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Recently, Batiha B. et al. in Symmetry 15 (3), 688 (2023), propose the New Iterative
Method (NIM) for solving the generalized Burgers–Huxley equation. In order to give an
extended version of this work, we rewrite NIM method in an elegant form in the first
step, and introduce a controlled parameter in the second step, called the Accelerated
Residual New Iterative Method (ARNIM). We apply the established framework to solve
the generalized Burgers–Huxley equation and then we give a convergence study according
to the values of the control parameter.
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1. Introduction

The majority of problems in various fields such as chemistry, biology, physics and engineering are
modeled by nonlinear partial differential equations (NPDEs). These equations are crucial for describing
phenomena such as heat transfer, fluid dynamics, etc.

However, solving nonlinear models for real-world problems proves to be a difficult task, both the-
oretically and numerically. The search for reliable solutions is complicated by the complexity and
non-linearity of the models. Several numerical methods are available in the literature to solve NPDEs,
but they all have their limitations and the development of new approaches to solve NPDEs will remain
an active area of research and development in various fields [1, 2].

In this paper, we combine the Burgers equation, which studies the dynamics of viscous fluids, and
the FitzHugh–Nagumo model, which studies the behavior of excitable cells and called the Burgers–
Huxley equation. Solving this equation can be challenge due to its complexity and nonlinear nature, but
it’s has some properties such as symmetry, invariance under Galilean transformations and symmetry
in the case of time reversal, that allows us to better understand and predict the behavior of complex
systems [3, 4].

Let us consider the generalized nonlinear Burgers–Huxley equation:

ut + αuδux − uxx = βu(1− uδ)(uδ − γ), 0 6 x 6 1, t > 0. (1)

where the coefficients α, β, δ > 0 and γ ∈ (0, 1) are given parameters. Equation (1) models the
interaction between reaction mechanisms, convection effects and diffusion transports; see [5]. The
exact solution of Eq. (1) subject to the initial condition

u(x, 0) =
[γ

2
+

γ

2
tanh(σγx)

]1/γ
,

and using nonlinear transformations [2], is given by

u(x, t) =

[

γ

2
+

γ

2
tanh

{

σγ

(

x−

{

γα

1 + δ
−

(1 + δ − γ)(ρ− α)

2(1 + δ)

}

t

)}]1/γ

,

where σ = δ(ρ− α)/4(1 + δ) and ρ =
√

α2 + 4β(1 + δ).
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Several approaches to solving the generalized Burgers–Huxley problem exist such as the finite
difference method or the finite element method [6, 7], but also semi-analytical methods such as the
Adomian decomposition method (ADM) [8, 9] and the variational iteration method [10]. In [11, 12],
the authors introduced a new method called new iterative method (NIM) to solve linear and nonlinear
functional equations. This method is an effective tool for dealing with nonlinear equations such as
integral equations, algebraic equations, and ordinary or partial differential equations of fractional and
integer order. In [13], the authors applied NIM method to solve the generalized Burgers–Huxley
equations and give some comparisons with ADM and VIM.

In order to give an extended version of [13], we decompose our paper as follow: in Section 2, we
recall and rewrite NIM method in an elegant form and give our new formulation. In Section 3, we
introduce a controlled parameter to our formulation called the Accelerated Residual New Iterative
Method (ARNIM). We apply the established framework to solve the generalized Burgers–Huxley equa-
tion and then we give a convergence study according to the values of the control parameter. Finally a
conclusion will be given in Section 4.

2. Our formulation

2.1. New iterative method recall

Initially introduced by Daftardar–Gejji et al. [11] and applied to solve the generalized Burgers–Huxley
equations in Batiha et al. [13]. We give the basic idea of this work: let us consider

u = f + L(u) +N(u). (2)

In the equation above, f is a known function, and L and N are linear and nonlinear operators,
respectively. The NIM solution for equation (2) has the form

u =

∞
∑

i=0

ui.

Since L is linear, then

L
(

∞
∑

i=0

ui

)

=

∞
∑

n=0

L(ui). (3)

The nonlinear operator N in Eq. (2) is decomposed as

N
(

∞
∑

i=0

ui

)

= N(u0) +

∞
∑

i=1

{

N
(

i
∑

j=0

uj

)

−N
(

i−1
∑

j=0

uj

)

}

=

∞
∑

i=0

Gi, (4)

where

G0 = N(u0),

G1 = N(u0 + u1)−N(u0),

G2 = N(u0 + u1 + u2)−N(u0 + u1),

. . .

Gi = N
(

i
∑

j=0

uj

)

−N
(

i−1
∑

j=0

uj

)

, i > 1.

(5)

Using equations (3)–(5) in Eq. (2), we get
∞
∑

i=0

ui = f +
∞
∑

i=0

L(ui) +
∞
∑

i=0

Gi.

