odeling
MATHEMATICAL MODELING AND COMPUTING, Vol.11, No.1, pp.27-36 (2024) I\/I @P”ti"g

athematical

Impact of magnetohydrodynamic on hybrid nanofluid flow with slip
and heat source over an exponentially stretchable/shrinkable

permeable sheet

Radzi N. A. M.}, Wahid N. S.*, Som A. N. M.3, Arifin N. M.12

! Department of Mathematics and Statistics, Faculty of Science,
University Putra Malaysia, 43400 UPM Serdang, Selangor, Malaysia
2 Institute for Mathematical Research,
University Putra Malaysia, 43400 UPM Serdang, Selangor, Malaysia
3 Centre of Foundation Studies for Agriculture Sciences,
University Putra Malaysia, 43400 UPM Serdang, Selangor, Malaysia

(Received 25 June 2023; Revised 8 November 2023; Accepted 8 November 2023)

This research examines the hybrid nanofluid alumina-copper/water flow over a permeable
sheet, considering slip, magnetohydrodynamics, and heat source. To analyze the system,
the model is transformed into nonlinear ordinary differential equations (ODEs) via the
similarity transformation. Numerical solutions are attained through the implementation
of the bvp4c function in MATLAB. The study analyzes velocity and temperature profiles,
local skin friction, and Nusselt number for various parameters. Moreover, the impact of
magnetohydrodynamics on the system is explored. Increasing the magnetic parameter
leads to an enlargement of the boundary layer thickness and an elevation in the skin fric-
tion coefficient. Overall, this study sheds light on the complex behavior of hybrid nanofluid
flows and provides valuable insights into the effects of slip, magnetohydrodynamics, and
heat source on the model while also presenting a validated model showcasing the com-
pelling enhancement of heat transfer through the incorporation of copper into alumina
nanofluid.

Keywords: magnetohydrodynamic; hybrid nanofluid; heat source; stretching/shrinking.
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1. Introduction

The investigation conducted by Choi [1] in 1995 marked a significant milestone in the study of nanoflu-
ids, as Taylor et al. [2| define them as noteworthy products within the realm of nanotechnology.
Nanofluids, consisting of a suspension of nanoparticles in a base fluid, initially received attention
primarily for measuring and modeling their fundamental thermophysical properties. However, recent
research endeavors have expanded the exploration of nanofluids to encompass their performance in vari-
ous practical applications, including heat exchangers and electronic cooling systems [3]. The emergence
of nanofluid has then introduced a new novel type of nanofluid that combines different nanoparticles
into one specific base fluid, with the aim to enhance heat transfer properties [4]. A wealth of experi-
mental and numerical studies conducted by researchers consistently substantiate that hybrid nanofluids
exhibit superior heat transfer rates compared to both pure fluids and conventional nanofluids. Several
studies and reviews on the hybrid nanofluid can be contemplated in the following references [5-11].
The magnetohydrodynamic effect is significant in fluid dynamic studies, particularly when exam-
ining conducting fluids near solid surfaces. The magnetic field affects flow characteristics and heat
transfer within the boundary layer. This interaction modifies flow patterns, boundary layer thick-
ness, and heat transfer rates, impacting overall fluid dynamics near the surface. Understanding and
analyzing this effect offers insights for controlling and optimizing flow and heat transfer in engineer-
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ing applications, including cooling systems, aerodynamics, and energy conversion systems. Recently,
numerous researchers have incorporated the magnetohydrodynamic effect into their investigation of
hybrid nanofluid boundary layer flow. For instance, in the numerical study on Casson hybrid nanofluid
past a stretch/shrink sheet with radiation, Mahabalshwar et al. [12] have implemented the magneto-
hydrodynamic effect. Later, Mehesh et al. [13] scrutinized the radiative magnetohydrodynamic of a
hybrid nanofluid with viscous dissipation over a porous sheet. They found out that the increment of
magnetohydrodynamic has reduced the fluid temperature. The magnetohydrodynamic effect has also
been considered by Wahid et al. [14] in their study on the radiative-mixed convective hybrid nanofluid
over a shrink-permeable inclined plate. It is elucidated that the heat transfer in their model can be
improved when using a stronger magnetohydrodynamic effect. In the study of hybrid nanofluid flow
past an exponentially stretched/shrunk surface within a porous space, Jaafar et al. [15] also imple-
mented the magnetohydrodynamic effect. In their case, the magnetohydrodynamic is recommended
to enlarge the skin friction in the boundary layer flow. Recently, Patel et al. [16] concluded that the
magnetohydrodynamic effect can be used to hinder boundary layer separation.

