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Abstract. An analytical equation for the duration of air pumping from a limited volume has
been developed. The equation of the mechanical energy of air movement takes into account the law
of mass conservation for a gas in a controlled volume, the work of the energy of air movement and
the work to overcome air friction. Gaseous medium is Newtonian. The duration of pumping (filling)
the limited volume of the pneumatic chamber with air was calculated by comparing the mass flow
per second and the increase in mass, as a differential of the change in air density. The mathematical
model enables the simulation of air pumping time depending on pressure, as a density parameter and
at different Mach numbers in the subsonic range. The Kj proportionality coefficient, which
characterizes the ratio of the dynamic force of gas mass displacement to the static pressure relative
to the diameter of the air pipeline, is proposed as a criterion for evaluating the dynamics of the flow.
It should be noted that the analytical dependence works for Newtonian media and Mach numbers of
M <1, the gas flow is caused by the pressure difference, the gas itself is limited by a chamber space
characterized by a volume as design parameter of structure.

Key words: air pumping; mathematical model; air friction; dynamics of the air flow;
pneumatic chamber.

Introduction

The purpose of the research was to derive analytical dependences of the duration of air pumping
from a limited volume, taking into account the coefficient of friction for the gas medium due to changes in
pressure and density of the gas in the process of pumping it out.

Pneumatic systems are widely used in engineering. This is due to the low cost of the air used in
machinery and the availability of developed innovative technical solutions. They are used to convert the
power of compressed air into mechanical power, for example in automobiles, air-powered pneumatic
machines [1-3].

In order to improve the efficiency of pneumatic systems, they are being studied for increased
productivity. Shen et al. [4] investigated the dynamic characteristics of a pneumatic pump during the air
injection process. Takeuchi et al. [5] developed an expansion type pump using the expansion energy and
they proved the efficiency of the new air booster structure. Shaw et al. [6] design a pneumatic motor
system that is driven by compressed air. These authors obtained the ratio of speed and efficiency, but did
not investigate the method of improving the parameters of the system.

An important parameter of the efficiency of the pneumatic system is the time of air pumping up (air
pumping out) to a given pressure, which characterizes its dynamics. Weixiang Ni et al. [7] developed a
mathematical model of a small pneumatic chamber to determine time parameters. The authors modeled
numerically using Van der Waals and Redlich — Kwong equations for a given interval of input parameters.
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Jones et al. [8] confirmed that the gas approximately conforms to the law of the equation of state of
an ideal gas only at low temperature. At high pressure, any gas will not completely follow the inverse
polytropic dependence. Gas characteristics affect the polytropy index of the thermodynamic process. This
indicator is equal to » = 1.41 [9]. Also, the authors assumed a value of 1.2 in the calculations of [10, 11],
but this value is not theoretically justified. Transient processes during experiments showed that » was
approximately 1.4 in closed pneumatic chambers, and the thermodynamic regime is close to adiabatic with
zero heat transfer [12, 13].

Compressor design requires a mathematical model. Differential equations are solved numerically.
Tuhovak et al. experimentally verified the results of numerical modeling [14]. But time parameters were
not modeled.

Also Liang et al. showed a mathematical model for formulating the influence of structural,
geometric and control parameters on the output pulsation. The finite difference method was used to solve
nonlinear equations [15].

The time parameters of the pneumatic system are important for the design and research of robot
systems [16—18]. To model the airflow control system, Wu et al. conducted dynamic simulations in
SIMULINK [19]. The simulation results were compared with the data of experimental studies for a
laboratory ventilation unit. Rakova ¢t al. analyzed the pneumatic system using a simulation model [20].
The analysis involved building a model of each type of pneumatic system component. Also, Dmytriv ¢t al.
calculated the time parameters of the pneumatic generator using a regression model [21].

Materials and methods
In the tasks of implementing adaptive control systems, the problem of analytical identification of
process parameters arises. Such systems are characterized by processes whose parameters are
simultancously influenced by several factors characterizing the technological process.
The purpose of the research is analytical modeling of the time of pumping air, as a Newtonian
medium, from a limited space of a given volume.

Derivation of the analytical equation for the duration
of air pumping from a limited volume

Pumping and filling the limited space of technological equipment with a gaseous medium is a
problem of the dynamics of the movement of this medium caused by pressure changes.

Consider the dynamics of transient processes of an isolated chamber. Let’s take air as a gaseous
medium. Air will move in two directions, either by pumping out of the isolated chamber to a given vacuum
and filling the isolated chamber to atmospheric pressure, or by filling the isolated chamber with air to a
given pressure and venting to atmospheric pressure.

To derive the analytical dependence, we consider the section of the pneumatic system. Taking into
account the law of conservation of mass for a gas in a controlled volume through the equation of the
mechanical energy of air movement [22] and the work to overcome air friction [23], the equation of the
mechanical energy of air movement can be written in the following form:

2
dQ — d(PW,g) — dL — dLg, = dU +d <§—g> + gdz, (1)
where O — the amount of heat supplied to the system (under normal conditions 7' = const, O = 0, d0 = 0);
z — the height difference of the position of two different sections of the air flow, which characterizes the
potential energy (for the analyzed case z=0, dz = 0); L — technical work that characterizes the change in
the physical position in area of the mechanical elements of the system; Ls— the work spent on overcoming
the frictional forces of the air to the elements of the system.

