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The unsteady three-dimensional (3D) Casson flow of a nanofluid containing dust particles
over a porous, linearly stretching sheet in the presence of an external magnetic field is
studied. It is assumed that the sheet is stretched in both directions along the xy plane.
The governing equations of the two-phase model are partial differential equations that
are transformed into ordinary equations using similarity transforms. The nanofluid is a
suspension of water-based nanoparticles. In this study, we look at how nanoparticle size
affect the properties of dusty nanofluid flow. The mathematical model contains the basic
equations for the fluid and dust phases in the form of three-dimensional partial differential
equations, which are transformed into dimensionless ordinary-dimensional equations using
an appropriate similarity transformation. An exact analytical solution to this boundary
value problem is obtained. The effects of various physical values on dust and nanofluid
velocities are discussed in detail, including the Casson parameter, magnetic parameter,
porosity parameter, fluid-particle interaction parameter, mass concentration of dust par-
ticles, and nanoparticle size. In a few specific instances, the current analytical solution
demonstrates a good agreement with previously published numerical investigations.
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1. Introduction

In the last decade, the problem of the boundary flow of non-Newtonian dusty fluids has attracted more
and more attention. A dusty fluid (Newtonian or non-Newtonian) is a two-phase medium that consists
of a continuous fluid and a discrete (solid) phase of particles. Dusty fluids are most commonly found
in nature as atmospheric precipitation, near-earth plasma, and cosmic plasma. The flow of dusty fluid
can also be observed in processes such as nuclear reactor cooling, powder technology, paint spraying,
solid propellant nozzles, and guided missile emissions. All the phenomena listed above accelerated the
consideration of modeling, solving, and analysing the flow of dusty fluids. As a result, new combined
fluid models with rheological features, such as a dusty Casson nanofluid, have emerged to effectively
describe complex technological processes.

The study of the laminar flow of a dusty Newtonian fluid was first carried out by Suffman [1].
Chakrabarti [2] studied the flow of dusty gas in the region of the boundary layer. The flow of a dusty
liquid over a semi-infinite plate was discussed by Datta and Mishra [3]. The study of magnetohydro-
dynamic (MHD) flow is important due to numerous engineering applications such as reactor cooling,
power generators, MHD pumps, the oil industry, and heat exchanger design. In addition, MHD flows
play an important role in geophysics, astrophysics, solar physics, metrology, and the motion of the
Earth’s core. Given the significance of the MHD flow, many researchers began to investigate the
hydromagnetic flows of a dusty fluid.

Vajravelu and Nayfeh [4] analysed the hydromagnetic flow of a dusty fluid over a stretching surface.
Gireesha et al. [5] obtained a numerical solution for the two-dimensional flow in the boundary layer
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and the heat transfer of a dusty fluid on the stretching surface. A numerical solution of the MHD
flow and heat transfer of a dusty fluid over a linearly stretching sheet was given by Gireesha et al. [6].
Numerical investigations for the effect of thermal stratification on MHD flow and heat transfer of dusty
fluid over a vertical stretching sheet embedded in a thermally stratified porous medium in the presence
of uniform heat source and thermal radiation was conducted by Gireesha et al. [7].

Many processes use a wide range of fluids, such as saline solutions, melted sauce, toothpaste,
molasses, dyes, blood, or shampoo, which have the remarkable property of being highly viscous. New-
tonian fluids’ fundamental theory of stress and strain rate cannot be applied to such fluids. One of the
best models of non-Newtonian fluids is the Casson fluid, which exhibits yield strength, shear thinning,
and high shear viscosity. The Casson model can also behave like a Newtonian fluid when the surface
stress is significantly greater than the yield strength or when there is a very high shear stress on the
wall.

Sakiadis [8] and Tsou et al. [9] were among the first to investigate boundary layer flow on solid
surfaces. Crane [10] found an analytical solution for a two-dimensional stationary flow in a boundary
layer caused by an expanding surface whose velocity varies linearly with distance from a fixed point.
Numerous researchers have been motivated by these papers [8–10] to investigate various aspects of this
problem, whether by combining the problem with heat and mass transfer, MHD, chemical processes,
suction/injection, mass transpiration, non-Newtonian fluids, or other different scenarios. Studies on
two-dimensional boundary layer flow caused by stretching surfaces are extensively studied with various
fluids under different conditions due to their numerous applications. For a long time, there have been
a large number of articles published about this topic. As a result, the articles that discuss three-
dimensional MHD flows of a non-Newtonian (Casson) fluid over a stretching or contracting surface will
be the primary focus of the review section of this study.

