving nonlinear ODEs over
infinite intervals.

Wavelet methods have become increasingly prominent in numerical analysis due to their versatility
and efficiency in handling various types of differential equations. This approach offers a compelling
alternative to traditional numerical methods such as finite difference, finite element, and spectral
methods. Key figures in the development of wavelet theory include Meyer, Morlet, Grossmann, and
Daubechies [13], who made significant contributions to the mathematical underpinnings of wavelet
functions. One of the earliest and most influential wavelet methods is the Haar wavelet, introduced by
Alfred Haar in 1910. The Haar wavelet is particularly notable for its simplicity and consisting of step
functions that are straightforward to manipulate. Due to its simple structure, the Haar wavelet requires
fewer computations, making it suitable for real-time applications. Chen and Hsiao [14] developed
operational matrices for Haar wavelets, that facilitate the transformation of differential equations
into algebraic equations. Lepik [15] expanded on this work by creating a systematic and effective
approach for solving differential equations on grids with uniform spacing. Karkera et al. [16] discussed
the investigations of universal combined MHD flow of viscous boundary layer with Haar wavelets. By
comparing their results with previously observed solutions, they have demonstrated that Haar wavelets
provide a reliable and computationally efficient tool for analyzing complex fluid dynamics scenarios.
Subsequent research has consistently demonstrated the accuracy and simplicity of Haar wavelets in
solving boundary layer flow problems [17-20]|. Based on published literature, this study examines the
flow properties and heat transfer over a moving plate in the presence of carbon nanotubes and MHD
effects.

2. Haar wavelets

The Haar wavelet is a square-shaped waves with a magnitude of 1 at certain intervals and zero
elsewhere that forms a variety of wavelet families or basis. The Haar wavelet is classified as compact,
dyadic, discrete, and orthonormal. It consists of pairs of piecewise constant functions and it is the
numerically simplest of all wavelet families. The one-dimensional Haar wavelet family for z € [0,1)
can be defined as the Haar wavelet associated with the mother wavelet,

1, for =z € o, p),
hi(z) =< —1, for z€[B,7),

0, elsewhere,
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where o = —, 8= k+0 S 4= % hi(x) is the scaling function for the family can be defined as

ha () = {1, for x€][0,1),

0, elsewhere.

The Haar series is constructed by taking linear combinations of the scaled and translated Haar wavelet
functions. These combinations are weighted by the coefficients depending on the properties original
function. Haar wavelet integration also can be expanded into Haar series. One significant advantage of
the Haar wavelet is the ability to integrate it analytically at arbitrary times. By referring to Karkera
et al. [16], these integrals can be determined as follows:

. r—a for zé€la,p),
pia(t) =/ hi(t)dt = ¢v—=z for x € [B,7),
0 0 elsewhere,
(z —a)? for z €, p),
z Lol —2)? for ,
pi2(t) :/ pia(t)dt = 47?2 2(7 =) €87,
0 ImZ for € [v.1),
0 elsewhere.

Likewise,

3. Mathematical formulation

This model examines two-dimensional (2D) steady flow past a moving plate under the influence of
a magnetic field. The flow is characterized as incompressible and laminar, involving SWCNTs and
MWCNTs. Water and kerosene are chosen as the base fluids, following the findings of Yilmaz et al. [21],
who noted that the choice of base fluids can significantly impact the heat transfer process. A Cartesian
coordinate system is employed, with the z-axis parallel to the plate and the y-axis perpendicular to it.
The plate is assumed to be kept at a uniform temperature T,,, while T, denotes the temperature of
the fluid far from the plate. The plate moves with a constant velocity U,,, and Uy, represents the free
stream velocity away from the plate’s surface. The thermal properties of the carbon nanotubes and
base fluids are provided in Tables 1 and 2.

Table 1. Thermophysical properties of CNTs and base fluids [22].