Recognizing the importance of hybrid nanofluids in conjunction with magnetohydrodynamic and
heat source, our study is inspired to build upon the study conducted by Waini et al. [10] and Wahid
et al. [11]. In this research endeavor, we aim to investigate the impact of magnetohydrodynamic on
the hybrid nanofluid flow over a permeable stretchable/shrinkable sheet with slip and heat source. We
have seen that the work by Wahid et al. [10] did not include the magnetohydrodynamic effect, while
the study by Waini et al. [10] did not include the heat source and slip effects. Hence, we want to
bridge the model gap by simultaneously implementing these effects together toward hybrid nanofluid
flow over an exponentially permeable stretchable/shrinkable sheet.

2. Mathematical model

Figure 1 shows a hybrid alumina-

y Yy
o © o o © o copper/water nanofluid bound-
T o o Tw o o ary layer flow over an ex-
o o ponentially permeable stretch-
o O able/shrinkable sheet with a
o O~ A o Nanoparticle  heat source, slip, and magneto-
u Nanoparticle .

o o T v hydrodynamic effects, where x
Ao o Hw A H‘) and y are the Cartesian coor-
|2 N vl vz dinates such that the z-axis is

¢ v By uw(x) Ve ¢ % By u(z) Y

located along the stretch/shrink
sheet and the y-axis is normal to
the sheet. The velocities are u
(z-direction) and v (y-direction), while 7" is temperature. Some assumptions are made such as [10,11]:

a Stretching sheet (A > 0) b Shrinking sheet (A < 0)
Fig. 1. The physical models.

— the magnetic field factor imposed on the y-direction is By, (z) = By e%, where By is the magnetic
constant;

— the heat source factor is ¢ = qq e%, where ¢q is the heat source constant;

— the sheet temperature is Ty, = T + Tp e3r with Ty as the temperature constant and T, as the
ambient temperature;

— the velocity slip factor is A* = Ay e_%, and the thermal slip factor is B* = Bie 3z [17];

— the sheet velocity is uy,(z) = cel, where the shrink constant for the sheet is A < 0, the stretch
constant is A > 0, and A = 0 is when the sheet is not stretch/shrink;

— the mass transfer velocity is v, (z) = —\/%e% S, where S > 0 is for suction and S < 0 is for
injection;

— for the hybrid nanofluid, the considered formulations are presented in Table 1 [10,11,18]|, while the
related values are tabulated in Table 2 [10,11,19-22].
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Table 1. Formulations for the thermophysical properties.

Properties Formulations
Density Phnf = psl¢sl + ps2¢s2 + Pf(l - ¢hnf)7 where thnf = ¢s1 + ¢s2
Heat capacity (P Cphng = (p Cp)slfsl +(p Cp)fszsz + (pCp) (1 = dpny)
.. . hnf _
Dynamic viscosity h = T=gm)’"
h 1 d k‘; 7 2kf+%+2¢slksl+¢32k32
T t' ‘t 11 — n
ermal conductivity g 2kf—(¢slks1+¢>szk52)+%ﬂﬁhnﬂf

0521205 —2¢2(0nf—042)
Js2+20nf +2 (Unf_USQ)

0514207 —2¢s1(0f—0n1) (o¢)

Electrical conductivity op,p = 7e1 1207 T Pe1 (07 —0a1)

