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Abstract. In the paper, the spread of medicine (tox-
in) in the body which is assumed to be an open system
carrying out exchange with the environment is consid-
ered. The system itself is considered as a combination of
two subsystems: blood and muscle. It is shown that the
model can be unstable under some conditions and for a
certain range of parameters. Solutions obtained with
such parameter values do not correspond to the actual
amount of the substance during intravenous injections.
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1. Introduction. The introduction of a certain medi-
cation into the body and its subsequent distribution to the
blood and muscle subsystems is a task involving both
intramuscular injections and intravenous injections and
infusions. That is, the model describes a whole series of
problems of treatment and anesthesia. Undoubtedly, each
medication has its own characteristics, which are reflect-
ed in the model created using differential equations by
different values of the coefficients. Therefore, the analy-
sis of the stability of the medication distribution model
for different cases is a relevant and important task in
therapy, in anesthesia, in intoxication, and in the devel-
opment of medicinal agents.

2. Model of medication distribution in the body as
an open system exchanging with the environment.

In [1 — 3], the mathematical model of the distribu-
tion of a medication (toxin) that enters the body from a
source is proposed. In this case, the body is treated as an
open system, where the medication is introduced and
excreted. In such a system, the kinetics of absorption and
excretion of a medication is described by the following
system of equations:
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In (1), the first equation describes the change in the
concentration of the medication in the source due to its
introduction into the system; the second equation de-
scribes the change in the concentration of the medication
in the system as a result of its introduction from the
source and due to its removal from the body; the third
equation reflects the increase in the amount of the medi-
cation in the environment, as a result of its removal from
the body. That is, M(t) reflects the corresponding
amount of the medication at the moment of time t: Mo(t)
in the source; My(t) in the body and M,(t) in the envi-
ronment. The analysis of the dimensions in (1) indicates
that the coefficients Ki,, ke are values inverse to the
times characteristic for the penetration of the substance
into the system and the removal of the substance from
the system, respectively. Initial conditions for the exper-
iment are as follows:

M, t=0 =MJ, M, t>w =0;
M, t=0 =0, M, t—>w =0; 2)
M, t=0 =0, M, t—>w =M.

The analytical solution of equation (1) under condi-
tion (2) determines the amount of toxin introduced into
the body and extracted from it at the moment of time t:
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It is considered that the time of absorption of the
medication is significantly shorter than the time of its
removal from the body, for the parameters used ki, > K.

Fig. 1 shows the time dependence of the medication
in the body (M1 is a red solid curve), the medication
removed from the body (M2 is a blue dashed curve) and
the total amount (green dash-dotted curve), which practi-
cally reaches saturation during the characteristic time of
removal and approaches the amount of the introduced
medication.
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As can be seen from Fig. 1, the concentration of the
medication in the body (red solid curve) has a non-
monotonous time dependence: first, an increase in the
concentration to a certain maximum value can be ob-
served; then, it is followed by a decrease due to the re-
moval of the medications from the body.
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Fig. 1.Connections (3) obtained for the values:
M9 = 10,= 0.5;k;, k., = 0,25.

The blue dashed curve has a monotonous character

and is asymptotic to the value Mg. The total amount of
toxin (green dash-dotted curve) reaches saturation almost

at times equal to 1 K, The temporal change in the
e

amount of the medication in the body and environment
at different characteristic times was investigated, various
parameters given in Table 1. The surfaces describing
solutions (3) of the amount of the medication in the body
(M1) and in the environment (M2) for parameters from
Table 1 depending on time (j), are shown in Fig. 2.

Table 1

Values of the parameters used for the results obtained

i now afew J i.e

1 0.3 0.25 0.1...200 0.1j
2 0.4 0.35

3 0.7 0.6

4 0.9 0.75

5 1 0.8

To carry out the verification, the sum of M1 and M2
was also analyzed, which practically reached saturation
for the times 2 k;;,, and was equal to MO for all subse-
quent times.

3. Distribution of the toxin within the system,
conventionally divided into 2 subsystems.

The kinetics of the distribution of a toxic substance in
the system (organism) can be considered, representing it as
two subsystems: blood and muscle tissue. Here, it is
necessary to introduce the third distribution constant kq
which is inverted to the characteristic time of the transition
of the toxin from the blood to the muscular system.

During the process, the toxin influences the corre-
sponding receptors. The authors [1 — 3] obtained the
following expressions to define the amount of the sub-
stance in the blood and the amount of the substance in
the muscle tissues:
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M2
Fig. 2. The surface showing the dependence of the concen-
tration of the medication in the body (M1) and in the environ-
ment (M2) for different moments of time (j) and different pa-
rameters of the task (i) from Table 1.

In (4), mesr is an effective body mass (mass in

which the toxin acts), m,, is the blood mass, and m,; is
the mass of tissues under the toxin influence.

Table 2 shows the parameters used in the numerical
experiment.

Table 2

Parameter sets used in numerical experiments

Mepp = 50;,my = 0.07Mypp; My, = Mepp — My
a) b)
Kin =05; k., =025 kq =0.02
i kd kin kel
1 0.1 0.3 0.25
2 0.2 0.4 0.35
3 0.3 0.7 0.6
4 0.4 0.9 0.75
5 0.5 1 0.8

Fig. 3 represents the surfaces obtained as a function
of the amount of substance in the root and muscle sub-
systems. For illustrating this dependence, only those
parameter values for which the results were fundamen-
tally different were used.

