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We present in this paper, SOR Homotopy perturbation method, a new decomposition
method by introducing a parameter ω to extend a classical homotopy perturbation method
for solving integro-differential equations of various kinds. Using SOR homotopy perturba-
tion method and its iterative scheme we can give the exact solution or a closed approximate
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Volterra integral equations.
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1. Introduction

A variety of problems in physics, chemistry and biology have their mathematical setting as differ-
ential, integral or integro-differential equations [1]. In recent years, there has been a clear interest in
integro-differential equations as a combination of differential and Volterra–Fredholm integral equations.
Integro-differential equations play an important role in many branches of linear or nonlinear functional
analysis and their applications. The mentioned integro-differential equations are usually difficult to
solve analytically, so approximation strategies are required to obtain the solution of the linear and
nonlinear integro-differential equations [2].

The Homotopy perturbation method (HPM) was first proposed by He J. Huan in 1999, where the
solution of this method is considered as the sum of an infinite series which is very rapidly converge
to the accurate solution [3]. The method deforms the difficult problem under study into a simple and
easy to solve problem. He J. used the Homotopy perturbation method for solving nonlinear ordinary
differential equations of the first and the second orders [3], nonlinear ordinary differential equations
with n-th order [4], the oscillators equation with discontinuities [5], and one dimensional nonlinear
wave equation [6]. In [7], the authors use the Homotopy perturbation method to solve the electrostatic
potential differential equation.

There are many applications of Homotopy perturbation method to solve the reaction-diffusion
equation [8], Gas dynamics equation [9], Schrodinger equation [10], delay differential equations [11],
linear/nonlinear Volttera and Fredohlm equations [12, 13].

Our contribution here can be summarized in the following points:

— introducing a parameter ω to define a SOR Homotopy perturbation method;
— the convergence of the proposed method is discussed;
— some Volterra and Fredholm examples are given as numerical illustration;
— special case for comparing our proposed with the classical HPM method.
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2. SOR Homotopy perturbation method

2.1. Homotopy perturbation method

To illustrate the basic concept of Homotopy perturbation method, consider the following non-linear
functional equation

A(u)− f(r) = 0, r ∈ Ω, (1)

with boundary conditions;

B

(

u,
∂u

∂n

)

= 0, r ∈ Γ,

where A is a general functional operator, B is a boundary operator, f(r) is a known analytic function,
and Γ is the boundary of the domain Ω. Generally speaking the operator A can be divided into two
parts L and N , where L is a linear, while N is a nonlinear operator. Therefore, (1) can be rewritten
as follows

L(u) +N(u)− f(r) = 0.

We construct a homotopy v(r, p) : Ω× [0, 1] → R which satisfies

H(v, p) = (1− p) [L(v)− L(u0)] + p [N(v)− f(r)] = 0, (2)

or

H(v, p) = L(v)− L(u0) + pL(u0) + p [N(v)− f(r)] = 0, (3)

where p ∈ [0, 1] is an embedding parameter, and u0 is an initial approximation for the solution of (1),
which satisfies the boundary conditions. According to HPM, we can first use the embedding parameter
p as a small parameter, and assume that the solution of (3) can be written as a power series in p:

v = v0 + v1p+ v2p
2 + . . . =

∞
∑

i=0

vip
i. (4)

Considering p = 1, the approximation solution of (1) will be obtained as follow

u = lim
p→1

v = v0 + v1 + v2 + . . . . (5)

The series (5) is convergent for most cases, however, the convergent rate depends upon the nonlinear
operator A(v) [3].

2.2. SOR Homotopy perturbation method

Let us rewrite (3) in the following

L(v)− L(u0) = p [f(r)− L(u0)−N(v)] . (6)

Substituting (4) into (6) leads to

L
(

∞
∑

i=0

vip
i
)

− L(u0) = p

[

f(r)− L(u0)−N
(

∞
∑

i=0

vip
i
)

]

.

So,
∞
∑

i=0

L(vi)p
i − L(u0) = p

[

f(r)− L(u0)−N
(

∞
∑

i=0

vip
i
)

]

. (7)

According to Maclaurin expansion of N
(
∑∞

i=0
vip

i
)

with respect to p, we have

N
(

∞
∑

i=0

vip
i
)

=

∞
∑

n=0

[

1

n!

