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This research examines the hybrid nanofluid alumina-copper/water flow over a permeable
sheet, considering slip, magnetohydrodynamics, and heat source. To analyze the system,
the model is transformed into nonlinear ordinary differential equations (ODEs) via the
similarity transformation. Numerical solutions are attained through the implementation
of the bvp4c function in MATLAB. The study analyzes velocity and temperature profiles,
local skin friction, and Nusselt number for various parameters. Moreover, the impact of
magnetohydrodynamics on the system is explored. Increasing the magnetic parameter
leads to an enlargement of the boundary layer thickness and an elevation in the skin fric-
tion coefficient. Overall, this study sheds light on the complex behavior of hybrid nanofluid
flows and provides valuable insights into the effects of slip, magnetohydrodynamics, and
heat source on the model while also presenting a validated model showcasing the com-
pelling enhancement of heat transfer through the incorporation of copper into alumina
nanofluid.
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1. Introduction

The investigation conducted by Choi [1] in 1995 marked a significant milestone in the study of nanoflu-
ids, as Taylor et al. [2] define them as noteworthy products within the realm of nanotechnology.
Nanofluids, consisting of a suspension of nanoparticles in a base fluid, initially received attention
primarily for measuring and modeling their fundamental thermophysical properties. However, recent
research endeavors have expanded the exploration of nanofluids to encompass their performance in vari-
ous practical applications, including heat exchangers and electronic cooling systems [3]. The emergence
of nanofluid has then introduced a new novel type of nanofluid that combines different nanoparticles
into one specific base fluid, with the aim to enhance heat transfer properties [4]. A wealth of experi-
mental and numerical studies conducted by researchers consistently substantiate that hybrid nanofluids
exhibit superior heat transfer rates compared to both pure fluids and conventional nanofluids. Several
studies and reviews on the hybrid nanofluid can be contemplated in the following references [5–11].

The magnetohydrodynamic effect is significant in fluid dynamic studies, particularly when exam-
ining conducting fluids near solid surfaces. The magnetic field affects flow characteristics and heat
transfer within the boundary layer. This interaction modifies flow patterns, boundary layer thick-
ness, and heat transfer rates, impacting overall fluid dynamics near the surface. Understanding and
analyzing this effect offers insights for controlling and optimizing flow and heat transfer in engineer-
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ing applications, including cooling systems, aerodynamics, and energy conversion systems. Recently,
numerous researchers have incorporated the magnetohydrodynamic effect into their investigation of
hybrid nanofluid boundary layer flow. For instance, in the numerical study on Casson hybrid nanofluid
past a stretch/shrink sheet with radiation, Mahabalshwar et al. [12] have implemented the magneto-
hydrodynamic effect. Later, Mehesh et al. [13] scrutinized the radiative magnetohydrodynamic of a
hybrid nanofluid with viscous dissipation over a porous sheet. They found out that the increment of
magnetohydrodynamic has reduced the fluid temperature. The magnetohydrodynamic effect has also
been considered by Wahid et al. [14] in their study on the radiative-mixed convective hybrid nanofluid
over a shrink-permeable inclined plate. It is elucidated that the heat transfer in their model can be
improved when using a stronger magnetohydrodynamic effect. In the study of hybrid nanofluid flow
past an exponentially stretched/shrunk surface within a porous space, Jaafar et al. [15] also imple-
mented the magnetohydrodynamic effect. In their case, the magnetohydrodynamic is recommended
to enlarge the skin friction in the boundary layer flow. Recently, Patel et al. [16] concluded that the
magnetohydrodynamic effect can be used to hinder boundary layer separation.

Recognizing the importance of hybrid nanofluids in conjunction with magnetohydrodynamic and
heat source, our study is inspired to build upon the study conducted by Waini et al. [10] and Wahid
et al. [11]. In this research endeavor, we aim to investigate the impact of magnetohydrodynamic on
the hybrid nanofluid flow over a permeable stretchable/shrinkable sheet with slip and heat source. We
have seen that the work by Wahid et al. [10] did not include the magnetohydrodynamic effect, while
the study by Waini et al. [10] did not include the heat source and slip effects. Hence, we want to
bridge the model gap by simultaneously implementing these effects together toward hybrid nanofluid
flow over an exponentially permeable stretchable/shrinkable sheet.