Bhattacharyya [11] considered the two-dimensional magnetohydrodynamic stagnation-point flow
and heat transfer of an electrically conducting non-Newtonian Casson fluid towards a stretching sheet
in the presence of thermal radiation. Mukhopadhyay et al. [12] investigated the unsteady two dimen-
sional flow of a non-Newtonian fluid over a stretching surface with a prescribed surface temperature.
Nandy [13] investigated the hydromagnetic boundary layer flow and heat transfer of a non-Newtonian
Casson fluid in the neighborhood of a stagnation point over a stretching sheet in the presence of ve-
locity and thermal slip at the boundary. Nadeem et al. [14] investigated the Casson fluid flow on a
permeable sheet caused by sheet stretching in the x and y directions in a transverse magnetic field.
In a later study, Nadeem et al. [15] extended the study to a Casson nanofluid over a linearly stretch-
ing sheet, taking into account surface convective conditions. Mahanta and Shaw [16] investigated a
three-dimensional Casson fluid flow past a porous linearly stretching sheet, introducing a convective
boundary condition at the surface where the fluid’s thermal conductivity varies linearly concerning
temperature. They used the Spectral Relaxation Method (SRM) to solve the governing equations,
and computations were performed for the velocity and temperature fields for different parameters.
Krishna [17] solved MHD Casson fluid flow past a porous, linearly stretching surface with wall mass
transfer analytically. In [17] the fluid velocity and skin friction coefficient were calculated, and it was
demonstrated that increasing the Casson and porosity parameters suppressed the velocity field.

A colloidal suspension of a nanoscale particle in a basic fluid is known as a “nanofluid” [18]. Metals,
oxides, carbides, and carbon nanotubes are among the most commonly used nanoparticles, with water
and ethylene glycol serving as the base fluids. For the effective transmission of thermal energy, nanoflu-
ids have a higher thermal conductivity than ordinary fluids. A suspension of nanosized particles can
affect the viscous and rheological properties of a nanofluid since an increase in the volume fraction of
nanoparticles increases the dynamic viscosity. Oyelakin et al. [19] investigated the effects of thermal
radiation, heat, and mass transfer on the unsteady magnetohydrodynamic (MHD) flow of a three-
dimensional Casson nanofluid. In [19], the influence of porosity, the magnetic field, and the stretching
degree parameter on the flow of the Casson nanofluid model over a porous, linearly stretching sheet
with the inclusion of nanoparticles on the concentration boundary condition was shown. It was found

Mathematical Modeling and Computing, Vol. 11, No. 2, pp. 555–570 (2024)



An exact solution for unsteady three-dimensional magnetohydrodynamic Casson flow of . . . 557

that an increase in flow unsteadiness tends to decrease momentum, heat flow, and nanoparticle volume
fraction profiles [19]. Madhusudan et al. [20] numerically studied the convective, three-dimensional,
electrically conducting Casson nanofluid flow over an exponentially stretching sheet embedded in a sat-
urated porous medium and subjected to thermal as well as solute slip in the presence of an externally
applied transverse magnetic field. Ibrahim and Anbessa [21] investigated the three-dimensional MHD
mixed convection flow of Casson nanofluid over an exponentially stretching sheet using the impacts of
Hall and ion slip currents, taking into account thermal radiation and the heat source. Recently, Japili
et al. [22] investigated numerically MHD stagnation point flow over a stretching or shrinking sheet in
a porous medium with velocity slip. It was found that the coefficient of surface friction and the local
Nusselt number increase with increasing magnetic and permeability parameters. Yahaya et al. [23]
studied numerical solutions for the flow of Ag-CuO/H2O hybrid nanofluid on a stretchable sheet with
the effects of suction, magnetic field, double stratification, and sliding. It has been established that an
increase in the sliding and stratification parameters of solutions leads to a decrease in the Sherwood
number. At the same time, an increase in the parameters of thermal slip and stratification reduces
the Nusselt number. An increase in the skin friction coefficient is observed with an increase in the
hydrodynamic slip parameter. Alias and Hafidzuddin [24] considered a magnetohydrodynamic(MHD)
induced Navier slip flow over a non-linear stretching and shrinking sheet with the existence of suction.
The findings in [24] demonstrated that, in contrast to the shrinking case, the range of dual solutions for
a stretched sheet is smaller, and that suction increases skin friction while the slip parameter decreases
shear wall stress. Nithya and Vennila [25] investigated the steady incompressible two-dimensional hy-
dromagnetic boundary layer flow of nanofluid passing through a stretched sheet in the influence of
viscous and ohmic dissipations. A semi-analytical technique known as the DTM-Pade Approximation
was employed to solve the problem. The authors [25] displayed a stronger trend in the velocity profile
for the nonlinear stretching parameter n, suction S, and magnetics M parameters. When the Prandtl
number rises, however, the opposite trend is observed in relation to the temperature profile. The
concentration profile exhibits increasing behavior for the Lewis number and other parameters.