∂n

∂pn
N
(

∞
∑

i=0

vip
i
)

]

p=0

pi.

From [14], we get
[

∂n

∂pn
N
(

∞
∑

i=0

vip
i
)

]

p=0

=

[

∂n

∂pn
N
(

n
∑

i=0

vip
i
)

]

p=0

.
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Then

N
(

∞
∑

i=0

vip
i
)

=

∞
∑

n=0

[

1

n!

∂n

∂pn
N
(

n
∑

i=0

vip
i
)

]

p=0

pi.

We set

Hn(v0, v1, . . . , vn) =

[

1

n!

∂n

∂pn
N
(

n
∑

i=0

vip
i
)

]

p=0

, n = 0, 1, 2, . . . ,

where Hn’s are the so-called He’s polynomials [14]. Then

N
(

∞
∑

i=0

vip
i
)

=

∞
∑

i=0

Hip
i. (8)

Substituting (8) into (7), we drive
∞
∑

i=0

L(vi) p
i − L(u0) = p

[

f(r)− L(u0)−
∞
∑

i=0

Hip
i

]

.

By equating the terms with the identical powers in p:






















p0 : L(v0)− L(u0) = 0,
p1 : L(v1) = f(r)− L(u0)−H0,

p2 : L(v2) = −H1,

. . . . . . ,

pn+1 : L(vn+1) = −Hn,

So, we derive,






















v0 = u0,

v1 = L−1[f(r)]− u0 − L−1(H0),
v2 = −L−1(H1),
. . . ,

vn+1 = −L−1(Hn).

Let introduce a parameter ω, and define the sequence vn as follow






















v0 = u0,

v1 = ω
(

L−1[f(r)]− u0 − L−1(H0)
)

,

v2 = ω
(

−L−1(H1)
)

+ (1− ω)v1,
. . . ,

vn+1 = ω
(

−L−1(Hn)
)

+ (1− ω)vn,

(9)

then

v1 + v2 + . . .+ vn+1 = ω
(

L−1[f(r)]− u0 − L−1(H0)
)

+ ω
(

−L−1(H1)
)

+ (1− ω)v1

+ . . .+ ω(−L−1(Hn)) + (1− ω)vn

= ωv1 + (1− ω)v1 + ωv2 + . . . + (1− ω)vn + ωvn+1

= v1 + v2 + . . .+ ωvn+1

= ω

n+1
∑

i=1

vi + (1− ω)

n
∑

i=1

vi.

So,
n+1
∑

i=0

vi = ω

n+1
∑

i=0

vi + (1− ω)
n
∑

i=0

vi.

As n → ∞, we get
∑∞

i=0
vi = ω

∑∞
i=0

vi + (1− ω)
∑∞

i=0
vi =

∑∞
i=0

vi.
If the series

∑∞
i=0

vi is convergent then the series
∑∞

i=0
vi is also convergent.

Remark 1. If ω = 1 then the proposed method is the Homotopy perturbation method.
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Theorem 1. Homotopy perturbation method used the solution of (1) is equivalent to determining
the following sequence

sn = v1 + . . .+ vn,

s0 = 0,

where

sn+1 = −L−1Nn(sn + v0)− u0 + L−1(f(r)),

and

Nn

(

n
∑

i=0

vi

)

=
n
∑

i=0

Hi, n = 0, 1, 2, . . . .

Proof. See [15]. �

Let define the following sequence

srn = v1 + . . . + vn,

sr0 = 0,

where

srn+1 = ω
(

−L−1N(srn + v0)− u0 + L−1(f(r))
)

+ (1− ω)sn, (10)

and

N
(

n
∑

i=0

vi

)

=

n
∑

i=0

Hi, n = 0, 1, 2, . . . .

Theorem 2. Let B be Banach space,

1.
∑∞

j=0
vj obtained by (9), converges to s ∈ B, if

∃(0 6 µ < 1), s.t (∀u, v ∈ B,
∥

∥L−1N(u)− L−1N(v)
∥

∥ 6 µ ‖u− v‖) and 0 < ω <
2

1 + µ
.