(onf), where o, =

Here in the table, ¢4 is for alumina (AloO3) Table 2. Thermophysical properties.
volume fraction and ¢ is for copper (Cu) vol- Properties Alumina  Copper Water
ume fraction, while the subscript of ‘hn f’ refers p(kgm ) 3970 3933 097 1
to hybrid nanofluid, ‘n f’ refers to nanofluid, and k(W m—lK—l) 40 400 0.613
‘f’ refers to base fluid (water). C, (Jkg'K~1) 765 385 4179
Therefore, according to the given assump- o (S m_l) 3.69 x 107 5.96 x 107 0.05
tions, the formulations are as follows (see Waini Pr _ _ 6.2

et al. [10], Wahid et al. [11]):
e Continuity equation:
ou  Ov
L= =0 1
e Momentum equation:
ou ou  pPhnf O*u  Opnf o '

Us— +V— = u; 2
ox Oy Puns 0¥ pang @)

e Energy equation:

or  oT kpng 0T q
Ur— FVF— = + T—Tx); 3

e Boundary conditions:

0 or
u:uw(x)/\—l—A*'uhnf—u, v="1y, T =Tyx)+B"— at y=0,
Phnf Oy 9y
u—0, T—=>Ty as y— oc. (4)

Then, the following stream function and similarity variables are introduced [10,11]:

_ x/2L C _ x/2L :8_¢ :_8_¢ — T-Tx
n=uye — Yp=e V2viLef(n), u 3y v o 0 7Tw_Too' (5)

2upL’
After the transformation, the continuity equation is satisfied, while the other equations become:

luhnf/luf f/// + ff// . 2f/2 _ O'hnf/O'f Mf/ — O, (6)

Phnf/ Py Phnf/Pf

khm‘) 1 / 'y (PCp)hng
—0"+ (f0 — f0) —=—+ 0 =0, 7
(L) e+ o - 7o) eyt ")

subject to,
f0)=8, f0)=x+Af"0), 0(0)=1+B6(0), f[f(0)—=0, 6(co)—0, (8)
where M = 20 B0°L is the magnetic parameter, Pr = =L is the Prandtl number such that o = k—f,
cpy of (pCp)y

8 = (pzc]igffc is the heat source parameter, A = Al(%) 21; 7 is the velocity slip parameter, and

B = By, /ﬁ is the thermal slip parameter.
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The physical quantities involved are local skin friction, C'y and Nusselt number, Nu, [11]:

fhng 1 <6u> kpny —2L <8T>
C; = — | — , Nu, = — | — . 9
! pr ug \ 9y y=0 ki Tw =T \ 9y y=0 ©)

After transformation, we should get

n — k n
(Re)!/2Cp = E2L/(0), - (Reo) 2N, = —=2L4/(0), (10)

where Re, = 2?}% is the local Reynolds number.

3. Results and discussion

The magnetic effect of magnetohydrodynamic on alumina—copper/water flow over a stretch-
able/shrinkable sheet with slip effect and heat source are presented graphically and discussed in this
section. The suction effect is a method of boundary layer control to reduce drag on bodies in an
external flow and it helps in reducing energy losses in the system. With the existence of a velocity slip
parameter, the friction between sheets is decreased, and wasteful use of energy is prevented. The heat
source can control the forming heat internally and externally.

Table 3. Comparison value of results with previous studies. The ODEs system has
Solutions Present Results Waini et al. [10] Wahid et al. [11] been solved an.d the solu-
First, /7(0) 2.390813633 2.390814 2.39081363 tions were obtained numer-
Second, f”(0)  -0.972247455  -0.972247 -0.97212886 ICZHY by bvpde in MAT-
First, —0'(0)  1.771237338 1.771237 1.771237307 LAB “software.  Table 3
Second, —6/(0)  0.848315747 0.848316 0.84774827 shows the comparison re-

sults for the case when
M =A=B=0§=¢s = ¢s2 =0, Pr =07, S =3, and A = —1 with the previous studies.
Thus, in this comparison, the present results are within the range of the results provided in the previ-
ous studies, thus, the technique for obtaining the results can be guaranteed and decent.