The literature mentioned above indicates that the majority of investigations are based on numerical
solutions. An accurate analytical solution has the advantage of being able to describe the physics of fluid
flow. The accurate answer may also be used as a benchmark for further numerical and approximative
studies. Jalil et al. [26] gave an exact analytical solution for the MHD boundary flow of a dusty liquid
over an extension surface. The mathematical methodology used in [26] consists of transforming the
basic equations into a self-similar form using known similarity transformations. The coupled equations
are then analytically solved using Crane’s [10] solution as a guide. Vishalakshi et al. [27] obtained
exact analytical solutions for the three-dimensional flow of a non-Newtonian fluid due to a porous
stretching/shrinking sheet. The importance of paper [27] is to examine the problem analytically and
find the domain in terms of mass transpiration that is used in the heat transfer equation to analyze the
heat equation. Mahabaleshwar et al. [28] conducted an investigation of the exact analytical solution
for velocity and concentration field for 3D MHD flow viscoelastic HNF due to a porous sheet that
stretched/shrunk along both x and y axes with linear velocity and Navier slip. Exact analytical
solutions in exponential and hypergeometric form for velocity and concentration fields were obtained
in [28]. The flow of Marangoni convection MHD Casson fluid with carbon nanotubes under the effects of
transpiration and radiation was analyzed by Vishalakshi et al. [29]. The ordinary differential equations
(ODEs) obtained in [29] are solved analytically, first using the momentum equation to obtain the
solution domain, and then using this domain, the energy equation is solved to obtain the temperature
profile in terms of the Laguerre polynomial. Recently, Khan et al. [30] found an exact solution of
a Casson fluid flow induced by dust particles with hybrid nanofluid over a stretching sheet under a
Lorentz force. They obtained the analytical solutions of momentum equations for the fluid and dust
phases velocities of the normal nanofluid (Fe3O4/H2O) and hybrid nanofluid (Fe3O4-MWCNT/H2O).

The above review of the literature on this topic showed that most studies are based on numerical
solutions. Unlike the previous numerical [19] and analytical [26, 30] works, this work is devoted to
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an analytical study of the three-dimensional MHD Casson flow of a dusty nanofluid due to stretching
of a porous surface. In this study, we will apply a methodology based on Crane’s exact analytical
solutions. In addition, the novelty of this study is to explain how the size of nanoparticles affects the
properties of a dusty nanofluid flow. Using various physical parameters, an exact check of the problem
is performed, and velocity profiles and skin friction coefficients in the x and y directions are studied.
The results of this work can be applied to numerous technological processes where it is important to
take the non-stationarity of the flow into account.

2. Basic equations and boundary conditions

Consider an unsteady three-dimensional laminar, incompressible Casson nanofluid flow over a linearly
stretching porous sheet. The unsteady fluid flow begins at t = 0 and has linear stretching velocities
Uw = ax/(1 − λt) and Vw = by/(1 − λt) along the x and y-planes, where a, b and λ are positive
constants. It should be noted that the expressions Uw, Vw are only applicable for t < 1/λ. As seen in
Figure 1, the fluid is positioned along the z-axis, and a variable magnetic field B(t) = B0/

√
1− λt is

applied perpendicular to the direction of the flow, where B0 is the constant intensity of a magnetic field.
The induced magnetic field is supposed to be insignificant in comparison to the weak applied magnetic
field. Additionally, uniform size, constant density, and spherical shape are expected characteristics
of dust particles. An isotropic, incompressible Casson fluid’s rheological equation has the following
structure (see, for example, [12]):

τij =




2
(
µ+

Py√
2π

)
eij , π > πc,

2
(
µ+

Py√
2πc

)
eij , π < πc,

(1)

eij =
1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
,

where τij is the (i, j)th component of the stress tensor, µ is the dynamic viscosity of a viscoplastic
fluid, Py is the yield stress of the fluid, π = eijeij is the product of the component of deformation rate
with itself, eij is the (i, j)th component of deformation rate, and πc is the critical value of π depends
on non-Newtonian model.

Fig. 1. Schematic diagram for the three-dimensional unsteady flow problem.

The governing equations for the flow and dusty fluid under the boundary-layer approximations and
the aforementioned assumptions are as follows.
For the fluid phase:

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0, (2)
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∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
=

µnf

ρnf

(
1 +

1

Λ

)
∂2u

∂z2
−

µnf

k̃ρnf
u−

σnf
ρnf

B2u+
KN

ρnf
(up − u), (3)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
=

µnf

ρnf

(
1 +

1

Λ

)
∂2v

∂z2
−

µnf

k̃ρnf
v −

σnf
ρnf

B2v +
KN

ρnf
(vp − v). (4)

For the dust phase:
∂up
∂x

+
∂vp
∂y

+
∂wp

∂z
= 0, (5)

∂up
∂t

+ up
∂up
∂x

+ vp
∂up
∂y

+ wp
∂up
∂z

=
KN

ρp
(u− up), (6)

∂vp
∂t

+ up
∂vp
∂x

+ vp
∂vp
∂y

+ wp
∂vp
∂z

=
KN

ρp
(v − vp), (7)

where (u, v, w) and (up, vp, wp) are the velocities of nanofluid and dust particles along the x, y, and
z-directions. Next, ρnf , µnf , σnf are the density, dynamic viscosity, and electrical conductivity of
nanofluid, respectively. Λ is the Casson (non-Newtonian) fluid parameter, k̃ is the permeability of a
porous medium. K = 6πµfr is Stokes drag constant, r is radius of dust particles, N and ρp are the
dust particle number and the density of the dust particle, respectively.