For verification, it was revealed that for all analyzed
cases the sum MK(t) + Mtk(t) coincides with M1(t).
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Mk

Fig. 3.a).Time dependences of the medication concentra-
tion in muscle tissue (Mtk) and in blood (Mk) for parameters
(column a) from Table. 2

Mtk

Mk
Fig. 3.b).Time dependences of drug concentration
in muscle tissue (Mtk) and in blood (Mk) for parameters
(column b) from Table. 2.

4. Results and conclusions.

As it can be seen from Fig. 2, the amount of the
medications in the body has the following features:

e non-monotonous character with a maximum
whose position and half-width changes, depending on
the coefficients;

e asharp maximum with the largest concentration
value and a small half-width of the curve occurs during
growth of the i-th parameter, which corresponds both to
the increase in the inverse times of the problem and to
the increase in the difference between them;

e the smooth nature of the peak with a large half-
width and a slightly smaller value at the maximum cor-
responds to the smallest value of i.

e the maximum numerical value of the amount of
the substance increases slightly with the increase in i.

Slight differences in the positions of the peaks due to
a change in the parameters of the problem are also ob-
served.

Similar calculations of the amount of the substance
in the environment obtained for the parameters from
Table 1 have shown that:

e the amount of matter in the external environ-
ment increases monotonically as saturation is reached;

o the rate of saturation is determined by the char-
acteristic times of the processes. For small times (large
values of coefficients), saturation occurs quickly. For
large characteristic times (small values of the coeffi-
cients), an almost linear nature of the time dependence of
the amount of the removed substance is obtained.

Such dependencies are understandable: long charac-
teristic times mean slow relaxation and slow removal of
the medications from the body.

The analysis of the medication distribution among
the subsystems (Fig. 2.a, Fig. 2.b) for all considered
cases has the following features:

e the non-monotonous nature of the distribution
of the medications in both the blood and muscle subsys-
tems, which is explained by the competition of the two
streams of the introduction of the drug and its removal
from the subsystems;

e the maximum of the medications in the blood
precedes the maximum of the medications in the muscle
subsystem, and the half-width of the peak in the muscles
exceeds the half-width of the peak in the blood subsys-
tem, which is due to the difference in characteristic times
(used coefficients);
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Fig. 4. Changes in the maximum drug concentrations in
blood (a) and muscle (b) depending on the kd parameter. The
solid curve corresponds to the regression (5), the red dots
indicate the obtained numerical values.
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e for a number of studies, when the same coeffi-
cients ki, kg are used and coefficient ky changes (case (a)
from Table 2), the position of drug maxima in subsystems
does not change over time. Here, the maximum of the med-
ication in the blood is reached at t = 1.1, and in the muscle
subsystem at t = 3 (in relative units).

e dependence of the maximum values on the pa-
rameter Ky can be described as:

Ymt kd = 3.441 + 5.04 kd — 5.748 kd?,
Yk kd = 2.089 — 6.528 kd + 6.994 kd?
Fig. 4 a, b show the reduced dependence, and the
points indicate the data obtained in the numerical
experiment.
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Fig. 5. The amount of drug in muscle tissue (blue solid curves)
and blood (red dashed curves). a) kd = 0.01; kin = 0.4;
kel = 0.5; b) kd = 0.1; kin = 0.5; kel = 0.25 (red dashed
curves). a) kd = 0.01; kin = 0.4; kel = 0.5; b) kd = 0.1;
kin = 0.5; kel = 0.25.

For the analyzed data, the largest relative deviation
of numerical data and function (5) does not exceed 6.5%

CTIMKICTHh MOJEJII HOILIVUPEHHS
IPEIIAPATY B OPTAHI3MLI,
SIK BIZIKPUTIN CUCEMI, YTBOPEHII
MIACUCTEMAMMU

Teogop Onyruaxk, KopneJisa ToBcTiok

Posrnsimaerbest mommpeHHs MeAMKaMEHTY (TOKCHHY) B
oprati3mi sIK BIAKPHTIH cuUcTeMi, IO 3MIHCHIOE OOMIH i3 J10-
BkiyusiM. Cama cucrema po3riisigaeTbes K CYKYIHICTh JABOX
MiICKCTEeM: KPOB’SIHOT Ta M’s13eBOi. MU MOKa3yeMO HECTilKiCTh
MOZIeNi 3a JEesKUX YMOB 1 JUIsi MEBHOI 0ONacTi mapamerpis.
OTpuMaHi TaKMX 3HAYCHHSX MAPaMETpPiB PO3B’sI3KH HE BiJIO-
BiJIat0Th (PAKTHYHIN KINBKOCTI PEYOBHHH TPH BHYTPIIIHHOBEH-
HUX 1H’ €KIISX.

for the medications in the blood and 1.5% for the amount
of the medications in the muscles.

The study of the amount of medications in subsys-
tems for increasing coefficients of kin, kel and constant
kd (series (b) of values ) showed that the growth of these
coefficients leads to the displacement of both maxima in
the region of shorter times. The obtained numerical data
indicate the limitations of the application of this model
for anesthesia and in the case when the drug is adminis-
tered intravenously.

Therefore, in Fig. 5, two solutions obtained for dif-
ferent parameters of the problem are shown. There it can
be seen that the analyzed model is not suitable for de-
scribing the amount of the drug injected into the body
intravenously, for parameters b).

In fact, after integrating the obtained dependences
over time, it was clarified that the amount of the medica-
tions injected into the blood (area under the red dotted
curve) is less than the amount of the drug injected into
the muscles. This indicates the instability of this model
and the need to identify criteria for its application.
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