2.5 3.92

A=0204,06 First solution = = = ‘Second solution
— — — -Second solution

First solution

39r

3.88

x

Q 3
=
?-‘mx g 386¢
x 0 'y
:3
05 N 3.84 1
g =g = 0.01 \\ \\:"\
M p=002 SN
9
B=02 AN 3.82
M = 0.1 N
Blls=24 1
Pr=6.2
- : . ‘ . 8 . ‘ . :
25 2 15 X 05 0 25 2 15 . 05 0
A A
Fi 1/2 . A . —1/2 . A
ig. 2. Re,/“Cy with X for several A. Fig.3. Re; /“Nu, with X for several A.

Figures 2 and 3 show the impact of several values of A on (Re;)'/2C; and (Re,) '/?Nu,, when
A <0, ps1 = ¢pso = 0.01, 8 =0.02, B=0.2, M = 0.1, and S = 2.4. From the figures, (Rem)l/ch
diminishes for both solutions, when A enlarges with A < 0 but the trend is not consistent for the
second solution when X\ > —1. Meanwhile, (Re,)~!/?Nu, enhances when A enlarges for both solutions,
except for the second solution, when A > —1. The laminar flow phase is seen to be maintained longer
if A enlarges.
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4.1 T

First solution " "
— — — -Second solution 3.94 First solution ]
4r 1 = = = - Second solution
B=0.2 022023 /3=0.02,0203
3.92 J
3.9+ = B
/,/:
3.9 1 L=l
3.8 E ‘ R
Ay =-15143 ez
s
388 A =-14815 e
5% 37 5% o2 A
3 =z e
=] o s
s e 3.86 /’j/
E 3.8 g - ;/
Y
3.5 3.84
A
i =4 = ¢l 4 =g =
L A =-15237 P51~ Y2 I agoh gy =g, =0.01
34 © #=0.02 : A=B=02
Y A=02 o M=0.1
M=0.1 S=24
[ ' 3871
> $=24 Pr=62
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3.2 : L T 378 I L L . -
-2 -1.5 -1 -0.5 0 -2 -1.5 -1 -0.5 0 0.5 1
A A
i —1/2 ; . ~1/2 .
Fig.4. Re, /“Nu, with A for several B. Fig. 5. Re, /“Nu, with A for several 5.

Figure 4 shows the impact of several values of B on (Re;)™"/2Nu,, when A < 0, ¢s1 = ¢s2 = 0.01,
6=0.02 A=02, M =0.1, and S = 2.4. It is seen that (Rex)_l/zNux diminishes if the value of B
enlarges. After all, this parameter is not suitable to control the flow phase since the critical point is
not changeable due to the changing value of B.

Figure 5 shows the impact of several values of 8 on (Rex)_1/2Nux, when A < 1, ¢51 = ¢s2 = 0.01,
A=B =02, M =0.1, and S = 2.4. The figure shows that as the value of 3 enlarges, (Rex)_l/zNum
reduces regardless of when the sheet is stretched or shrunk.

i 4
o _FWS( so\ullon. First solution
18+ Second solution — = = - Second solution
395
16
Sm =1.9541 391
S =1.9320
14 r c2
SE3=19112 385
S, =1.9541
cl
~ as) sc2i1.9320
& S, = 19112
%
& 375t
371
365
Sc3
agr S
Sei Pr=6.2
e ‘ . ‘ : .
25 1.9 2 21 2.2 2.3 24 25
s
Fig. 6. Rel/2C; with S f 1 Fig. 7. Re; Y/?Nu, with S f 1
ig.6. Re,/“Cy wi or several ¢gs. ig.7. Re, u, wi or several ¢gs.

Figures 6 and 7 show the impact of several values of ¢4 on (Rew)l/ 2C'f and (Rem)_l/ 2Nu, against
S < 2.5 with ¢51 = 0.01, 8 =0.02, \ = —1, A= B = 0.2, and M = 0.1. From the figure, (Re,)'/2C}
is seen to enhance when larger ¢,s is used except for the second solution. Also, the enlargement of ¢4
enhances (Rem)_l/ 2Nu, for both solutions and hinders the layer separation. This result proves that
the suitably higher insertion of ¢4 enhances the heat transfer which also satisfies the judgment that
the hybrid nanofluid has the ability to enhance the heat transfer.