The boundary conditions are

u = Uw(x) =
ax

1− λt
, v = Vw(y) =

by

1− λt
, w = 0 at z = 0, (8)

u = up → 0, v = vp → 0, w = wp at z → ∞. (9)

The subscript “nf ” denotes the physical quantities for the nanofluid in equations (3)–(4) and are
defined as follows [31]:

• Dynamic viscosity

ε1 =
µnf

µf

= 1 + 2.5φs + 4.5

[
h

dn

(
2 +

h

dn

)(
1 +

h

dn

)2
]−1

; (10)

• Density

ε2 =
ρnf
ρf

= 1− φs + φs
ρs
ρf

; (11)

• Electrical conductivity

ε3 =
σnf
σf

= 1 +
3φs

(
σs

σf
− 1

)

(
σs

σf
+ 2

)
− φs

(
σs

σf
− 1

) , (12)

where φs is the nanoparticle concentration, dn depicts the nanoparticle’s diameter, and h is the inter-
particle distance. Next, ρf is the base fluid density, ρs is density of nanoparticle, σf depicts the electric
conductance of the base fluid, and σs is the electric conductance of nanoparticle. Table 1 shows the
physical characteristics of some types of nanofluids.

Table 1. Physical properties of the nanoparticles and the base fluid.

Property H2O Cu
ρ [kg·m−3] 997.1 8933
σ [S·m−1] 5.5 · 10−6 5.96 · 107

We present the corresponding similarity transformations below:

u =
axf ′(η)

1− λt
, up =

axF ′(η)

1− λt
, v =

ayg′(η)

1− λt
, vp =

ayG′(η)

1− λt
,

w = −
√

aνf
1− λt

(f(η) + g(η)), wp = −
√

aνf
1− λt

(F (η) +G(η)), η = z

√
a

νf (1− λt)
, (13)
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where f , g, F , G are the dimensionless functions, η is the similarity variable, νf is the kinematic
viscosity of the base fluid. Primes denote differentiation with regard to η in this context. Dimensionless
equations for the fluid and dust phases are obtained by applying Eq. (2) to Eqs. (3)–(4) and (6)–(7):

(
1 +

1

Λ

)
ε1
ε2

f ′′′ − α0

(
f ′ +

η

2
f ′′

)
+ (f + g)f ′′ − f ′2 −

(
ε3
ε2

M +
ε1
ε2

K̃

)
f ′ +

βvl

ε2
(F ′ − f ′) = 0, (14)

(
1 +

1

Λ

)
ε1
ε2

g′′′ − α0

(
g′ +

η

2
g′′
)
+ (f + g)g′′ − g′

2 −
(
ε3
ε2

M +
ε1
ε2

K̃

)
g′ +

βvl

ε2
(G′ − g′) = 0, (15)

F ′2 − (F +G)F ′′ + α0

(
F ′ +

η

2
F ′′

)
− βv(f

′ − F ′) = 0, (16)

G′2 − (F +G)G′′ + α0

(
G′ +

η

2
G′′

)
− βv(g

′ −G′) = 0. (17)

The continuity equations (2) and (5) is automatically satisfied by using Eq. (2). Boundary conditions
(8)–(9) are also transformed into the dimensionless form:

f(0) = 0, f ′(0) = 1, g(0) = 0, g′(0) = c at η = 0, (18)

f ′(η) → 0, g′(η) → 0, f(η) → F (η), g(η) → G(η) at η → ∞. (19)

Dimensionless quantities

α0 =
λ

a
, M =

B2
0
σf

aρf
, K̃ =

νf (1− λt)

ak̃
, βv =

KN

aρp
(1− λt), l =

ρp
ρf

, c =
b

a

are defined as the unsteadiness parameter, the magnetic parameter, the porosity parameter, the mo-
mentum dust parameter, the mass concentration of dust particles parameter, the stretching ratio
parameter, respectively.

The calculation of the skin friction coefficient Cf is very interesting for engineering problems. As a
result, we will use local wall shear stresses τw to define the skin friction coefficient in directions x and
y of the coordinates:

Cfx =
τwx

ρfU2
w

, Cfy =
τwy

ρfU2
w

. (20)

The wall shear stresses along the x and y directions are denoted by

τwx = µnf

(
1 +

1

Λ

)(
∂u

∂z

)

z=0

, τwy = µnf

(
1 +

1

Λ

)(
∂v

∂z

)

z=0

.

Thus, the skin friction coefficients Cf along the x and y axes are expressed as follows:

Cfx

√
Rex =

µnf

µf

(
1 +

1

Λ

)
f ′′(0), Cfy

√
Rex =

µnf

µf

(
1 +

1

Λ

)(y
x

)
g′′(0), (21)

where Rex = Uwx/νf is the local Reynolds number. The exact analytical solution to equations (14)–
(17) will be presented in the following section.