2. sr =
∑∞

j=1
vn, satisfies in

sr = −L−1N(sr + v0)− u0 + L−1(f(r)).

Proof.

1. We have

‖srn+1 − srn‖ =
∥

∥ω(−L−1N(srn + v0)− u0 + L−1(f(r))) + (1− ω)srn

− ω(−L−1N(srn−1 + v0)− u0 + L−1(f(r))) + (1− ω)srn−1

∥

∥

6
∥

∥ω(−L−1N(srn + v0) + L−1N(srn−1 + v0)) + (1− ω)(srn − srn−1)
∥

∥

6 ω
∥

∥

(

− L−1N(srn + v0) + L−1N(srn−1 + v0)
)
∥

∥+ |1− ω|
∥

∥srn − srn−1

∥

∥

6 ωµ
∥

∥srn − srn−1

∥

∥+ |1− ω|
∥

∥srn − srn−1

∥

∥

6 (ωµ + |1− ω|)
∥

∥srn − srn−1

∥

∥.

Let ρ = ωµ+ |1− ω|, then
∥

∥srn+1 − srn
∥

∥ 6 ρ
∥

∥srn − srn−1

∥

∥

6 ρ2
∥

∥srn−1 − srn−2

∥

∥

6 ρ3
∥

∥srn−2 − srn−3

∥

∥

. . .

6 ρn
∥

∥sr1 − sr0
∥

∥.

If 0 < ω < 1, then ρ = ωµ+ 1− ω = 1− ω(1− µ) < 1.
If ω > 1, then ρ = ωµ+ ω − 1 = ω(1 + µ)− 1. So, ω < 2

1+µ
implies ρ < 1.

For any n, m ∈ N, n > m, we derive
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‖srn − srm‖ 6 ‖srn − srn−1 + srn−1 − srn−2 + . . .+ srm+1 − srm‖
6 ‖srn − srn−1‖+ ‖srn−1 − srn−2‖+ . . .+ ‖srm+1 − srm‖
6 ρn ‖sr1 − sr0‖+ ρn−1 ‖sr1 − sr0‖+ . . .+ ρm+1 ‖sr1 − sr0‖
6 (ρn + ρn−1 + . . .+ ρm+1) ‖sr1 − sr0‖
6 (ρm+1 + . . .+ ρn + . . .) ‖sr1 − sr0‖
6 ρm+1(1 + ρ+ . . .+ ρn + . . .) ‖sr1 − sr0‖

6
ρm+1

1− ρ
‖sr1 − sr0‖ .

So,

lim
n,m→∞

‖srn − srm‖ = 0.

Then {srn} is the Cauchy sequence in a Banach space and so it is convergent, i.e.,

∃sr ∈ B, s.t lim
n→∞

srn =
∞
∑

j=1

vj = sr.

2. From (10), we have

lim
n→∞

srn+1 = −L−1 lim
n→∞

N(srn + v0)− u0 + L−1(f(r))

= −L−1 lim
n→∞

N
(

n
∑

j=0

vj

)

− u0 + L−1(f(r)),

sr = −L−1 lim
n→∞

n
∑

j=0

Hj − u0 + L−1(f(r))

= −L−1

∞
∑

j=0

Hj − u0 + L−1(f(r)).

But by (8) for p = 1, we drive
∞
∑

j=0

Hj = N
(

∞
∑

j=0

vj

)

.

So,

sr = −L−1N
(

∞
∑

j=0

vj

)

− u0 + L−1(f(r)),

sr = −L−1N(sr + v0)− u0 + L−1(f(r)).

�

3. Illustration examples

Example 1. Consider the first order nonlinear ordinary differential equation:

u′(x) + u2(x) = 1, |x| < 1. (11)

Here, A(u) = u′ + u2 and f(x) = 0. The operator A can be divided into two parts L and N , where
L(u) = u′ and N(u) = u2.

In this case, equation (2) becomes:

v′(x)− u′0(x) + pu′0(x) + p
[

v2(x)
]

= 0, p ∈ [0, 1].