Figures 8 and 9 show the impact of several values of M on (Re,)"/ 2Cy and (Re,)~Y/?Nu, against
A < 1 with ¢g1 = ¢ps2 = 0.01, 8 =0.02, A = B =0.2, and S = 2.4. From the figures, as the value of M

Mathematical Modeling and Computing, Vol. 11, No. 1, pp.27-36 (2024)



32 Radzi N. A. M., Wahid N. S., Som A. N. M., Arifin N. M.

First solution 3.4 ' ' !
= = = Second solution First solution
3+ Second solution
392 1
L
| M=0,0.1,0.2 A, =-14419 #
‘ A A = 15237 Aoy = 14419 "
3 A:2 - 71l6053 391 A, =-15237 ??
=- Z
1b ey 63”7 A, =-16053 i
N ¢ 4%
CIERANRN 4?
- 2 x 3.88 47
O N3 3 7 %7
g0 AN z 4
& 53 g 47
o R 7
& 386
A
= N 3.84
2 H gy = 05, =001 §S§ ¢ =a_, =001
& N 51 52
3=0.02 . =0.02
A=B=02 §s§ A=B=02
slls=24 S ag2r o2 S=24
Pr=6.2 Sy Aggt~ Pr=62
4 : . . . . a8 . . . ;
-2 -1.5 -1 -0.5 0 0.5 1 -2 -1.5 -1 -0.5 0 0.5 1
A A
. 1/2 . . —1/2 .
Fig. 8. Re,/“Cy with X for several M. Fig. 9. Re, /“Nu, with A for several M.

enlarges, the first solution enhances in the shrinkable case and diminishes in the stretchable case, while
the second solution diminishes (Re;)'/2C} for both cases. Besides, the first solution of (Re;)™!/2Nu,
enhances when the value of M enlarges but not for the second solution. The position of the critical
point shows that the larger M could maintain the laminar flow phase better compared to the lesser M.

0 : ‘ 0.3 ‘ ‘ . .
First solution First solution
04k = = = -Second solution | | — — — -Second solution
0.25
-02 -
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08 A=-1 _ A=-1
B=02 0.05 - A=02,04,08 B=02
M=0.1 M=0.1
09+t S=24 S=24
Pr=6.2
4 . . . ; 0 . . n
0 2 4 6 8 10 0 0.2 0.4 0.6 0.8 1
n 7
Fig. 10. Velocity profile for several A. Fig.11. Temperature profile for several A.

Figures 10 and 11 show the impact of several values of A on the velocity profile f'(n) and temper-
ature profile 6(n), when ¢s1 = ¢so0 = 0.01, 3 =0.02, A\ = -1, B=0.2, M = 0.1, and S = 2.4. It is
found that f'(n) escalates due to the enlarging value of A for the first solution but not for the second
solution. Meanwhile, 6(n) reduces with the enlarging value of A for both solutions.

Figures 12 and 13 show the impact of several values of S on f’(n) and 6(n), when ¢5; = ¢go0 = 0.01,
B =002 A=-1, A= B =02, and M = 0.1. It is found that f'(n) escalates due to the enlarging
value of S except for the second solution. Meanwhile, §(n) reduces with the enlarging value of S for
both solutions hence, reducing the layer thickness at the boundary.

Figures 14 and 15 show the impact of several values of ¢so on f'(n) and 6(n), when ¢s = 0.01,
=002 A=-1, A=B =02 M = 0.1, and S = 2.4. It is found that f’(n) escalates due to
the enlarging value of S for the first solution only and reversely for the other one. Meanwhile, 0(n)
enhances with the enlarging value of ¢4 for both solutions.
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Fig.15. Temperature profile for several ¢go.
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0.3

‘ ; Figures 16 and 17 show the impact of
several values of M on f’(n) and 6(n),
when ¢4 = 0 = 0.01, 3 =0.02, A = —1,
A=B=0.2 and S = 2.4. As the value of
M enhances, f'(n) escalates for the first so-
lution but differs from the second solution.
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Fig. 18. Temperature profile with several B. layer thickness.