2. Mathematical model

Nanoparticle

a Stretching sheet (λ > 0)

Nanoparticle

b Shrinking sheet (λ < 0)

Fig. 1. The physical models.

Figure 1 shows a hybrid alumina-
copper/water nanofluid bound-
ary layer flow over an ex-
ponentially permeable stretch-
able/shrinkable sheet with a
heat source, slip, and magneto-
hydrodynamic effects, where x
and y are the Cartesian coor-
dinates such that the x-axis is
located along the stretch/shrink
sheet and the y-axis is normal to
the sheet. The velocities are u

(x-direction) and v (y-direction), while T is temperature. Some assumptions are made such as [10,11]:

— the magnetic field factor imposed on the y-direction is Bm(x) = B0 e
x
2L , where B0 is the magnetic

constant;
— the heat source factor is q = q0 e

x
L , where q0 is the heat source constant;

— the sheet temperature is Tw = T∞ + T0 e
x
2L with T0 as the temperature constant and T∞ as the

ambient temperature;
— the velocity slip factor is A∗ = A1 e

− x
2L , and the thermal slip factor is B∗ = B1e

− x
2L [17];

— the sheet velocity is uw(x) = c e
x
L , where the shrink constant for the sheet is λ < 0, the stretch

constant is λ > 0, and λ = 0 is when the sheet is not stretch/shrink;

— the mass transfer velocity is vw(x) = −

√

cvf
2L e

x
2LS, where S > 0 is for suction and S < 0 is for

injection;
— for the hybrid nanofluid, the considered formulations are presented in Table 1 [10,11,18], while the

related values are tabulated in Table 2 [10, 11, 19–22].
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Table 1. Formulations for the thermophysical properties.

Properties Formulations

Density ρhnf = ρs1φs1 + ρs2φs2 + ρf (1− φhnf ), where φhnf = φs1 + φs2
Heat capacity (ρCp)hnf = (ρCp)s1φs1 + (ρCp)s2φs2 + (ρCp)f (1− φhnf )

Dynamic viscosity
µhnf

µf
= 1

(1−φhnf )2.5

Thermal conductivity
khnf

µf
=

2kf+
φs1ks1+φs2ks2

φhnf
+2φs1ks1+φs2ks2

2kf−(φs1ks1+φs2ks2)+
φs1ks1+φs2ks2

φhnf
+φhnfkf

Electrical conductivity σhnf =
σs2+2σnf−2φ2(σnf−σs2)

σs2+2σnf+φ2(σnf−σs2)
(σnf ), where σnf =

σs1+2σf−2φs1(σf−σn1)
σs1+2σf+φs1(σf−σs1)

(σf )

Table 2. Thermophysical properties.

Properties Alumina Copper Water

ρ (kgm−3) 3970 8933 997.1
k (W m−1K−1) 40 400 0.613
Cp (J kg−1K−1) 765 385 4179
σ (Sm−1) 3.69 × 107 5.96 × 107 0.05
Pr – – 6.2

Here in the table, φs1 is for alumina (Al2O3)
volume fraction and φs2 is for copper (Cu) vol-
ume fraction, while the subscript of ‘hnf ’ refers
to hybrid nanofluid, ‘nf ’ refers to nanofluid, and
‘f ’ refers to base fluid (water).

