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Abstract. The developed mathematical model of a vibratory separator with sequential screen
placement and spring suspension is nonlinear, unified, and parametric. It was derived based on the
utilization of the second-order Lagrange equation and asymptotic methods of nonlinear mechanics.
The model is intended for investigating the dynamics of the separator during its design and subse-
quent operation, particularly for selecting its optimal design parameters and determining the condi-
tions of steady-state and transient operating modes. It is presented as a set of analytical dependencies
representing the motion laws of arbitrary points of the separator's working body in terms of its geo-
metric, mass-inertial, and kinematic parameters with the ability to cover a wide range of variations.
The model can be integrated into systems for automated design and calculation of various vibratory
separators, differing in the number of screens, arrangement, and complexity of the drive, suspension,
working body, etc.

Key words: separator; unbalance; nonlinear model; vibratory drive; sequential screens;
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Introduction and problem statement

One of the effective technologies widely applied in various production fields is separation technol-
ogy, which involves the extraction and sorting of individual components from mixtures of different types
and states based on specific physical and mechanical characteristics. The separation process is an integral
part of the overall manufacturing process of many products, and the quality of separation significantly in-
fluences the quality of the final product.

The spectrum of separator designs is extremely diverse. Therefore, much attention is paid to re-
searching the principles of their operation, increasing productivity, and creating new separator prototypes.
An effective approach to designing a new separator involves creating its mathematical model, investigating
it, and selecting optimal parameters for future development. However, such an approach to developing new
separator designs is not widely applied in practice. This can be explained by the fact that such research
requires the use of complex mathematical apparatus, advanced mathematical methods, and computing
technology. To adequately reflect all dynamic phenomena occurring in the separating system, mathemati-
cal models describing it must be nonlinear. The linearity of models leads to the inability to fully reflect the
influence of parameters of the future separator design on its efficiency of operation.

70



Developing a mathematical model for describing the motion of a vibratory type separator ...

Review of modern information sources on the subject of the paper

The range of separator types is extremely diverse. Separators can be classified based on their struc-
tural features, particularly the movement of the separating surface, into separators where the separating
surface is stationary, with movable separating elements [1], [2].

The most productive separators are those equipped with a movable screen, and there can be multiple
screens [1], [2]. When these screens are arranged one above the other with decreasing cell size towards the
bottom and provided with oscillating motion, the mixture will discharge onto the top screen, which has the
largest cell. Particles of the largest size will remain on it, while others, depending on the cell size and the
particle itself, will be distributed across the screens throughout the height of the separator.

The type of separation described above is implemented in vibratory separators [2-5]. A distinctive
feature of these separators is that by using the drive and the arrangement of the screens, different ampli-
tudes and trajectories of their movement can be achieved. Additionally, the screen of the separator can
have a rotational motion. Such separation is implemented in drum-type separators [4, 5]. Drum separators
consist of screens of conical or cylindrical shape, which rotate about their axes.

The considered vibratory and drum separators are characterized by high productivity and reliability.
Vibratory separators are driven by vibrational energy, which can be controlled, providing a wider range
and flexibility of separation modes. Drum separators have a large area of screens, which can be arranged
concentrically and axially.

For better mixing and transportation of material mixtures that need to be separated from each other
(and these two conditions carry significant weight in determining the productivity of the separator), we
propose to use a vibratory drive to mobilize the drum separator with sequential screen placement. In other
words, to synthesize a new type of separator from two existing types — a drum vibratory separator, which
will combine the advantages of both original types.

A vibratory separator with sequential screen placement represents a complex dynamic system, the
adequate description of which can only be rationalized through modeling. This type of research has been
conducted by the authors to study the dynamics of machines implementing vibrational bulk processing of
products and vibratory separators [6—7]. To design an optimal construction of such a separator, it is neces-
sary to conduct theoretical investigations of its dynamics to understand how its parameters affect the inten-
sity of the separation process for bulk mixtures. Specifically, the development of a nonlinear model de-
scribing the motion of the separator will enable the realization of this task.

Main material presentation

The conducted research aims to develop a nonlinear model of a vibratory separator with sequential
screen placement and spring suspension to study dynamic phenomena in the separator and determine the
influence of separator parameters on the factors of separation of bulk mixtures in it.