3. Exact analytical solution

Before beginning the process of determining the exact analytical solution of equations (14)–(17), we
introduce additional similarity variables

f(η) → f̃(η) +
α0η

4
, F (η) → F̃ (η) +

α0η

4
,

g(η) → g̃(η) +
α0η

4
, G(η) → G̃(η) +

α0η

4
, (22)

and as a result of their application, we obtain simplified equations (14)–(17):

α1f̃
′′′ − f̃ ′2 + (f̃ + g̃)f̃ ′′ −

(
3α0

2
+ α2

)
f̃ ′ −

5α2
0

16
−

α0α2

4
+ α3(F̃

′ − f̃ ′) = 0, (23)

α1g̃
′′′ − g̃′2 + (f̃ + g̃)g̃′′ −

(
3α0

2
+ α2

)
g̃′ −

5α2
0

16
−

α0α2

4
+ α3(G̃

′ − g̃′) = 0, (24)
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F̃ ′2 − (F̃ + G̃)F̃ ′′ +
3α0

2
F̃ ′ +

5α2
0

16
− βv(f̃

′ − F̃ ′) = 0, (25)

G̃′2 − (F̃ + G̃)G̃′′ +
3α0

2
G̃′ +

5α2
0

16
− βv(g̃

′ − G̃′) = 0, (26)

where

α1 =

(
1 +

1

Λ

)
ε1
ε2

, α2 =
ε3
ε2

M +
ε1
ε2

K̃, α3 =
βvl

ε2
.

Boundary conditions (17)–(18) for new variables take the form

f̃(0) = 0, f̃ ′(0) = 1−
α0

4
, g̃(0) = 0, g̃′(0) = c−

α0

4
at η = 0, (27)

f̃ ′(η) → −
α0

4
, g̃′(η) → −

α0

4
, f̃(η) → F̃ (η), g̃(η) → G̃(η) at η → ∞. (28)

We assume the exact solutions of equations (14)–(17) in exponential form:
f̃(η) = A1 +A2e

−βη, g̃(η) = A3 +A4e
−βη,

F̃ (η) = A5 +A6e
−βη, G̃(η) = A7 + cA8e

−βη , (29)

where A1, A2, A3, A4, A5, A6, A7, A8 are the arbitrary constants. Applying the boundary condi-
tions (27)–(28) to the solutions (3), we derive expressions for the coefficients as follows:

A1 =
1

β

(
1−

α0

4

)
, A2 = −

1

β

(
1−

α0

4

)
, A3 =

4c− α0

4β
,

A4 = −
4c− α0

4β
, A5 = A1 =

1

β

(
1−

α0

4

)
, A7 = A3 =

4c− α0

4β
. (30)

The next step is to substitute solutions (3)–(3) into equations (23)–(24) to determine the coefficients
A6 and A8. As a result, we arrive at the equation shown below for A6 and A8:

(1 − c)(α1β
2 − 1− c− α0 − α2 − α3)− α3β(A6 − cA8) = 0. (31)

Substituting solutions (3)–(3) into equations (25)–(26), we get

A6 − cA8 = −
βv(1− c)

β(1 + c+ α0 + βv)
, (32)

here

A6 = −
βv

β(1 + α0 + βv)
, cA8 = −

cβv(2 + α0 + βv)

β(1 + α0 + βv)(1 + c+ α0 + βv)
.

From expressions (31) and (32), one can easily find the value β:

β = ±

√
1

α1

(
1 + c+ α0 + α2 + α3 −

α3βv
1 + c+ α0 + βv

)
. (33)

It is clear, we only need positive values of β > 0. Expressions (32)–(33) coincide with the result of
the paper [30] in the limiting case for two-dimensional and steady flow: c → 0, α0 → 0. Finally, by
substituting the values of the coefficients from (3) and (32) into expressions (3) and taking into account
(3), we obtain the final form of exact analytical solutions for the fluid and dust phases:

f(η) =
α0η

4
+

(
4− α0

4β

)(
1− e−βη

)
, g(η) =

α0η

4
+

(
4c− α0

4β

)(
1− e−βη

)
,

F (η) =
α0η

4
+

1

β

(
1−

α0

4
−

βve
−βη

1 + α0 + βv

)
,

G(η) =
α0η

4
+

1

β

(
c−

α0

4
−

βv(2 + α0 + βv)e
−βη

(1 + α0 + βv)(1 + c+ α0 + βv)

)
. (34)

By differentiating expressions (34) with respect to η, we can easily determine the velocity profiles in
the x and y directions for the fluid and dust phases:

f ′(η) =
α0

4
+

(
4− α0

4

)
e−βη, g′(η) =

α0

4
+

(
4c− α0

4

)
e−βη,
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F ′(η) =
α0

4
+

βve
−βη

1 + α0 + βv
, G′(η) =

α0

4
+

cβv(2 + βv)e
−βη

(1 + α0 + βv)(1 + c+ α0 + βv)
. (35)

Differentiating expressions (3) by variable η determines the expressions −f ′′(0) and −g′′(0), which are
necessary for calculating skin friction coefficients of the fluid phase in both lateral directions:

−f ′′(0) =

(
4− α0

4

)
β, −g′′(0) =

(
4c− α0

4

)
β. (36)

Table 2. A comparison of exact solutions for skin friction coefficients −f ′′(0) and −g′′(0)
with numerical results [19, 32–34].