The solution of Eq. (2) can be expressed as

u =

∞
∑

i=0

ui = u0 + u1 + u2 + . . .+ un + . . . ,
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where

u0 = f,

u1 = L(u0) +G0,

u2 = L(u1) +G1,

. . .

un = L(un−1) +Gn−1

. . .

2.2. New formulation of NIM

We introduce a new formulation of New Iterative Method described as follows.
Denote the (n+ 1)-term approximate solution of (2) by Sn, i.e.

Sn =

n
∑

i=0

ui, n ∈ N. (6)

In view of the recurrence relation (6), we get the following algorithm for computing Sn’s:
{

S0 = f,
Sn = S0 + F (Sn−1), n = 1, 2, . . . ,

(7)

where F (v) = L(v) +N(v) and lim
n→∞

Sn = u, being the required solution.

Indeed, S0 = f = u0, and S1 = u0 + u1 = u0 + L(u0) +N(u0) = S0 + F (S0).
Then, S2 = u0 +u1+u2 = f +L(u0)+A0+L(u1)+A1 = f +L(u0+u1)+A0 +A1 = S0+F (S1).
The iterative scheme (7) therefore leads to

S = f + F (S), (8)

with S = lim
n→∞

Sn. We formulate the following contraction context theorem.

Theorem 1. Let F be an operator from a Hilbert space H onto H and u is exact solution of (2).
Assume ∃µ < 1 such that ‖ui+1‖ 6 µ‖ui‖, ∀i ∈ N, {Sn}

∞
n=0 converges to S which is obtained by (8).

Proof. We have

S0 = u0,

S1 = u0 + u1,

S2 = u0 + u1 + u2,

. . . . . .

Sn = u0 + u1 + . . . + un.

Then

‖Sn+1 − Sn‖ = un+1 6 µun 6 µ2un−1 6 . . . 6 µnu1 = µn‖S1 − S0‖.

For every n, m ∈ N, n > m,

‖Sn − Sm‖ = ‖Sn − Sn−1 + Sn−1 − Sn−2 + . . . + Sm+1 − Sm‖

6 ‖Sn − Sn−1‖+ ‖Sn−1 − Sn−2‖+ . . .+ ‖Sm+1 − Sm‖

6 (µn−1 + µn−2 + . . .+ µm)‖S1 − S0‖ 6
µm

1− µ
‖S1 − S0‖.

Then {Sn}
∞
n=0 is a Cauchy sequence in the Hilbert space H and it implies that S = lim

n→∞
Sn is a solution

of (8). �
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3. Accelerated residual new iterative method

3.1. Basic idea

Without loss a generality, we take the nonlinear partial differential equation given by

u− F (u) = f (with some initial and boundary conditions) (9)

and define the Accelerated Residual New Iterative Method (ARNIM) by the iterative scheme as follows
{

S0 = S0,

Sn = Sn−1 − ω
(

S0 + F (Sn−1)− Sn−1

)

, n = 1, 2, . . . ,

where ω is a control parameter.

Remark 1. If we take ω = −1 then Sn = Sn, ∀n > 0.

3.2. Convergence analysis of ARNIM

To study the convergence of the ARNIM method, we place ourselves in a Hubert space H, equipped
with the norm denoted ‖ · ‖ and a scalar product noted 〈, 〉. In order to solve the problem (9), we
define the operator T , by T (u) = F (u)− u and propose the following theorem.

Theorem 2. Assume that:
H1: 〈T (u)− T (v), u− v〉 > K(u, v)‖u − v‖2, K(u, v) > 0, ∀u, v ∈ H.
H2: For any M > 0, ∃C(M) > 0, such that for u, v ∈ H, with ‖u‖ 6 M , ‖v‖ 6 M , we have
〈T (u)− T (v), w〉 6 C(M)‖u− v‖‖w‖ for every w ∈ H.

Then the ARNIM method is convergent for a suitable ω, and converges towards the solution of the
problem (9).

Proof. Let S be the solution to the problem (9) and define En+1 = Sn+1 − S. Then,

‖En+1‖
2 = 〈En+1, En+1〉

= 〈Sn+1 − S, Sn+1 − S〉 = ‖Sn+1 − S‖2

= ‖Sn − ω
(

S0 + F (Sn)− Sn

)

− S + ω (S0 + F (S)− S) ‖2

= 〈Sn − ω
(

S0 + F (Sn)− Sn

)

, S − ω (S0 + F (S)− S)〉

6 ‖En‖
2 − 2ω〈T (Sn)− T (S), En〉+ ω2‖T (Sn)− T (S)‖2.