Assume the solution of the above equation can be written as given in equation (4). By substituting
this solution into the above equation one can have:

∞
∑

i=0

piv′i(x)− u′0(x) + pu′0(x) + p
(

∞
∑

i=0

pivi(x)
)2

= 0.
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By equating the terms with identical powers of p one can have:






















p0 : v′0 − u′0 = 0,
p1 : v′1 + u′0 + v20(x) = 0,
p2 : v′2 + 2v0(x)v1(x) = 0,
p3 : v′3 + 2v0(x)v2(x) + v22(x) = 0,
. . . . . . .

For simplicity, let v0(x) = u0(x) = 1 the initial approximation of the differential equation (11), then
v′1(x) + 1 = 0 and this implies that: v1(x) = −x, also v′2(x) − 2x = 0 which implies v2(x) = x2.

Continuing in this manner, one can have:

vn(x) = (−1)nxn, n = 0, 1, 2, . . . .

Now, let v0 = v0 = u0 and for n = 1, 2, 3, . . .

vn(x) = ωvn(x) + (1− ω)vn−1(x)

= (−1)n
(

ωxn − (1− ω)xn−1
)

.

Then
∞
∑

n=1

vn(x) =
∞
∑

n=1

(−1)n
(

ωxn − (1− ω)xn−1
)

= ω

∞
∑

n=1

(−1)nxn + (1− ω)

∞
∑

n=1

(−1)n−1xn−1.

So,

u =

∞
∑

n=0

vn(x) = ω

∞
∑

n=0

(−1)nxn + (1− ω)

∞
∑

n=0

(−1)nxn

=
∞
∑

n=0

(−1)nxn =
1

1 + x
,

which is the exact solution of the ordinary differential equation (11).

3.1. Fredholm integral equation of the second kind

Now we consider the Fredholm integral equation of the second kind in general case,

u(x) = f(x) + λ

∫ b

a

k(x, t)u(t) dt, (12)

where k(x, t) is the kernel of the integral equation. In view of (2)

(1− p) [u(x)− f(r)] + p

[

u(x)− f(x)− λ

∫ b

a

k(x, t)u(t) dt

]

= 0,

or

u(x) = f(x) + p λ

∫ b

a

k(x, t)u(t) dt. (13)

Substituting (4) into (13), and equating the terms with identical powers of p, we have






















































p0 : u0 = f(x),

p1 : u1 = λ

∫ b

a

k(x, t)(u0) dt,

p2 : u2 = λ

∫ b

a

k(x, t)(u1) dt,

p3 : u3 = λ

∫ b

a

k(x, t)(u2) dt,

. . . ,
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therefore, we obtain iteration formula for (12) as follow:






u0(x) = f(x),

um(x) = λ

∫ b

a

k(x, t)um−1(t) dt, m > 0.

Then
{

u0(x) = f(x),
um(x) = ωλum(x) + (1− ω)um−1(x), m > 0.

(14)

According to (14) we define partial sum as follow










sr0(x) = f(x),

srn(x) =

n
∑

i=0

ui(x),
(15)

in view of (14)–(15) we have






s0(x) = f(x),

sn(x) = f(x) + λ

∫ b

a

k(x, t) sm(t) dt.

Theorem 3. Consider the iteration scheme






sr0(x) = f(x),

srn+1(x) = ω

(

f(x) + λ

∫ b

a

k(x, t) srn(t) dt

)

+ (1− ω)srn

for n = 0, 1, 2, . . . to construct a sequence of successive iterations srn(x) to the solution of (12). In
addition, let

∫ b

a

∫ b

a

k2(x, t) dx dt = B2 < ∞,

and assume that f(x) ∈ L2(a, b). Then, if µ = |λ|B < 1 and 0 < ω < 2

1+µ
, the above iteration

converges in the norm of L2(a, b) to the solution of (12).