The movement of mechanical elements does not occur, therefore the mechanical work from the

movement of air is spent on changing the internal energy of the air in the system dL.= dU+pdWr.
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The equation of work to overcome air friction forces can be written in the following form [23]:

lfr UZ
dlsyr =A=—d|(——). )
Dfr 29
Taking into account the above statements, dependence (1) will take the form:
2 / 2
L G v
—WAR-dpzd[—)+/i- / -d[—) 3)
2g D, 2g

where Wir = 1/(g par) — specific volume of air; A — coefficient of air friction during its transportation.
The coefficient of air friction during its transportation in the air pipeline will be written in the form

of [23]
1-M> 2.D 0 m(l 1}
A= - S (4)
M* x-w/Kl*( e Ve p

where M — the Mach number; D — the inner diameter of pipeline, m; x — the length of the pipeline section

for which the coefficient of air friction is calculated, m; p — the air density at given pressure, kg/m>; p; — the
air density at pressure of vacuum, kg/m?®; m — the mass flow of air in the pipeline, reduced to atmospheric
pressure, kg/sec; V — the volume flow of air at a given pressure, m*/sec; K7 — the aspect ratio characterizes

the ratio of forces.
After substitution in equation (4) and simplification, equation (2) will have the form:

il 1-M? 2 | <Pi>ﬁ+ m, P, . <Pa>ﬁ d<v2> )
=—————| In|— — —|= al—).
ART M2 K\ \RJ Re'T pg P; 2-g

Taking into account the above, dependence (3) will take the form:
a2 (6)
29/

2 = 1
&= ™2 | n (P‘)n SR <1 - (P—a)"> — coefficient of frictional resistance [23].

*
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dpP v 1-M? 2 P\n m, P, P\n

S O Y T Y Y
g-p 29 M? KT Py Ro"T pa P;

We denote the components of equation (6) as follows,

M2 JKg P, RoT Pa P;

Let’s rewrite equation (6) as follows:

4 <v2> 1 dp ™
2g 1+¢ gp
Let’s integrate equation (7) given the limits P — from P;to P, and v — from v, to v, and consider
the equation of state of an ideal gas, which is subject to polytropic dependence with the polytropy index n,

which will determine the change in the speed of air movement, provided that v, = 0 at the time of pumping
air from the system

2 P PR
vy = |t 1—(_a)" . 9)
1+&p; P;

The mass flow per second of air is calculated as the product of the speed of air movement (8), the
cross-sectional area of the hole through which the air is pumped, and its density of m=v, -5, - p, and
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after taking into account of ,, = ;- (p : jn , we will obtain a dependence for modeling the flow of second

a

air supply during pumping;:

2 n+1

7T'D2 2 Pi n Pi n
M = = pp (H) = () ") 9
4 |[1T+e LR <Pa> <Pa> @

We form the differential equation for pumping out the ¥ given volume of air at the condition that the
M mass of air that passes during time t and taking into account the expression for p;, then the differential
equation will be as:

- D?
am ="y [ (10)
2 nt1
where ¥ = fg <(?)" - (?) " > — speed coefficient of proportionality, which characterizes the pressure

ratio for air pumping out; p; and p; — current value of pressure and density in the ¥ volume.
After taking into account the expression for p;, we will perform the transformation in the dependence
of (10):

n+1
m-D? P\
dM = I SR /Pa'Pa' <P_l> -dt. (11)
a
Also, after taking into account that the change in air mass is dM = V'dp; and the expression for p;,
we will get:

1 1-n

t=vepmea| (] = ()7 (2 =
=V Pa P, = Pa P, P/

After equating formulas of (11) and (12), taking into account the sign and shortening, we will obtain

the differential equation of pumping air from the ¥ volume in the following form:
Py

Py 1-3n 5 T
l.f (i) an .d<i>=__”'D v, &.fdr. (13)
n P, P, 4 'V |pa
1 0

The integration results, which characterize the duration of pumping air from the J” volume from the
papressure to the p; pressure, will be in the following form:

8-V P

’ Pa <i>2n
- : f—- LA R 14
TTa-nr-p2y [, \\P, ’ (14)

where V' — the volume of the chamber from which the air is pumped, m?, D — the diameter of the air
pipeline, m; p, — the air density in ¥ volume at atmospheric pressure, kg-sec’’m*; P, — the atmospheric
pressure of the air in the ¥ volume, kg/m?; P; — the pressure value at the i-th moment of time, kg-sec?’/m*;

m. — the molar mass of air, kg/mol; R,— the universal gas constant, kg-m*/(mol-K-sec?); T — air temperature,
K; »n—the polytropy index, n = 1.41.

Results

Simulation of pumping time to a given pressure in a limited volume

Air pumping time was modeled as a function of pressure, as a density parameter, and at various
Mach numbers. Gaseous medium is Newtonian. The speed of air movement in the air pipeline is subsonic
and was assumed to be no higher than the Mach number of M = 0.5. Accordingly, the pumping pressure
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The developed analytical dependence for modeling and calculating the time of air pumping from a
given space of chamber reflects the physics of the process of the flow of media in pneumatic systems.

It should be noted that the analytical dependence works for Newtonian media and Mach numbers
M < 1, the gas flow is caused by the pressure difference; the gas itself is limited by a chamber space
characterized by a design parameter — volume.

As a criterion for evaluating the dynamics of the flow, the Kj, proportionality coefficient is
proposed, which characterizes over time the ratio of the dynamic force of gas mass movement to the static
pressure in relation to the diameter of the air pipeline. As the Kj proportionality factor increases, the
pumping time of the gaseous medium decreases.

The developed analytical dependence of pumping time can be applied to the design of pipeline
transport of gascous media and pneumatic and dynamic technological systems, under vacuum and excess
pressures in the system, which are subject to Newton’s laws and Mach numbers less than one.

It should be noted that the developed analytical dependence works for Newtonian media and M < 1
Mach numbers, the gas flow is caused by the pressure difference in the space with design parameters of
reduced diameter and length of transportation.
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