Physical properties Nanoparticles Base fluid
SWCNTs MWCNTs Water Kerosene
p (kg/m?) 2600 1600 997 783
Cp, (J/kg K) 425 796 4179 2090
kE (W/m K) 6 600 3000 0.613 0.145

By extending and modifying the works from Bachok et al. [23] and Norzawary et al. [24], the
boundary layer equations of continuity, momentum and energy for this model can be constructed as

ou  Ov

— — 1

8a:+8y 0 (1)
Ou Qs O Outpayy ) 2

”ax 8y Pnf OY?  pnf
or ~ or 9T
u% + ’ua—y = anf8—y2.
along with the boundary conditions
u=Uy(x) =AU, v=Vu(x), T=T, at y=0,
u—Ux(z), T—Ty, as y— oo.
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The velocity components u and v represent the movement along the Cartesian coordinates (x,y), where
the z-axis lies along the plate and the y-axis is perpendicular to it. The term pi,r/pn s can be simplified
to Ung = fnf/png, Where v, denotes the effective kinematic viscosity. The uniform velocity of the
free stream flow U is expressed as U = U,, + Uy. The temperature of the nanofluids is represented
by T, and B denotes the magnetic field applied to the fluid flow. T, is the constant temperature of
the plate, while T, is the temperature of the ambient fluid. In this context, A and o represent the
velocity parameter and the Stefan—-Boltzmann constant, respectively. The subscripts f, nf, and CNT
refer to fluid, nanofluid, and carbon nanotube, respectively. The correlation of the physical properties
is detailed in Table 2.
Table 2. Thermo-physical properties of CNTs Nanofluids [25].

Properties CNTs nanofluids
Dynamic viscosity, fin fnf = (1_;%
Density, py pny = (1= 9)ps + dpenr
Effective kinematic viscosity, vnf vny = ;LL;
1—¢42¢ ECNT_ |y FONT TRy

Th 1 conductivity, k kny =k oNLf

ermal conductivity, k¢ nf ¢ 17¢+2¢]€0qu{,% - kc}g,f:kf
Heat capacity, (pCp)ns (PCp)ns = (1 = &) (pCyp) s + ¢(pCp)enT
Thermal diffusivity, o, Qpp = (pgﬁ

Using similarity transformation, the partial differential equations (PDEs) Egs. (1)—(3) can be con-
verted into ODEs. As a result, the independent variable changes to:

U T —Ty
= —_—, = U , 0(n)=——7, 5
n y\/vfsg ¥ =vgzU f(n), 6(n) T T (5)
where 7 is the independent variable and v represents the stream function, where u = 3_15 and v = —g—m.

By expressing the equations in a non-dimensional form, we simplify the number and complexity of
variables, making it easier to define the governing equations of the investigated phenomena [26]. Using
the similarity variables Eq. (1) is satisfied and the remaining Eqs. (2)—(3) are changed. From Eq. (5),
we can transform the PDEs from Egs. (2) and (3) into ODEs with respect to 7 as follows

1 " 1 " /
z M(1 — = 6
1 knf/kf o, L,
— 0" + — f6' = 0. (7)
Prig o digg

Together with the boundary conditions
fO)y=0, f0)=2x 0(0)=1, ®)
fi) = (X=X, 0(n)—0, as n— o0,
where M = Z;{—;% is a magnetic fields parameter and A is a moving parameter. In addition, Prandtl
number is presented by Pr = Z—’; Then, the physical quantities required are the coefficient of skin

friction, Cr and sheer stress’s surface, T,
? f y lws

Tw ou
Cy=— w = MUnf | =— t =0, 9
f pr2 y T Hnf <ay> a Yy ( )
then the local Nusselt number, Nu, and the heat flux’s surface, ¢, are
Ty oT
Nu,=—-—"——, quw=—knr|— t =0. 10
Ty () "o
Thus, the above physical quantities are
1 1 _1 k
2 _ " 2 [ MfY
CrRei = i ¢)(2.5)f (0), NuyRe;? = ( ks > 6'(0) (11)

and Re, = g—;‘ is the local Reynold number.
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Numerical solution by Haar wavelet collocation method (HWCM). The semi-infinite
physical domain [0, c0) must be changed to suitable Haar wavelet context, where it can be reduced to