Proof. By Theorem 2, we have

∥

∥srn+1(x)− srn(x)
∥

∥ =

∥

∥

∥

∥

ω

(

f(x) + λ

∫ b

a

k(x, t) srn(t) dt

)

+ (1− ω)srn(x)

−
[

ω

(

f(x) + λ

∫ b

a

k(x, t) srn−1(t) dt

)

+ (1− ω)srn−1(x)

]
∥

∥

∥

∥

6

∥

∥

∥

∥

ωλ

∫ b

a

k(x, t)
(

srn(t)− srn−1(t)
)

dt+ (1− ω)
(

srn(x)− srn−1(x)
)

∥

∥

∥

∥

6 ω |λ|
∥

∥

∥

∥

∫ b

a

k(x, t) dt

∥

∥

∥

∥

∥

∥srn(x)− srn−1(x)
∥

∥+ |1− ω|
∥

∥srn(x)− srn−1(x)
∥

∥

6

(

ω |λ|
∥

∥

∥

∥

∫ b

a

k(x, t) dt

∥

∥

∥

∥

+ |1− ω|
)

∥

∥srn(x)− srn−1(x)
∥

∥.

Let µ = |λ|
∥

∥

∥

∫ b

a
k(x, t) dt

∥

∥

∥
, then ω |λ|

∥

∥

∥

∫ b

a
k(x, t) dt

∥

∥

∥
+ |1− ω| < 1, if 0 < ω < 2

1+µ
and the series {srn}

is convergent and it converges to the solution of (12). �

Example 2. Consider the integral equation

u(x) =
√
x+ λ

∫

1

0

x t u(t) dt, (16)

its iterations formula, by our methods, reads

srn+1(x) = ω

(√
x+ λ

∫

1

0

(x t) srn(t) dt

)

+ (1− ω)srn(x), (17)
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and

u0(x) =
√
x,

and in view of (13), we obtained

u(x) =
√
x+ pλ

∫

1

0

x t u(t) dt,

Substituting (2) into (16), we have the following results






















































p0 : u0(x) =
√
x,

p1 : u1(x) = λ

∫

1

0

x t
√
t dt =

2λx

5
,

p2 : u2(x) = λ

∫

1

0

x t
2λt

5
dt =

2λ2

15
x,

p3 : u3(x) = λ

∫

1

0

x t
2λ2

15
t dt =

2λ3

45
x,

. . . . . .

and






u0(x) =
√
x,

u1(x) = ωu1(x)
ui(x) = ωu1(x) + (1− ω)u, i = 2, 3, . . . .

Continuing this way ad infinitum, we obtain

srn(x) = ω

(√
x+

[

2

5.30
λ+

2

5.31
λ2 + . . .+

2

5.3n−1
λn

])

+ (1− ω)

(√
x+

[

2

5.30
λ+

2

5.31
λ2 + . . .+

2

5.3n−2
λn−1

])

= ω

(

√
x+

6

5

n
∑

i=1

(

λ

3

)i

x

)

+ (1− ω)

(

√
x+

6

5

n−1
∑

i=1

(

λ

3

)i

x

)

.

The above sequence is convergent if |λ| < 3.
Note that by Theorem 1 we have

∫ b

a

∫ b

a

k2(x, t) dx dt =

∫

1

0

∫

1

0

(x t)2 dx dt =
1

9
= B2.

Then if |λ| < 3 (17) is convergent.

3.2. Volterra integral equations of the second kind

We consider the Volterra integral equations of the second kind in the form

u(x) = f(x) + λ

∫ x

a

k(x, t)u(t) dt,

where K(x, t) is the kernel of the integral equation. As in the case of the Fredholm integral equation,
we can use SOR Homotopy perturbation method to solve Volterra integral equations of the second
kind.

However, there is one important difference: if K(x, t) and f(x) are real and continuous, then the
series converges for all values of λ (see [16]).

Example 3. Consider the integral equation

u(x) = x+ λ

∫ x

0

(x− t)u(t) dt,

its iteration formula reads

sn+1(x) = x+ λ

∫ x

0

(x− t) sn(t) dt,
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and

u0(x) = x,

in view of (12), we obtained

u(x) = x+ pλ

∫ x

0

(x− t)u(t) dt, (18)

Substituting (2) into (18), we have the following results


















































p0 : u0(x) = x,

p1 : u1(x) = λ

∫

1

0

(x− t) t dt =
x3

3!
λ,

p2 : u2(x) = λ

∫

1

0

(x− t)
t3

3!
λdt =

x5

5!
λ2,

p3 : u3(x) = λ

∫

1

0

(x− t)
t5

5!
λ2dt =

x7

7!
λ3,

. . . . . .

and






u0(x) = x,

u1(x) = ωu1(x)
ui(x) = ωu1(x) + (1− ω)u, i = 2, 3, . . . .