Let M0 be such that ‖S‖ 6
M0

2 . Let us make the recurrence hypothesis

‖En‖ = ‖Sn − S‖ 6
M0

2
,

leading, in particular

‖Sn‖ 6 M0.

With the previous hypotheses H1 and H2, we will obtain

‖T (Sn)− T (S)‖2 6 C(M0)‖T (Sn)− T (S)‖‖En‖,

it therefore results

‖T (Sn)− T (S)‖ 6 C(M0)‖En‖,

and consequently

‖En+1‖
2 6

(

1− 2ωK(Sn, S) +C(M0)ω
2
)

‖En‖
2 = µ‖En‖

2.

If we choose ω such that µ < 1 the recurrence hypothesis will be verified. It follows that En+1 → 0,
when n → ∞ which completes the justification. �
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4. Application to solve the generalized Burgers–Huxley

In order to solve the generalized Burgers–Huxley, let us take the Hilbert space

H = L2((a, b) × [0, T ]),

we define

y : (a, b)× [0, T ] → R with

∫

(a,b)×[0,T ]
y2(x, s) ds dx < +∞,

the scalar product

〈y, z〉H =

∫

(a,b)×[0,T ]
y(x, s) z(x, s) ds dx,

and the associated norm

‖y‖2H =

∫

(a,b)×[0,T ]
y2(x, s) ds dx,

Now write Eq. (1) in the operator form

T (y) = −αyδ
∂y

∂x
+

∂2y

∂x2
+ βy(1− yδ)(yδ − γ).

Theorem 3 (Sufficient condition of convergence). Under the assumptions in Theorem 2, the
ARNIM method applied to the generalized Burgers–Huxley Eq. (1) converges towards a solution.

Proof. To study the convergence of the method, we prove that the assumptions of Theorem 2 are
verified.

First, we will verify hypothesis H1 for the operator T (y).
We have

T (y)− T (z) = −α

[

yδ
∂y

∂x
− zδ

∂z

∂x

]

+

[

∂2y

∂x2
−

∂2z

∂x2

]

+ β(1 + γ)(yδ+1 − zδ+1)− β(y2δ+1 − z2δ+1)− βγ(y − z)

= −
α

δ + 1

∂

∂x
(yδ+1 − zδ+1) +

[

∂2y

∂x2
−

∂2z

∂x2

]

+ β(1 + γ)(y − z)
δ+1
∑

i=1

yδ−i+1zi−1

− β(y − z)

θ+1
∑

i=1

yθ−i+1zi−1 − βγ(y − z), (10)

where θ = 2δ. Therefore,

〈T (y)− T (z), y − z〉 =
α

δ + 1

〈

−
∂

∂x
(yδ+1 − zδ+1), y − z

〉

+

〈

∂2

∂x2
(y − z), y − z

〉

− β(1 + γ)

〈

− (y − z)
δ+1
∑

i=1

yδ−i+1zi−1, y − z

〉

+ β

〈

− (y − z)

θ+1
∑

i=1

yθ−i+1zi−1, y − z

〉

− βγ〈y − z, y − z〉. (11)

Using the properties of the differential operator ∂2/∂x2 and the definition of the scalar product
in H, there exists a constant δ1 > 0 such that

〈

∂2

∂x2
(y − z), y − z

〉

> δ1‖y − z‖2. (12)

By the definition of the scalar product and the properties of the differential operator ∂/∂x and the
Schwartz inequality in H, we have

〈

∂

∂x

(

yδ+1 − zδ+1
)

, y − z

〉

6

∥

∥

∥

∥

∂

∂x

(

yδ+1 − zδ+1
)

∥

∥

∥

∥

‖y − z‖
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6 δ2
∥

∥yδ+1 − zδ+1
∥

∥‖y − z‖

= δ2

∥

∥

∥

∥

∥

(y − z)

δ+1
∑

i=1

yδ−i+1zi−1

∥

∥

∥

∥

∥

‖y − z‖

6 δ2(δ + 1)M δ‖y − z‖2. (13)

Here ‖y‖ 6 M and ‖z‖ 6 M . Hence
〈

−
∂

∂x
(yδ+1 − zδ+1), y − z

〉

> −δ2(δ + 1)M δ‖y − z‖2. (14)

Again, by the Schwartz inequality we have
〈

(y − z)

δ+1
∑

i=1

yδ−i+1zi−1, y − z

〉

6

∥

∥

∥

∥

(y − z)

δ+1
∑

i=1

yδ−i+1zi−1

∥

∥

∥

∥

‖y − z‖

6 (δ + 1)M δ‖y − z‖2. (15)

Thus
〈

− (y − z)

δ+1
∑

i=1

yδ−i+1zi−1, y − z

〉

> −(δ + 1)M δ‖y − z‖2. (16)

Similarly,
〈

− (y − z)
θ+1
∑

i=1

yθ−i+1zi−1, y − z

〉

> −(θ + 1)Mθ‖y − z‖2. (17)

Substituting (12)–(17) into (11) gives

〈T (y)− T (z), y − z〉 >
[

δ1 − δ2αM
δ + β(1 + γ)(δ + 1)M δ − β(θ + 1)Mθ − βγ

]

‖y − z‖2

= K‖y − z‖2, (K > 0).

