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Abstract. The paper investigates the role of Jacobsthal recurrent numbers in forming
statistical patterns within the model of the natural number hypothesis q € N in the general
problem of the form x-q+1, where k=1,3,5,.... A novel model is proposed for structuring the
set of natural numbers as sequences of the form 0-2", where the parameter 0 takes odd
values 1,3,5,..., and n is a natural number starting from zero. A branching and merging
diagram of such sequences has been developed, describing their evolution towards a general
stopping time tst, where tst—oo. The properties of these structures are investigated,
particularly their relationship with the dynamics of the Collatz conjecture. Based on the
proposed model, the formation of number sequences with the same length in the Collatz
conjecture CSq has been identified for the first time. The obtained results can be used for
further analysis of arithmetic transformations and properties of natural numbers in the
context of number theory.

Keywords: recurrence number, histogram, Jacobsthal number, total stopping time, Collatz
conjecture, probability distribution function.
Introduction

In mathematics, the Collatz problem [1,2] is known, in which a sequence of natural numbers q € N
is generated. Members of such a sequence are calculated according to the rule: let the number g be even,
then the next member of the sequence is equal to g/2, otherwise if q is odd (q,,, ), then the next member

of the sequence is calculated as ng =30 +1.The sequence for which this rule is fulfilled will be called

the Collatz sequence, and its graph will be called the Collatz trajectory. The Collatz sequence (CSg) is
calculated by the algorithm

C,.,= if g=0 mod2 then % else C,,, =3q+1 (1)

3g+1
Therefore, the last member of the CSqy is the unit by which the periodic cycle is formed
cycles; gy =124->2-51-54-52-51- ...

Main material presentation

Etude I: Bafina’s 5(7)x+1 Conjectures. Similar (1) sequences of David Bafina's 7x+1 and mod 8
conjecture [3-5] are known, which are calculated as:
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79-1 if x=1 (mod 4)
Crp=179+1 if x=-1 (mod 4) [3,4] 2
q/2 if x=0 (mod 2)
50-1 if x=1 (mod 8) (a)
Gy =150 +1 if x=-1 (mod 8) (b), (1.2)
la/2] otherwise ()

which also leads to unity, where the functions C§(7)q

the type of remainders from division Q.4 by 4,8. However, the CSy cannot have two adjacent odd

of the conjecture of an odd number ¢, are given by

numbers, while calculated by an algorithm (1.1), the sequence:
1111, 5556, 2778, 1389, 694. 347, 173, 86, 43, 21, 10, 5, 2, 1,
starting number = 1111 (1.2)
the number of iterations taken to reach 1 is 13 has fragments with two adjacent odd ¢, (red) numbers.
The purpose of this work is to show that the regularities of conjectures of numbers q € N according

to the analogy (1)
Cinq = if g=0 mod2 then % else 5(7)q=+1, (1.3)

algorithm, fundamentally different from David Barina's 5(7)x+1 conjecture [3-5]. We will investigate the
formulated problem from the point of view of parameterized @ recurrent Jacobsthal numbers [6-7].

02" -(+1

m(p)Kﬁ’n = f ne N |\ {0}, N:NoddUNeven, 9,’( ENodd, (14)

which form the nodes of the binary sequence {9.2” }::(O)O and we will examine their correlations with the

. . . 2" —(+1
regularities of 4 and mod 8 residue formation (1.1). For k = 7, numbers m(P); . :% are
givenin Table 1 for @ =1+17:

Table 1

n 011({2|3 |4 |5 |6 7 8 9 10
0=1 0 1 9 73 m7,1,n+1=8- Mz ntl
6=3 - - - - P73, n+1=8-P73,n-1

1 7 55 439
=5 - - - P75, n+1=8-P75,n-1

3 23 183
0=9 5 41 329 M7.9 n+1=8- M79 nt+1
0=11 3 25 201 1609 mza1, n+1=8- mz11, ntl
6=13 - - P7.13,n+1=8-P7,13,n-1
2 15 119 951

6=15 | 2 17 137 1097 M7 15, n+1=8- M7 15, nt1l
0=17 - - - - P7.17,n+1=8-P7,17,n-1

5 39 311 2487

If 6 is divisible by 7 (6 = 6, =7, 21, 27, ...), then the numbers 7J§’n are fractional and not listed in
Table 1.
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The numbers m,, =~ of the first & =1 row of table 1 form nodes of the sequence {l~2”}::;°. The
numbers m(p), ;, of the second line form nodes of the sequence 3-2" and so on. In the last column of

table 1, there are formulas that connect two adjacent numbers m(p), ,, , for each row

m( p)7,9,n+1 =8- m( p)7,a,n+1 + (_)1 (1.5a)
Formulas (1.5a) are similar to formulas
m( p)s,e,ml =4-. m( p)3,6’,n+1 + (_)1 (1.5b)