[0,1) by introducing the coordinate transformation £ = 77% and changing the variable to F(§) = %
and 61(§) = % to satisfy all the boundary conditions. Then, Egs. (6) and (7) can be transformed to
1 1
— F( + R FOF O H M- F©)=0, (12
NT
(1-6)29) (1- ¢+ 2renr)
1 nf/kf 1" 1 2 / _
B e ) + R FO 0 =0 (13)
Pcp)
The boundary conditions of (8) are transformed to
1
F()=0, F(0)=X FQ)=1-X6:0)=—,
) ) o 10) = - "
F'(n) = (1—=2X), 6;(1) =0, as n— cc.
The higher order of derivative for (12) and (13) are approximated by Haar wavelet,
2J+1
F'(€) = aihi(§), (15)
i=1
2J+1
01(6) = Y dihi(€). (16)
=1
The corresponding lower order of F” (), F'(€), F(£), 01(£) and 6,(€) are integrated using (15) and (16):
2J+1
F'(¢) = Z ai[pin(§) — Ci] +1 =2, (17)
i=1
2J+1
F'(§) = ) ailpia(§) — €G] + € (1 —20) + A, (18)
i=1
2J+1 é‘ 52
PO =3 afpa@ - Sa] + S a2 (19)
=1
2J+1 1
1) =D dilpia(§) - Ci] - — (20)
i=1 o0
2J+1
= dilpiale) ~ 0]~ Sy - 1)
- i |Pi,2 7 oo oo .

Then, the higher order Egs. (12) and (13) together with Eqs. (17)—(21) by applying the collocation
point,

1 1 J+1
61:W<l—§>, l:1,2,...,2 . (22)

Hence, a numerical solution for the system of nonlinear equations with 27+1 unknown wavelet coeffi-
cients can be derived.

4. Result and discussion

The analytical solutions for the ODEs in Egs. (6) and (7), along with boundary condition Eq. (8) have
been solved and the numerical solutions can be achieved using Maple software. The basic properties
of nanoparticles and base fluid are shown in Table 3 [22].
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Table 3. Thermophysical properties of CNTs and base fluids Khan et al. (2014) [22].

Physical Properties Nanoparticles Base fluid
SWCNTs MWCNTs Water Kerosene
p (kg/m3) 2600 1600 997 783
Cp, (J/kg K) 425 796 4179 2090
kE (W/m K) 6600 3000 0.613 0.145

Figures 1 and 2 illustrate the impact of skin friction, f”(0), and on the heat transfer coefficient,
—6'(0), in SWCNT dispersion in water, considering the magnetic field, M, and the moving parameter,
A. With constants ¢ and Prandtl number Pr set at 0.1 and 6.2, respectively, and M = 0 indicating no
magnetic influence, the plate’s motion is either against (A < 0) or with the free stream (A > 0). The
figures show unique solutions for A > 0 and M > 0.1, and dual solutions for A\, < A < 0 and M < 0.1,
with no solutions for A\, > A. The critical value A\. determines whether dual solutions or no solutions
occur. Increased M values enhance f”(0) and —6'(0), slowing thermal boundary layer separation, with
the second solution showing a smaller increase in these values.

‘ *  First Solution * Second Solution‘
0.739
SWCNT/Water
[ - FirstSolution * Second Solution 6=01
0515+ Pr—62 M =0,0.01,0.02,0.1

M =0,0.01,0.02,0.1
SWCNT/Water
¢ =0.1

Pr=62 —6'(0)

f//(()) .
Ae = —0.5482
Ae = —0.5960 Ae = —0.5482
Ae = —0.5718
B D Ae = —0.5960
-0.386 : -0. : ‘ ‘
0 1 -0.5 0 0.5
A A
Fig. 1. Variation of f”/(0) with different M and A for ~ Fig.2. Variation of —6’(0) with different M and A
SWCNT /water. for SWCNT /water.
[ - SWCNT/Water *  SWCNT/Kerosene [ - SWCNT/Water °©  SWCNT/Kerosenc
oS T— . — 2.3081
....... P
M =0,01,02 Py M =0,01,02
% 1
CrRez | Nug Re; 2

0.837 %~
0

0.22

02

o 24

Fig.3. Effect of different values of M on the skin  Fig.4. Effect of different values of M on the Nus-

friction coefficient using various ¢ for SWCNT /water  selt number using various ¢ for SWCNT /water and
and SWCNT /kerosene. SWCNT/kerosene.