Based on the description, the rotational drum-type separators exhibit a certain versatility due to their
circular screens. However, rotational motion alone cannot provide sufficient separation productivity com-
pared to vibrational motion. Therefore, we install a vibratory drive on the circular screen of cylindrical or
conical shape. This will facilitate better mixing of the mixture during separation and improve its contact
and interaction with the screen. Additionally, the vibratory drive can ensure vibrational transportation of
the mixture along the screen, thus increasing the productivity of the separation process.

In such a separator, a working chamber for mounting the screens is not required. The enclosed
screens of cylindrical or conical shape will have sufficient rigidity to serve as the working supporting ele-
ment. The number of screens installed at the end of a vibratory separator with sequential screen placement
can be arbitrary, for example, N. Then, the number of fractions separated by this separator from the mix-
ture will be N+1. It is important to emphasize that a receiver for the separated fraction must be installed
under each screen. The spring suspension of the separator can be of a spring, pendulum (leaf spring), or
pneumatic balloon type.
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Results and discussion
The mathematical model of the vibration separator with sequential arrangement of screens, unbal-
anced drive, and spring suspension is constructed using the laws of mechanics of a rigid body in plane
motion, Lagrange’s equations of the second kind, and asymptotic methods of nonlinear mechanics [8]. It
represents a set of analytical expressions with all the parameters of the separator determining its motion, in
symbolic format. To construct it, the main point of the investigated vibration system is chosen — the model
describes the oscillatory motion of this point. In this case, point O5 — the center of the moving coordinate

system X; O3 Y, is selected. This point, according to the above notation, will also be the center of rotation

of the unbalanced mass of the separator drive. The system of expressions describing the motion of all other
points of the separator will be as follows:

X'y (1) = x0 (1) + x; cos (1) = y; sin p(1),
Vi ()= yop (1) +x; sin (1) + y; cos (1),
where x';5, V';p are the coordinates of the required point of the vibrating mass of the separator relative to

(D

the stationary coordinate system XO,Y, and x;, y; are the coordinates of the required point of the vibrat-
ing mass of the separator relative to the moving coordinate system X; 05 Y.

The task was to find the laws of motion xg, (), o (f), O3 and the rotation angle of the separator
during its operation ¢(¢) . These expressions will allow us to: a) describe the horizontal and vertical oscil-

latory motion of any point of the separator, which, when combined, gives its planar motion; b) plot the
trajectory of the separator’s screen motion over the investigated time interval of separation; ¢) determine
the influence of all separator parameters on the amplitude and character of screen oscillations, which de-
termine the intensity of separation.

The Lagrangian equation of the second kind takes the form:

T T @

where L=7-(I1+11 p) is the Lagrangian (a mathematical function of a certain form), 7' =7} + 7 1s the

kinetic energy of the separator (which includes the kinetic energy of the vibrating mass of the separator and
separately the kinetic energy of the drive unbalances), /7 is the potential energy of the vibrating part of the

separator, /7, 1s the potential energy of the separator suspension, and q; are generalized coordinates.

Accordingly: ¢ =X, , g2 = Yo, . 43 = ¢, generalized speeds — ¢ =X, , 2 = Yo, 43 =9
The Lagrangian of the mechanical system “vibratory separator with mixture, spring suspension, and
unbalances™ will be represented as:

L :%((xoz +rcos(of +¢ +og ) +<p))2 + (Yoo +rsin(wf +¢ +op )@ +<p))2)+

+%((xo2 + Yk sin @+ (kigB +S) cos )% + (i — @k cos @ +p(kigB + S)sin @)*) +
_%((xoz—bcos<p+dsin(p+b)2+(y02—bsin(p— | 3)
+—jp - —dcos<p+d)2—(d—f)2)+%((x02 JrcAchS(erfsin(p—q)2 + |+

+ (oo Jrc]sin(p—COS(era’)2 —(a’—f)2
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Mig(yop —ksin @ —cos @(ktg +5) — (ktgB +S5)) +
+M jrg(rcosog + yoo —rcos(of +p+ayg)) '

From the obtained expression (3), the partial derivatives of the generalized coordinates Xy, Yy, @
and the generalized velocities x(, Vo, Ta @ were found, and their expressions were substituted into the
dependence (2). Further, after certain mathematical transformations, the system of equations was obtained:

.. 2 Lo
x02 +CO1 xC = Sf‘x((p:(p:(p:wt—i_ao):

.. 2 Lo

Yoz +o17" Y. =, (P, 9.9, 01 +ap); 4)
.. 2 , - ..