Λ M c −f ′′(0) num. res. −g′′(0) num. res. −f ′′(0) ex. sol. −g′′(0) ex. sol.
∞ 0 0 1.0000 [34] 0 1.0000 0

∞ 0 0 1.0042 [32, 33] 0 1.0000 0

1 0 0 0.7071 [34] 0 0.7071 0

2 0 0 0.8164 [34] 0 0.8164 0

3 0 0 0.8660 [34] 0 0.8660 0

4 0 0 0.8944 [34] 0 0.8944 0

∞ 0 0.5 1.0932 [32, 33] 0.4653 [32, 33] 1.2247 0.6123

∞ 10 0.5 3.3420 [32, 33] 1.6459 [32, 33] 3.3911 1.6955

∞ 100 0.5 10.058 [32, 33] 5.0208 [32, 33] 10.074 5.0373

1 10 0 2.3452 [19] 0 2.3452 0

1 10 0.5 2.3631 [19] 1.1638 [19] 2.3979 1.1989

5 10 0 3.0276 [19] 0 3.0276 0

5 10 0.5 3.0508 [19] 1.5025 [19] 3.0956 1.5478

4. Results and discussion

In this section, we discuss the results obtained from the exact analytical solution (33)–(34) for the
unsteady flow of a nanofluid (Cu-H2O) of dust particles in both lateral directions. Influence of the
non-Newtonian (Cassonian) parameter Λ, the magnetic parameter M , the porosity parameter K̃, the
fluid particle interaction parameter βv, and the mass concentration of dust particles l on nanofluid
velocity profiles f ′(η), g′(η) and dust velocity profiles F ′(η), G′(η) are shown in Figures 2–8. For
calculations, the range of variations of the following variables is considered:

Λ = (1, 3,∞), M = (0.5, 1.5, 2.5), K̃ = (0.5, 1.5, 2.5),

βv = (0.3, 0.5, 1), l = (2, 3, 4), dn = (0.2, 1.2, 2.2), c = 0.5,

φs = 0.05, h = 1, α0 = 0.8.

Figures 2–4 show the effect of Λ, M and K̃ on the fluid phase and dust phase velocities of nanofluid
Cu-H2O. These figures demonstrate that when the values of the parameters Λ, M and K̃ grow, the
velocities of the fluid and dust phases will continue to decrease. The physical meaning of the speed
deceleration shown in Figure 2 is to increase the plastic dynamic viscosity due to the increase in the
values of Λ, which creates resistance to the flowing fluid.

A similar behaviour of velocity profiles can be seen in Figure 3, which shows that the Lorentz force
increases in accordance with the increase in the values of the magnetic parameter M . As a result,
there is some resistance to the fluid flow, which leads to a decrease in the flow velocity profiles.

Figure 4 depicts that as the value of the porosity parameter K̃ in the boundary layer increases, the
velocities decrease in both directions. Therefore, the thickness of the boundary layer also decreases at
higher values of K̃.

Figure 5 illustrates the effect of the fluid interaction parameter βv on the velocity of the fluid and
dust phases for nanofluid (Cu-H2O) as a function of η, respectively. These figures (Figures 5a, 5b,
and 5c) show that as increases βv, the velocities of the fluid phase f ′(η), g′(η) decrease in both lateral
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a b

Fig. 2. Influence of Λ on velocity profiles f ′(η), g′(η) and F ′(η), G′(η) at fixed parameters M = K̃ = c = 0.5,
l = 2, dn = 0.2, α0 = 0.8, h = 1 and βv = 0.3.

a b

Fig. 3. Effect of M on velocity profiles f ′(η), g′(η) and F ′(η), G′(η) at fixed parameters Λ = 1, K̃ = c = 0.5,
l = 2, dn = 0.2, α0 = 0.8, h = 1 and βv = 0.3.

a b

Fig. 4. Effect of K̃ on velocity profiles f ′(η), g′(η) and F ′(η), G′(η) at fixed parameters Λ = 1, M = c = 0.5,
l = 2, dn = 0.2, α0 = 0.8, h = 1 and βv = 0.3.

directions x and y, while the velocities of the dust phase F ′(η), G′(η) increase. This is due to the fact
that a larger fluid interaction parameter βv creates more resistance for the fluid flow phase and less for
the dust phase.
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The impact of l on the fluid phase and dust phase velocities for the nanofluid (Cu-H2O)is shown in
Figure 6. This demonstrates that a decrease in the velocity profiles for both the fluid and dust phases
is caused by an increase in the parameter l. This is because an increase in the parameter l directly
correlates with an increase in dust particle density. The result is an increase in the flow resistance for
both the fluid and dust phases.

The effect of an increase in the nanoparticle diameter dn on the velocity profiles for the fluid and
dust phases is shown in Figure 7. Hence, we see that as the nanoparticle diameter dn increases, the
flows for the fluid and dust phases accelerate in the lateral directions x and y, as a result, the thickness
of the boundary layer also increases.

b

a b c

Fig. 5. Influence of βv on velocity profiles f ′(η), g′(η) and F ′(η), G′(η) at fixed parameters Λ = 1, M = K̃ =
c = 0.5, l = 2, dn = 0.2, α0 = 0.8, h = 1.