To determine which fluid is more effective, we examined the performance of SWCNT in water and

kerosene across varying volume fractions, ¢, from 0 to 0.2, as shown in Figures 3 and 4. These figures

reveal that SWCNT in kerosene outperforms water in terms of skin friction and the local Nusselt

1 _1
number. Specifically, the graphs display changes in CyRez and Nu, Re, * for a moving parameter
1 1

A =0.2. As ¢ increases, both C Re2 and Nu, Re, ? rise, particularly with higher values of M. This
study highlights that SWCNT in kerosene performs better than in water, especially under increased
M conditions.
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Figures 5 and 6 compare the performance of SWCNT and MWCNT in water, with varying values of
M =0,0.1,0.2 and 0 < ¢ < 0.2. The graphs show that SWCNT consistently outperforms MWCNT in
1 1

terms of the skin friction coefficient, C'y ReZ, and the local Nusselt number, Nu, Re, 2, for a constant
1

1 _1
moving parameter A = 0.2. As M increases, both Cy Rei and Nu, Re; ? also increase, demonstrating
the significant impact of M and ¢ on the thermal and fluid dynamic properties of these nanotubes.
Overall, the analysis highlights the superior efficiency of SWCNT over MWCNT in a water-based

environment.

[ - SWCNT/Water MWCNT/Water |

0.66

M =0,0.1,0.2

1
Cf Re,?

0.22

Fig.5. Effect of different values of M on the skin
friction coefficient using various ¢ for SWCNT /water
and MWCNT /water.

First Solution — — Second Solution

! >
f (77) A= —0.50,—-0.45,—0.40
0.5
0 T T
10 12
SWCNT/Water
M =0.01
-0.5 ¢ =0.1

Fig. 7. Effect of different values of A on the velocity
profile using various n for SWCNT /water.

+  SWCNT/Water + MWCNT/Water

2.062

M =0,0.1,0.2

1
Nu; Re, 2

A=0.2

0.837+%
0

01 02

Fig. 6. Effect of different values of M on the Nus-
selt number using various ¢ for SWCNT /water and
MWCNT /water.

First Solution — — Second Solution‘

0.8+

0.6+
6(n)
0.41
SWCNT/Water

] M =0.01

02 o #=01
~
~ ~__
0 8 10

Fig. 8. Effect of different values of A on the tempe-
rature profile using various 7 for SWCNT /water.

Figures 7 and 8 explore the velocity and temperature profiles of SWCNT dispersed in water, focusing
on the impact of different values of the moving parameter, A, on f’(n) and 6(n). Here, the magnetic
field parameter, M = 0.01, the volume fraction, ¢ = 0.1, and A = —0.5, —0.45, —0.4. These figures
reveal noticeable differences in the thickness of the momentum and thermal boundary layers between
the first and second solutions. Specifically, the second solution shows a larger boundary layer thickness
compared to the first solution.

In the momentum boundary layer, the first solution shows an increase in the velocity profile,
represented by f’(n), while the second solution shows a decrease. This indicates contrasting flow
patterns between the two solutions. Similarly, in the thermal boundary layer, the first solution shows
a decrease in the temperature profile, 6(n), whereas the second solution shows an increase. This
highlights the distinct thermal behavior of two solutions.

Figures 9 and 10 examine the velocity and temperature profiles of SWCNTs dispersed in water,
focusing on the effects of varying magnetic field values M = 0,0.01,0.02 on f’(n) and 6(n). Here, the
parameter A = —0.45, and the volume fraction, ¢ = 0.1. The figures reveal a clear difference in the
thickness of the momentum and thermal boundary layers between the two solutions, with the second
solution showing thicker boundary layers than the first.
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In the momentum boundary layer, the velocity profile f/(n) increases for the first solution but
decreases for the second, indicating different flow characteristics. Similarly, in the thermal bound-
ary layer, the temperature profile 6(n) decreases for the first solution but increases for the second,
highlighting distinct thermal behaviors between the two solutions.

‘ First Solution — — Second Solution‘
Ifo===———— _
\\
~ \
First Solution — — Second Solution \\ \
1.54 0.8 \ \ \
SWCNT/Water ———— RN
A=—-045 /// e // \\ \ \\
¢ =0.1 // s yZ 06 N \
14 2 // Ve - %—\> M =0,0.01,0.02
s // 0(n) v \
P o \
') *L'%%’/ ~ — M =0,0.01,0.02 \ \ \
s s 0.44 \\ N
0.5 V4 \
e v \
Rt N \
2 - 0.1 SWCNT/Water VNN
0 - 4 8 10 6=0.1 A NN
_Z~ n >~ ~—
-~ 0 2 4 6 8 10 12
-0.54 n

Fig. 9. Effect of different values of M on the tempe-
rature profile using various 7 for SWCNT /water.