Therefore, according to the given assump-
tions, the formulations are as follows (see Waini
et al. [10], Wahid et al. [11]):

• Continuity equation:

∂u

∂x
+
∂v

∂y
= 0; (1)

• Momentum equation:

u
∂u

∂x
+ v

∂u

∂y
=
µhnf
ρhnf

∂2u

∂y2
−

σhnf
ρhnf

B2
mu; (2)

• Energy equation:

u
∂T

∂x
+ v

∂T

∂y
=

khnf
(ρCp)hnf

∂2T

∂y2
+

q

(ρCp)hnf
(T − T∞); (3)

• Boundary conditions:

u = uw(x)λ+A∗µhnf
ρhnf

∂u

∂y
, v = vw, T = Tw(x) +B∗∂T

∂y
at y = 0,

u→ 0, T → T∞ as y → ∞. (4)

Then, the following stream function and similarity variables are introduced [10, 11]:

η = y ex/2L
√

c

2νfL
, ψ = ex/2L

√

2νfLcf(η), u =
∂ψ

∂y
, v = −

∂ψ

∂x
, θ =

T − T∞
Tw − T∞

. (5)

After the transformation, the continuity equation is satisfied, while the other equations become:

µhnf/µf
ρhnf/ρf

f ′′′ + ff ′′ − 2f ′2 −
σhnf/σf
ρhnf/ρf

Mf ′ = 0, (6)

(

khnf
kf

)

1

Pr
θ′′ +

(

fθ′ − f ′θ
) (ρCp)hnf
(ρCp)hnf

+ βθ = 0, (7)

subject to,

f(0) = S, f ′(0) = λ+Af ′′(0), θ(0) = 1 +B θ′(0), f ′(∞) → 0, θ(∞) → 0, (8)

where M =
2σfB0

2L
cρf

is the magnetic parameter, Pr =
νf
αf

is the Prandtl number such that α =
kf

(ρCp)f
,

β = 2Lq0
(ρCp)f c

is the heat source parameter, A = A1

(µhnf

ρhnf

)

√

c
2νfL

is the velocity slip parameter, and

B = B1

√

c
2νfL

is the thermal slip parameter.
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The physical quantities involved are local skin friction, Cf and Nusselt number, Nux [11]:

Cf =
µhnf
ρf

1

u2w

(

∂u

∂y

)

y=0

, Nux =
khnf
kf

−2L

Tw − T∞

(

∂T

∂y

)

y=0

. (9)

After transformation, we should get

(Rex)
1/2Cf =

µhnf
µf

f ′′(0), (Rex)
−1/2Nux = −

khnf
kf

θ′(0), (10)

where Rex = 2Luw

νf
is the local Reynolds number.

3. Results and discussion

The magnetic effect of magnetohydrodynamic on alumina–copper/water flow over a stretch-
able/shrinkable sheet with slip effect and heat source are presented graphically and discussed in this
section. The suction effect is a method of boundary layer control to reduce drag on bodies in an
external flow and it helps in reducing energy losses in the system. With the existence of a velocity slip
parameter, the friction between sheets is decreased, and wasteful use of energy is prevented. The heat
source can control the forming heat internally and externally.

Table 3. Comparison value of results with previous studies.

Solutions Present Results Waini et al. [10] Wahid et al. [11]

First, f ′′(0) 2.390813633 2.390814 2.39081363
Second, f ′′(0) -0.972247455 -0.972247 -0.97212886
First, −θ′(0) 1.771237338 1.771237 1.771237307
Second, −θ′(0) 0.848315747 0.848316 0.84774827

The ODEs system has
been solved and the solu-
tions were obtained numer-
ically by bvp4c in MAT-
LAB software. Table 3
shows the comparison re-
sults for the case when

M = A = B = β = φs1 = φs2 = 0, Pr = 0.7, S = 3, and λ = −1 with the previous studies.
Thus, in this comparison, the present results are within the range of the results provided in the previ-
ous studies, thus, the technique for obtaining the results can be guaranteed and decent.

Fig. 2. Re1/2x Cf with λ for several A. Fig. 3. Re−1/2
x Nux with λ for several A.