Proy()p=2cfy(P.9.X02,V02)

In the right-hand side of the system (4), the generalized coordinate of the rotation angle and the va-
lues of all parameters of the vibrating separator are included in symbolic form. In (4), € =1/M; <<1 rep-
resents the coefficient, oy = /C /M7 — denotes the natural frequency of the vibrating part of the separator,
and o, () represents the “frequency” of the torsional vibrations of the separator's screens during its planar

motion.

In general, the system of equations (4) represents a mathematical model describing the motion of the
separator with sequential arrangement of screens in a differential form. For practical applications, it should
be solved by presenting the model with analytical solutions. To achieve this, equation (2) is expanded for
cach generalized coordinate with the prior substitution of their corresponding derivative values. The solu-
tion to (4) is carried out by applying asymptotic methods of nonlinear mechanics [8] in the form of:

t
Xoo (1) = x sin( Mirﬂxx)+8_|.fx((p,(p,(p,a)t+a0)sin( /Mi(t—u)jdu R
1

1 0

_[c L [c ()
Yoo (t) = ¥ sin( Vlﬂray)+8.|.fy((p,(p,(p,a)t+a0)sin( E(I_M)Jdu’
0

@(t) =Ly sinklt+ 1, cosklr,
where f.(p,¢,¢,0f +a) and [, (9.9.p,0f +ag) are the values of the right-hand side function of

the equations system (4).
The complete expression of the analytical expressions system (5) considering all the separator pa-
rameters in the first approximation will be as follows:

Xgo () = X sin £r+a +
02 0 M] x

K2 (L sinklt + L cosklt)(M grcos(of + Ly sinklt + L cosklr + ag) +]

Ksin(Z; sin klf + L, cos klr) +
Iy (KtgB + S)cos(Lysinkli + L, cosklr) | (6)
t . 2
+8J‘ — (Lhkcosklt — Lrksin klr)” x ) xsin( i(r—u)}du,
0 M7 (K cos(Iysinklf + L, cosklr) — (Krgf + N M,
X
+ 8)sin(; sin k1t + L, cos k1t))

+M jr(@ + Lik cosklt — Lok sin kle)(—-Chg + Cib) —
| —sin(Ly sin k17 + Ly cos k1) (Cd — Cy /) + Cog — Cib
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(1) = yg sin £r+a +
Yoz Yo M, ¥

K2 (L sin k1t + Ly cos k1Y(M 7 (rsin(or + I sin k1 +
+ Ly cosklr +ap) + Mq((ktgB + 5)sin(Z; sin k17 +
+ L, cosklt) — K cos(L sin k1t + L, cos k1t)) —

— (Lyk cos k1 — Lok sin k1r)? x

t . .
N SJ. x (M,(k sm(.Ll sin k1t + L, cos klr) + (ktgP + « sin i(r ) b,
o | +8)cos(Lysinklf + Ly cosklr)) — M,

—M pr(o + Likcosklt — Lyksin k1r)? cos(ot + Lysinklf +
+ Ly cosklr + o) +cos(Ly sinklt + L, cos k1t )(Cid + Cr f) +
+sin(/y sin k1t + Ly cos k1t )(C1b — Crq) —

| —d(C+C) + (M +M p)g

o(t)=Lysinklt+ Ly cosklr .

The obtained analytical system (6) will be the final mathematical model for describing and studying
the dynamics of the vibrating separator with sequential arrangement of screens, unbalanced drive, and
spring suspension.

Conclusions

The chosen mathematical model of the vibrating separator with sequential screen arrangement offers
several advantages compared to other separators: simplicity in construction and maintenance, low sensitiv-
ity to the properties of the separated mixture, versatility in vibration patterns, automated discharge of sepa-
rated fractions, and the potential for process automation.

The developed model of the separator with sequential screen arrangement, vibratory drive, and
spring suspension allows for investigating the influence of key parameters on the amplitude of its vibra-
tions, including parameters that can be easily varied during practical use. It is suitable for designing the
separator and determining the required operating modes.
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