5. Conclusion

Fig.10. Effect of different values of M on the tem-
perature profile using various n for SWCNT /water.

The problem of flow and heat transfer over a moving plate in a carbon nanotubes with MHD effect was
studied numerically. The consideration of the parameters such as volume fractions ¢, moving parameter
A and magnetic parameter M were solved using numerical technique based on Haar wavelets collocation
in Maple software.

For moving surface, the solutions are unique when the moving parameter A > 0, represents that
the plate moves in the same direction as the free stream while the duality solution exist, when
Ae < A <0, represents the plate moves in opposite direction as the free stream.

The increment value of magnetic parameter in carbon nanotubes can increases the skin friction
coefficient and heat transfer coefficient. The range of dual solutions widen as the value M increases.
Skin friction coefficient and heat transfer coefficient performs better in kerosene-based CN'Ts com-
pared to water-based CN'Ts.

SWCNTs with higher density unlike MWCNTs cause it to be more effectual in skin friction coeffi-
cient and heat transfer coefficient rate.
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MeTo10 1BOro JOCII/PKEHHS € PO3IJIf] IOTOKY IPUKOPJIOHHOIO IIapy Ta TeIJsolepeadi
HaJI PYXOMOIO IIJIACTHUHOIO 3 HAsBHICTIO MAarHITOIiPOJWHAMIKNA Ha IIOBEPXHI BYIJIEIIEBUX
HaHOTPYOOK. OTpUMAHO Ta PO3B’SI3aHO MATEMATUYIHY MOJIENb JJIsI 3814l Tedil B IPUKOP-
JOHHOMY IIapi 3a JIOMOMOTOIO YHCEJIbHAX METO/IIB Ha OCHOBI KOJIOKAIIil BeliBaeTiB Xaapa.
V wiit cTaTTi BUKOPUCTOBYBAJIUCS TaKi TUIA HAHOYACTUHOK: OJTHOCTIHHI Ta HGararormaposi
BYIJIEIeBI HAHOTPYOKH 3 BOJOIO Ta racoM, siKi BAKOPUCTOBYBAJUCH K 6a3oBa pinuna. Jlu-
depenriaabHi piBHAHHS B YaCTUHHUX HOXITHUX MEPETBOPIOIOTLCS Ha HEJIiHIWHI 3BUYaiTHI
JudepeHItiaIbHi PIBHIHHS MIIAXOM IepeTBOpeHHs moAioHocTi. [yt poboTH 3 1My piBHSIH-
HsIMI BUKOPHCTOBY€ETbCs ITporpaMue 3abe3neuenus Maple. PesynbraTu Oyinu npeacrasieri
y Burisi rpadikis, M0 BKIIIOYAOTH TPOMIIh MIBAIKOCTI Ta TEMIIEPATYPHU, KOeMIIie€HT 110~
BEPXHEBOI'O TEPTs Ta JIOKaJbHe uncyio Hyccenbra fjist pisHUX 3HAYEHb MATHITHOTO TOJIS,
o6’emuoro Teprst CNT Ta napamerpa nepemitnertsi. OTpuMaHi pe3yJsIbTaTd MOJSTal0Th Y
TOMY, II[0 PyXOMa IJIACTHHA Ja€ He €IuHuil po3B’a30K. KpiMm Toro, npupoctun MarxiTHOro
IIOJIsT B MTOTOII MPU3BEAYTH JI0 30iIbINeHHsT 3HAUYeHHsT KoedillieHTa MOBEPpXHEBOrO TEPTS i
KoedirieHTa TEII00OMIHY.

Kntouosi cnoBa: syzaeuesi nanompybku; mewis npuxopoonrozo wapy; PYroma niac-
muna; setisaem Xaapa; MENAOOOMIH; MA2HIMO2I0POOUHAMIKG.

Mathematical Modeling and Computing, Vol. 12, No. 1, pp. 57-66 (2025)