4. Conclusion

This numerical study has been examined for the magnetohydrodynamic hybrid nanofluid flow over
a stretchable/shrinkable sheet with heat source and slip. This problem was solved numerically in
MATLARB software. In the present results, the solutions for S > S. and A > \. are found to be dual
and not unique. Furthermore, it is deduced that the shrinking sheet gives dual solutions at a specific
limit and the stretch sheet gives most of the one unique solutions. With the implementation of heat
source, suction, velocity slip, and thermal slip, the first solution simulates that:

— The skin friction coefficient can be augmented by enlarging the magnetic parameter during the
sheet is shrunk but not during the sheet is stretched;

— The local Nusselt number can be augmented by enlarging the magnetic parameter especially when
the sheet is shrunk;

— The velocity profile is escalated when the magnetic parameter increases but oppositely for the
temperature profile.

And the second solution simulates that:

— The skin friction coefficient and the local Nusselt number can be augmented by reducing the
magnetic parameter either when the sheet is shrunk or stretched;

— The velocity profile is escalated when the magnetic parameter is decayed but reversibly to the
temperature profile.

The reliability of these solutions has been proven by the previous studies that deduced only the first
solution gives the reliable solution. Even so, the second solution still can be used for reference in future
studies. Nonetheless, it is crucial to acknowledge that the present findings can only be deemed reliable
within the confines of the specified model description and geometry.
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VY 1poMy JOCITIRKeHHI PO3TIISAAAETHCs TIOpUIHII TTOTIK HAHOMJIIOITY MIMHO3eM—Mizb /BOIa
Jepe3 IPOHUKHUI JIUCT, BPAXOBYIOYM KOB3aHHs, MarHITOrIPONHAMIKY Ta JKEepeJsio Tell-
sa. Jlns aHai3y cucTeMu MOJIe/Th TIEPETBOPIOETHCS HA HEJTiHINHI 3Bndaiini nudepeniaabhi
piBugunas (ODEs) 3a momomoroio nepersopenns nozaiouocti. Yucesnbui po3s’a3ku mocs-
rafoThesl 3a Jjonomoror peasizamil GyHkmil bvpde 8 MATLAB. Ananisytoorbest mpodisi
IIBUJIKOCTI Ta TeMIlepaTypH, JIOKaJIbHE IIOBepXHeBe TepTsd Ta uncio Hyccenbra misa pis-
uux napamerpiB. KpiM Toro, J0cCizKy€eThcs BIUIUB MArHITOTIAPOAMHAMIKN HA CHUCTEMY.
30i/IbIIIeHHsT MATHITHOTO TapaMeTpa MPU3BOIUTH 0 301IbIIEHHS TOBIIUHU TPUKOPIOH-
HOTO IIapy Ta IiJBUINEHHS KOediIlieHTa MOBEPXHEBOIO TEPTs. 3araJjioM, 1€ TOCIIyKeHHS
[IPOJIMBAE CBITJIO HA CKJIAJHY MOBEIIHKY ITOTOKIB ribpuaHnx HAHOMJIIOIIIB 1 1ae miHay iH-
dopmariiio Tpo BIVINB KOB3aHHs, MArHITOTIIPOANHAMIKY Ta, JI2KepeJia TeIia Ha MOJENb, a
TaKOXK IIPEJICTABJISE IIEPEBIPEHY MOJIENIb, IO JEMOHCTPYE EPEKOHINBE IOCUIEHHS TEILIO-
repeadi 3a PaXyHOK BKJIIOUEHHS MiJli B HAHOPIIMHY OKCHJTY AJIIOMIHiTO.

Knw4osi cnosa: wmaznimozidpodunamivhull; 2ibpudna warnodaioid; docepenso menaa;
PO3MALZHENHA )/ YCAOHCEHNA.
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