Where we require

K = δ1 − δ2αM
δ + β(1 + γ)(δ + 1)M δ − β(θ + 1)Mθ − βγ > 0,

that implies

δ1 > δ2αM
δ − β(1 + γ)(δ + 1)M δ + β(θ + 1)Mθ + βγ.

Thus, hypothesis H1 holds.
We now verify hypothesis H2 for the operator T (u).
Using the Schwartz inequality, we have

〈T (y)− T (z), w〉 =
α

δ + 1

〈

−
∂

∂x
(yδ+1 − zδ+1), w

〉

+

〈

∂2

∂x2
(y − z), w

〉

+ β(1 + γ)

〈

(y − z)

δ+1
∑

i=1

yδ−i+1zi−1, w

〉

β

〈

(y − z)

θ+1
∑

i=1

yθ−i+1zi−1, w

〉

− βγ〈y − z, w〉

6 αM δ‖y − z‖‖w‖ + δ3‖y − z‖‖w‖ + β(1 + γ)(δ + 1)M δ‖y − z‖‖w‖

+ β(θ + 1)Mθ‖y − z‖‖w‖ + βγ‖y − z‖‖w‖

=
[

δ3 + βγ + {α+ β(δ + 1)}M δ + β(θ + 1)Mθ
]

‖y − z‖‖w‖

= C(M)‖y − z‖‖w‖,

where
C(M) = δ3 + βγ + {α+ β(δ + 1)}M δ + β(θ + 1)Mθ,

and therefore H2 is fulfilled. This completes the proof. �
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5. Conclusion

In three sections of this paper, we have taken up Bahita’s work on the application of the NIM method to
solve the generalized Burgers–Huxley equation. And we gave another formulation of the NIM method
as well as an extension of this method by the introduction of a control parameter called ARNIM. Then
we showed the convergence of our method as a function of the parameter ω under certain hypotheses. In
Section 4, we applied the proposed method for the solution of the generalized Burgers–Huxley equation
and we established the convergence of this method by verifying that the hypotheses of Theorem 2 are
true in this case and the new method converges to required solution.

[1] Ala’yed O., Batiha B., Alghazo D., Ghanim F. Cubic B-Spline method for the solution of the quadratic
Riccati differential equation. AIMS Mathematics. 8 (4), 9576–9584 (2023).

[2] Wang X. Y., Zhu Z. S., Lu Y. K. Solitary wave solutions of the generalised Burgers–Huxley equation. Jour-
nal of Physics A: Mathematical and General. 23, 271–274 (1990).

[3] Qin S. J., Yu J. Recent developments in multivariable controller performance monitoring. Journal of Pro-
cess Control. 17 (3), 221–227 (2007).

[4] Radid A., Rhofir K. SOR-Like New Iterative Method for Solving the Epidemic Model and the Prey and
Predator Problem. Discrete Dynamics in Nature and Society. 2020 (1), 9053754 (2020).
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Новий прискорений iтерацiйний метод залишкiв для
розв’язування узагальненого рiвняння Бюргерса–Хакслi

Рофiр К.1, Радiд А.2, Лаарадж М.3

1LASTI–ENSA Хурiбга, Унiверситет Султана Мулая Слiмана, Марокко
2LMFA–FSAC Касабланка, Унiверситет Хасана II, Марокко

3ENSAM Касабланка, Унiверситет Хасана II, Марокко

Нещодавно Batiha B. et al. в Symmetry 15 (3), 688 (2023) запропонували новий iтера-
цiйний метод (NIM) для розв’язання узагальненого рiвняння Бюргерса–Хакслi. Щоб
надати розширену версiю цiєї роботи, переписуємо метод NIM в елегантнiй формi на
першому етапi та вводимо контрольований параметр на другому етапi, який нази-
вається новим прискореним iтерацiйним методом залишку (ARNIM). Застосовуємо
встановлену структуру для вирiшення узагальненого рiвняння Бюргерса–Хакслi, а
потiм проводимо дослiдження збiжностi вiдповiдно до значень контрольного пара-
метра.

Ключовi слова: новий iтерацiйний метод; метод декомпозицiї Адомяна; приско-

рений метод залишкiв; узагальнене рiвняння Бюргерса–Хакслi.
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