The effect of the unsteadiness parameter α0 on the velocity profiles for the fluid and dust phases
as a function of η, respectively, is shown in Figure 8. It is observed that the velosity profiles increase
significantly as the unsteady parameter is increased. Physically, this means that with an increase in
the unsteadiness parameter, the rate of sheet stretching in lateral directions increases, resulting in an
increase in the velocity profiles for both the fluid and dust phases.

Thus, using the obtained analytical results, one can quickly and easily provide a physical interpre-
tation of the processes caused by variations in various parameters on the flow of a nanofluid containing
dust particles without using any numerical techniques.

There are many types of studies that give numerical results of the problem under consideration,
but with fewer physical effects. The analytical results obtained from the expressions (21) for the local
skin friction coefficients −f ′′(0), −g′′(0) under conditions,

α0 = 0, K̃ = 0, φs = 0, βv = 0

can be compared to the known numerical results of Ahmad and Nazar [32], Nadeem et al. [33], Vajravelu
et al. [34], and Oyelakin et al. [19]. Table 2 shows that a good agreement is established between the
exact solution (20) and the available numerical results [19, 32–34].

In the case of the flow of a Newtonian electrically conductive fluid with dust particles under the
conditions,

α0 = 0, c = 0, K̃ = 0, φs = 0,

we obtain an exact analytical expression for the coefficient of skin friction, which coincides with the
result of Jalil et al. [26]:

−f ′′(0) =

√
1 +M +

βvl

1 + βv
. (37)

The analytical results obtained as a result of the use of expression (37) are perfectly consistent with
the numerical results of Gireesha et al. [35].
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b

a b

d

c d

Fig. 6. Effect of l on velocity profiles f ′(η), g′(η) and F ′(η), G′(η) at fixed parameters Λ = 1, M = K̃ = c = 0.5,
dn = 0.2, α0 = 0.8, h = 1, βv = 0.3.

a b

Fig. 7. Effect of dn on velocity profiles f ′(η), g′(η) and F ′(η), G′(η) at fixed parameters Λ = 1, M = K̃ = c =
0.5, l = 2, α0 = 0.8, h = 1, βv = 0.3.

In the case of the flow of a non-Newtonian electrically conductive nanofluid with dust particles
under the conditions,

α0 = 0, c = 0, K̃ = 0,

we obtain an exact analytical expression for the coefficient of skin friction, which coincides with the
result of Khan et al. [30]:

−f ′′(0) =

√
1(

1 + 1

Λ

) µnf

µf

(
ρnf
ρf

+
σnf
σf

M +
βvl

1 + βv

)
. (38)
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a b

Fig. 8. Effect of α0 on velocity profiles f ′(η), g′(η) and F ′(η), G′(η) at fixed parameters Λ = 1, M = K̃ = c =
0.5, l = 2, dn = 0.2, h = 1, βv = 0.3.

As shown in [30], the analytical results obtained by using the expression (38) are in complete agreement
with the numerical results of Vajravelu et al. [34].

Table 3. Values −f ′′(0) and g′′(0) for the unsteady flow of a dusty nanofluid
with various variations of parameters.

Λ M K̃ βv l dn −f ′′(0) −g′′(0)
1 0.5 0.5 0.3 2 0.2 1.3173 0.4939

3 0.5 0.5 0.3 2 0.2 1.6133 0.6050

∞ 0.5 0.5 0.3 2 0.2 1.8629 0.6986

1 1.5 0.5 0.3 2 0.2 1.4676 0.5507

1 2.5 0.5 0.3 2 0.2 1.6058 0.6022

1 0.5 1.5 0.3 2 0.2 1.4336 0.5376

1 0.5 2.5 0.3 2 0.2 1.5412 0.5779

1 0.5 0.5 0.5 2 0.2 1.3563 0.5088

1 0.5 0.5 1.0 2 0.2 1.4316 0.5368

1 0.5 0.5 0.3 3 0.2 1.3534 0.5075

1 0.5 0.5 0.3 4 0.2 1.3887 0.5207

1 0.5 0.5 0.3 2 1.2 1.0582 0.3968

1 0.5 0.5 0.3 2 2.2 0.8109 0.3040

Table 4. −f ′′(0) and −g′′(0) values for various variations
of the unsteadiness parameter α0.

α0 −f ′′(0) −g′′(0)
0.2 1.416173587 0.6708190675

0.4 1.390197319 0.6178654752

0.6 1.357070275 0.5587936428

0.8 1.317301918 0.4939882190

1.0 1.271313537 0.4237711790

1.2 1.219460951 0.3484174145

Next, we study the influence of the non-Newtonian (Casson) parameter Λ, the magnetic field M ,
the porosity K̃, the fluid particle interaction parameter βv , the mass concentration of the dust particles
l, and the nanoparticle size dn on the local skin friction coefficients −f ′′(0), −g′′(0) for nanofluid Cu-
H2O. We assume that the other parameters of the problem are fixed: α0 = 0.8, c = 0.5, φs = 0.05,
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h = 1. Numerical values of −f ′′(0), −g′′(0) for different values of Λ, M , K̃, βv, l, and dn were obtained
from exact solutions (33), (36) and presented in Table 3. From the results of Table 3, it can be seen
that at the limit of the Newtonian fluid (Λ = ∞), the skin friction coefficients of the nanofluid in the
x and y directions are higher compared to the non-Newtonian fluid. In addition, an increase in the
parameters Λ, M , K̃, βv , and l reduces the fluid flow rate, which leads to an increase in the absolute
values of the skin friction coefficients in the x and y directions. On the other hand, as nanoparticle
diameter dn increases, the coefficients of skin friction in the x and y directions decrease.