Figures 2 and 3 show the impact of several values of A on (Rex)
1/2Cf and (Rex)

−1/2Nux, when
λ < 0, φs1 = φs2 = 0.01, β = 0.02, B = 0.2, M = 0.1, and S = 2.4. From the figures, (Rex)

1/2Cf

diminishes for both solutions, when A enlarges with λ < 0 but the trend is not consistent for the
second solution when λ > −1. Meanwhile, (Rex)

−1/2Nux enhances when A enlarges for both solutions,
except for the second solution, when λ > −1. The laminar flow phase is seen to be maintained longer
if A enlarges.
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Fig. 4. Re−1/2
x Nux with λ for several B. Fig. 5. Re−1/2

x Nux with λ for several β.

Figure 4 shows the impact of several values of B on (Rex)
−1/2Nux, when λ < 0, φs1 = φs2 = 0.01,

β = 0.02, A = 0.2, M = 0.1, and S = 2.4. It is seen that (Rex)
−1/2Nux diminishes if the value of B

enlarges. After all, this parameter is not suitable to control the flow phase since the critical point is
not changeable due to the changing value of B.

Figure 5 shows the impact of several values of β on (Rex)
−1/2Nux, when λ < 1, φs1 = φs2 = 0.01,

A = B = 0.2, M = 0.1, and S = 2.4. The figure shows that as the value of β enlarges, (Rex)
−1/2Nux

reduces regardless of when the sheet is stretched or shrunk.

Fig. 6. Re1/2x Cf with S for several φs2. Fig. 7. Re−1/2
x Nux with S for several φs2.

Figures 6 and 7 show the impact of several values of φs2 on (Rex)
1/2Cf and (Rex)

−1/2Nux against
S < 2.5 with φs1 = 0.01, β = 0.02, λ = −1, A = B = 0.2, and M = 0.1. From the figure, (Rex)

1/2Cf

is seen to enhance when larger φs2 is used except for the second solution. Also, the enlargement of φs2
enhances (Rex)

−1/2Nux for both solutions and hinders the layer separation. This result proves that
the suitably higher insertion of φs2 enhances the heat transfer which also satisfies the judgment that
the hybrid nanofluid has the ability to enhance the heat transfer.

Figures 8 and 9 show the impact of several values of M on (Rex)
1/2Cf and (Rex)

−1/2Nux against
λ < 1 with φs1 = φs2 = 0.01, β = 0.02, A = B = 0.2, and S = 2.4. From the figures, as the value of M
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Fig. 8. Re1/2x Cf with λ for several M . Fig. 9. Re−1/2
x Nux with λ for several M .

enlarges, the first solution enhances in the shrinkable case and diminishes in the stretchable case, while
the second solution diminishes (Rex)

1/2Cf for both cases. Besides, the first solution of (Rex)
−1/2Nux

enhances when the value of M enlarges but not for the second solution. The position of the critical
point shows that the larger M could maintain the laminar flow phase better compared to the lesser M .

Fig. 10. Velocity profile for several A. Fig. 11. Temperature profile for several A.

Figures 10 and 11 show the impact of several values of A on the velocity profile f ′(η) and temper-
ature profile θ(η), when φs1 = φs2 = 0.01, β = 0.02, λ = −1, B = 0.2, M = 0.1, and S = 2.4. It is
found that f ′(η) escalates due to the enlarging value of A for the first solution but not for the second
solution. Meanwhile, θ(η) reduces with the enlarging value of A for both solutions.

Figures 12 and 13 show the impact of several values of S on f ′(η) and θ(η), when φs1 = φs2 = 0.01,
β = 0.02, λ = −1, A = B = 0.2, and M = 0.1. It is found that f ′(η) escalates due to the enlarging
value of S except for the second solution. Meanwhile, θ(η) reduces with the enlarging value of S for
both solutions hence, reducing the layer thickness at the boundary.

Figures 14 and 15 show the impact of several values of φs2 on f ′(η) and θ(η), when φs1 = 0.01,
β = 0.02, λ = −1, A = B = 0.2, M = 0.1, and S = 2.4. It is found that f ′(η) escalates due to
the enlarging value of S for the first solution only and reversely for the other one. Meanwhile, θ(η)
enhances with the enlarging value of φs2 for both solutions.
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Fig. 12. Velocity profile for several S. Fig. 13. Temperature profile for several S.