Continuing this way ad infinitum, we obtain

srn(x) = ω

(

n
∑

i=0

λi x2i−1

(2i− 1)!

)

+ (1− ω)

(

n−1
∑

i=0

λi x2i−1

(2i− 1)!

)

.

The above sequence is convergent for all λ.

Example 4. Consider the following integro-differential equation

u′′(x) = −1 + λ

∫ x

0

(x− t)u(t) dt,

which is equivalent to

u(x) = 1− x2

2!
+

λ

3!

∫ x

0

(x− t)3u(t) dt,

by SOR Homotopy perturbation method, its iteration formula reads

srn+1(x) = ω

(

1− x2

2!
+

λ

3!

∫ x

0

(x− t)3sn(t) dt

)

+ (1− ω)srn(x),

in view of (13), we obtained

u(x) = 1− x2

2!
+

λ

3!
p

∫ x

0

(x− t)3u(t) dt, (19)

and

u0(x) = 1− x2

2!
.

Substituting (2) into (19), we have the following results


























































p0 : u0(x) = 1− x2

2!
,

p1 : u1(x) =
λ

3!

∫ x

0

(x− t)3
(

1− t2

2!

)

dt =

(

x4

4!
− x3

6!

)

λ,

p2 : u2(x) =
λ

3!

∫ x

0

(x− t)

(

x4

4!
− x3

6!

)

dt =

(

x8

8!
− x10

10!

)

λ2,

p3 : u3(x) = λ

∫

1

0

(x− t)

(

t8

8!
− t10

10!

)

λ2dt =

(

x12

12!
− x14

14!

)

λ3,

. . . . . .
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and






u0(x) = x,

u1(x) = ωu1(x),
ui(x) = ωu1(x) + (1− ω)u, i = 2, 3, . . . .

Continuing this way ad infinitum, we obtain

srn(x) = ω

(

n
∑

i=0

λi x4i

(4i)!
+

n
∑

i=0

λi x4i+2

(4i+ 2)!

)

+ (1− ω)

(

n−1
∑

i=0

λi x4i

(4i)!
+

n
∑

i=0

λi x4i+2

(4i+ 2)!

)

.

The above sequence is convergent for all λ. Note, for λ = 1 and ω = 1 the above sequence converges
to cosx which is the exact solution for

u′′(x) = −1 + λ

∫ x

0

(x− t)u(t) dt.

3.3. Special case

In the previous sections, we have shown that under some hypothesis the Homotopy perturbation method
converges. Also, under the same assumptions plus conditions on the parameter ω, the proposed method
converges. Here, we will see cases where the HPM method diverges but under certain conditions our
method converges.

To do this, let consider the following Example.

Example 5. Consider the following linear Fredholm integral equation of the second kind:

u(x) = e3x − 8

9
e3x− 4

3
x− 4

∫

1

0

x t u(t) dt, 0 6 x 6 1 (20)

Here a = 0, b = 1, λ = −4, f(x) = e3x − 8

9
e3x− 4

3
x and k(x, t) = x t.

Therefore
∫ b

a

∫ b

a

k2(x, t) dx dt =

∫

1

0

∫

1

0

x2t2dx dt =
1

9
= B2 < ∞

and

|λ| = 4 >
1

B
= 3.

So, if we use the Homotopy perturbation method to solve this example, then the solution that is
obtained by applying this method may be convergent to the exact solution or may not.

To do this, let

u0(x) = f(x) = e3x −
(

8

9
e3 +

4

3

)

x.