Finally, we examine the impact of the nanofluid flow’s unsteadiness parameter α0 on the local skin
friction coefficients −f ′′(0), −g′′(0) in the x and y directions. We assume that the other parameters
of the problem are fixed:

Λ = 1, M = K̃ = c = 0.5, l = 2, dn = 0.2, h = 1, βv = 0.3.

Using the exact solutions (33), (36), we calculate the values of the skin friction coefficients −f ′′(0),
−g′′(0) for various variations of the parameter α0, which are presented in Table 4. As can be seen from
the results in Table 4, an increase in the flow unsteadiness parameter leads to a decrease in the skin
friction coefficients in both directions.

5. Conclusions

In the present study, for the first time, an analytical solution for a nonstationary MHD boundary
flow of a Cassonian nanofluid containing dust particles over a stretching sheet is obtained. A variant
of linear unsteady stretching of a sheet (see Figure 1) is considered in the lateral directions x and
y. For the flow of a typical nanofluid (Cu-H2O), analytical expressions are derived for the velocities
of the fluid and dust phases as well as for skin friction in lateral directions x and y. The influence
of the Casson parameter Λ, the magnetic parameter M , the porosity parameter K̃, the fluid-particle
interaction parameter βv, the mass concentration of dust particles l, and nanoparticle size dn on the
velocity profiles of the fluid and dust phases is studied. New results for skin friction coefficients in
lateral directions are presented in a table. For simpler physical situations, comparison of the analytical
results with the numerical results of previous studies showed a high level of accuracy and consistency.
The main results of this study are as follows:

1. An increase in the parameters Λ, M , K̃, and l leads to a decrease in the flow rate of the fluid and
dust phases.

2. It is found that the velocity of the fluid phase decreases due to an increase in the parameter βv ,
while the velocity of the dust phase increases.

3. An increase in the diameter dn of copper nanoparticles leads to a decrease in the viscosity of the
water-based nanofluid and, as a consequence, an increase in the flow rates of the fluid and dust
phases.

4. An increase in the unsteadiness parameter α0 leads to an increase in the velocity profiles and a
decrease in the skin friction coefficients for both fluid and dust phases in lateral directions.

This work is the basis for finding future analytical solutions that describe the unsteady three-
dimensional MHD Casson flow of a dusty hybrid nanofluid or other non-Newtonian dusty fluids over
a porous stretching surface.
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Точний розв’язок для нестацiонарного тривимiрного
магнiтогiдродинамiчного потоку Кассона запиленої нанорiдини

над пористим листом, що розтягується

Копп М. Й.1, Яновський В. В.1,2

1Iнститут монокристалiв, Нацiональна академiя наук України,
пр. Науки 60, 61072 Харкiв, Україна

2Харкiвський нацiональний унiверситет iменi В. Н. Каразiна,
майдан Свободи, 4, 61022, Харкiв, Україна

Дослiджено нестацiонарний тривимiрний (3D) потiк Кассона нанорiдини, що мiстить
частинки пилу, над пористим листом, який лiнiйно розтягується, у присутностi зов-
нiшнього магнiтного поля. Вважається, що лист розтягнутий в обох напрямках вздо-
вж площини xy. Керiвними рiвняннями двофазної моделi є диференцiальнi рiвняння
в частинних похiдних, якi перетворюються на звичайнi рiвняння за допомогою пере-
творень подiбностi. Нанорiдина є суспензiю наночастинок на воднiй основi. У цьому
дослiдженнi розглянуто, як розмiр наночастинок впливає на властивостi потоку пи-
лової нанорiдини. Математична модель мiстить базовi рiвняння для рiдинної та пи-
лової фаз у формi тривимiрних диференцiальних рiвнянь у частинних похiдних, якi
за допомогою вiдповiдного перетворення подiбностi перетворюються на безрозмiрнi
звичайнi розмiрнi рiвняння. Отримано точний аналiтичний розв’язок цiєї крайової
задачi. Детально обговорюється вплив рiзних фiзичних величин на швидкiсть пилу
та нанорiдини, включаючи параметр Кассона, магнiтний параметр, параметр пори-
стостi, параметр взаємодiї рiдини та частинок, масову концентрацiю частинок пи-
лу та розмiр наночастинок. У декiлькох конкретних випадках поточне аналiтичний
розв’язок демонструє добру згоду з ранiше опублiкованими чисельними дослiджен-
нями.

Ключовi слова: лист, що розтягується; нестацiонарний тривимiрний (3D) потiк
Кассона; нанорiдина; частинки пилу; дiаметр наночастинок; сила Лоренца
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