Fig. 14. Velocity profile for several φs2. Fig. 15. Temperature profile for several φs2.

Fig. 16. Velocity profile for several M . Fig. 17. Velocity profile with several M .
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Fig. 18. Temperature profile with several B.

Figures 16 and 17 show the impact of
several values of M on f ′(η) and θ(η),
when φs1 = φs2 = 0.01, β = 0.02, λ = −1,
A = B = 0.2, and S = 2.4. As the value of
M enhances, f ′(η) escalates for the first so-
lution but differs from the second solution.
Meanwhile, the value of θ(η) decreases for
the first solution and vice versa with the
second solution with the enlarging value of
M .

Figure 18 shows the impact of several
values of B on θ(η), when φs1 = φs2 =
0.01, β = 0.02, λ = −1, A = 0.2, M =
0.1, and S = 2.4. It is found that θ(η)
reduces with the enlarging values of B for
both solutions and decaying the thermal
layer thickness.

4. Conclusion

This numerical study has been examined for the magnetohydrodynamic hybrid nanofluid flow over
a stretchable/shrinkable sheet with heat source and slip. This problem was solved numerically in
MATLAB software. In the present results, the solutions for S > Sc and λ > λc are found to be dual
and not unique. Furthermore, it is deduced that the shrinking sheet gives dual solutions at a specific
limit and the stretch sheet gives most of the one unique solutions. With the implementation of heat
source, suction, velocity slip, and thermal slip, the first solution simulates that:

— The skin friction coefficient can be augmented by enlarging the magnetic parameter during the
sheet is shrunk but not during the sheet is stretched;

— The local Nusselt number can be augmented by enlarging the magnetic parameter especially when
the sheet is shrunk;

— The velocity profile is escalated when the magnetic parameter increases but oppositely for the
temperature profile.

And the second solution simulates that:

— The skin friction coefficient and the local Nusselt number can be augmented by reducing the
magnetic parameter either when the sheet is shrunk or stretched;

— The velocity profile is escalated when the magnetic parameter is decayed but reversibly to the
temperature profile.

The reliability of these solutions has been proven by the previous studies that deduced only the first
solution gives the reliable solution. Even so, the second solution still can be used for reference in future
studies. Nonetheless, it is crucial to acknowledge that the present findings can only be deemed reliable
within the confines of the specified model description and geometry.
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У цьому дослiдженнi розглядається гiбридний потiк нанофлюїду глинозем–мiдь/вода
через проникний лист, враховуючи ковзання, магнiтогiдродинамiку та джерело теп-
ла. Для аналiзу системи модель перетворюється на нелiнiйнi звичайнi диференцiальнi
рiвняння (ODEs) за допомогою перетворення подiбностi. Чисельнi розв’язки дося-
гаються за допомогою реалiзацiї функцiї bvp4c в MATLAB. Аналiзуються профiлi
швидкостi та температури, локальне поверхневе тертя та число Нуссельта для рiз-
них параметрiв. Крiм того, дослiджується вплив магнiтогiдродинамiки на систему.
Збiльшення магнiтного параметра призводить до збiльшення товщини прикордон-
ного шару та пiдвищення коефiцiєнта поверхневого тертя. Загалом, це дослiдження
проливає свiтло на складну поведiнку потокiв гiбридних нанофлюїдiв i дає цiнну iн-
формацiю про вплив ковзання, магнiтогiдродинамiки та джерела тепла на модель, а
також представляє перевiрену модель, що демонструє переконливе посилення тепло-
передачi за рахунок включення мiдi в нанорiдину оксиду алюмiнiю.

Ключовi слова: магнiтогiдродинамiчний; гiбридна нанофлюїд; джерело тепла;
розтягнення/усадження.
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