Hence

u1(x) = −4

∫

1

0

x t f(t) dt) = −4

∫

1

0

x t

(

e3t − 8

9
e3t− 4

3
t

)

dt

= −4x

(
∫

1

0

t e3tdt−
(

8

9
e3 +

4

3

)
∫

1

0

t2dt

)

=
4

3

(

2

9
e3 − 1

)

x

and

u2(x) = −4

∫

1

0

x t u1(t) dt = −4

∫

1

0

x t2
4

3

(

2

9
e3 − 1

)

dt

= −4
4

3

(

2

9
e3 − 1

)

x

∫

1

0

t2dt

= −
(

4

3

)2(2

9
e3 − 1

)

x.

By continuing in this manner, one can have:

Mathematical Modeling and Computing, Vol. 11, No. 4, pp. 954–965 (2024)



964 Rhofir K., Radid A., Laaraj M.

ui(x) = −4

∫

1

0

x t ui−1(t) dt = (−1)i+1

(

4

3

)i(2

9
e3 − 1

)

x, i = 1, 2, . . . .

Thus

u(x) =

∞
∑

i=0

ui(x)

= e3x −
(

8

9
e3 +

4

3

)

x+

∞
∑

i=1

(−1)i+1

(

4

3

)i(2

9
e3 − 1

)

x.

Since
∞
∑

i=1

(−1)i+1

(

4

3

)i(2

9
e3 − 1

)

x =

(

2

9
e3 − 1

)

x

∞
∑

i=1

(−1)i+1

(

4

3

)i

.

But
∑∞

i=1
(−1)i+1

(

4

3

)i
is an alternating series, that is divergent since |r| = 4

3
> 1. Therefore

∑∞
i=1

ui(x)
is divergent.

Now, if we use the SOR Homotopy perturbation method, then we have

sr0(x) = u0(x) = f(x).

Hence

u1(x) = −4ω

∫

1

0

x t f(t) dt

=
4

3
ω

(

2

9
e3 − 1

)

x

and

ui(x) = ω(−1)i+1

(

4

3

)i(2

9
e3 − 1

)

x+ (1− ω)(−1)i
(

4

3

)i−1(2

9
e3 − 1

)

x

=

(

−4

3
ω + 1− ω

)

(−1)i
(

4

3

)i−1(2

9
e3 − 1

)

x

=

(

−4

3
ω + 1− ω

)

ui−1(x), i = 2, . . . .

Then

sri(x)− sri−1(x) = ui(x) =

(

−4

3
ω + 1− ω

)

ui−1(x)

=

(

−4

3
ω + 1− ω

)

(sri−1(x)− sri−2(x)), i = 2, . . . .

If ω is chosen such that
∣

∣−4

3
ω + 1− ω

∣

∣ < 1 i.e. ω < 6

7
, then the series is convergent to the exact

solution of the equation (20).

4. Conclusion

In this work, we present a SOR Homotopy perturbation method by introducing a parameter ω in
order to extend the classical homotopy perturbation method. According to the values of ω, we study
the convergence of the method under some assumptions. We take an integral equations and integro-
differential equations as example illustration of our proposed method. A particular case is given when
our method converges but the classical homotopy perturbation method fails.
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Метод гомотопiчних збурень SOR для розв’язування
iнтегро-диференцiальних рiвнянь

Рофiр К.1, Радiд А.2, Лаарадж М.3

1LASTI–ENSA Хурiбга, Унiверситет Султана Мулая Слiмана, Марокко
2LMFA–FSAC Касабланка, Унiверситет Хасана II, Марокко

3ENSAM Касабланка, Унiверситет Хасана II, Марокко

У цiй статтi представлено метод гомотопiчних збурень SOR, новий метод декомпози-
цiї шляхом введення параметра ω для розширення класичного методу гомотопiчних
збурень для розв’язування iнтегро-диференцiальних рiвнянь рiзних видiв. Використо-
вуючи метод гомотопiчних збурень SOR та його iтерацiйну схему, можна дати точний
розв’язок або замкнене наближення до розв’язку задачi. Розглянуто збiжнiсть запро-
понованого методу та наведено деякi iлюстративнi приклади iз застосуваннями до
iнтегральних рiвнянь Фредгольма та Вольтерра.

Ключовi слова: SOR метод гомотопiчних збурень; iнтегральне рiвняння Фред-

гольма; iнтегральне рiвняння Вольтерра.
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