+

in problem C§q [8]. Formulas of type (1.5) represent an individual marker of conjecture functions C7,),
Indeed, the difference between two adjacent numbers (1.5a) is equal:
M(P) 700 = M(P)7pn =791 and  M(P)54 4,0 —M(P)sy, =30+ ()1 (1.6)

and equal the functions C

+
7(3)q "

00

The sequence C;, merges with the sequence {1-2”}22O through those nodes m(p),,, for which
the equality holds
1-2" =7m(p); ., + (1. (1.7)

As can be seen from the first line of Table 1.1, the numbers m,, .~ are integers. Therefore, the

sequence of the Collatz conjecture C;, can reach the unit element 1- 2° of the sequence {1- 2" }::;o ina

finite number of iterations. The p,,, numbers are fractional, so for the function C7, the nodes of the
sequence {1-2”}::;0 do not form. Thus, the sequence of C,, conjecture is isolated from the sequence

{1‘ 2" }::: and cannot reach the unit element for a finite number of iterations.

Now consider the numbers m(p)s ,,
0-2" —(+)1
5 1)

the values of which are given in Table 1.2 for parameter 8 from § =1 to 6 =13.
The numbers (1.8) for which @ are multiples of five (6 = 6, =5,15,25,...) are fractional, so they are

not listed in Table 2.
Two adjacent numbers (1.8) in each row are connected by a ratio

m(p)s,a,n = (1-8)

m(p)s,a,ml =16- m(p)s,a,n +(—)3, (1.9)
and the function marker Cj, is equal to:
m( p)5,6,n+1 —-m( p)s,e,n =3(5q+(-)1) = 3Csiq . (1.10)

However, in contrast to the numbers m(p), , ,, for both numbers m(p)s, , in the first row of Table
2, equalities are fulfilled
1-2" =5-m(p)s,, + (1. (1.11)

Thus, the trajectories of both Cg, conjectures through the nodes m(p)s,,of the sequence

{1‘ 2" }:j: can reach unity in a finite number of iterations.

Therefore, the sequences of David Barina's 5(7)x+1 conjecture is not Collatz sequences, but
represent a separate class of recurrent sequences that also converge to unity in a finite number of iterations.
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Table 2

1 3 |4 |5 |6 7 8 9 10
n
6=1 13 205 | ps1,n+1=16-Ps1,n-3
3 51 Ms 1, n+1=16° Ms1,n+3
6=3 5 77 Ps.3 n+1=16-Ps3,n-3
1 9 307 Ms3 n+1=16" Ms3 n+3
0=17 3 45 717 Ps.7, n+1=16Ps7,n-3
11 179 Ms,7,n+1=16° M5 7 1+3
6=9 29 461 Ps.9, n+1:16‘p5,9, n-3
115 1843 | Msg n+1=16° M5 n+3
6=11 141 2253 | ps,11,n+1=16-Ps11,0-3
35 563 Ms,11,n+1=16" M5 11, n+3
6=13 21 333 Ps,13,n+1=16Ps5.13,n-3
5 83 1331 Ms 13, n+1=16- Ms 13, nt3

To confirm this conclusion, let's express relation (1.5a) in the form
m( p) (3)7,0.n4 — 2mod 2(4) : m( p)(3)7,6’,n + (_):L

connect residues mod 2 and mod 4 with nodes m(p)

residues mod 2 and mod 4 for the first eight functions C

Jacobsthal numbers will have the form:

K,0,n"

+
3+17,q

(1.12)

Then the regularities of the formation of

of conjectures of numbers in nodes with

mod 2 3x+1

Jodd 5 (7 |9 |11|13|15|17 |19 |21 |23 |25 |27

mod 2 3x-1

mod 4 7(9)x-1

Qodd 5 (7 |9 |11|13 (15|17 |19 |21 |23 |25 |27

mod 4 7(9)x+1
mod 8 5(15,17)x-1
Qodd 5 |7 |9 |11|213 (15|17 |19 |21 |23 |25 |27

mod 8 5(15,17)x+1
mod 16 11x+1

Qodd 5 (7 |9 |11|13|15|17 |19 |21 |23 |25 |27

mod 16 11x-1

mod 32 13x+1

Qodd 5 (7 |9 |11|13|15|17 |19 |21 |23 |25 |27

mod 32 13x-1

We see that when in function C,_ ., the parameter x >3, in the set of numbers g, , intervals of values

(yellow) :

Qoaa =1, [7(9)X +/-1];
1+5, 13,15, 19,21,..., [5(15,17)x+/-1];
1+13, 19+31,..., [11x+/-1];
1+31,..., [13x+/-1];...,
are formed, which require the formulation of additional conditions, as of type (1.1c) that are not related to
the Collatz problem. Therefore, there are no periodic cycles of type cyclegqyle1 in cases (1.13). However,

(1.13)

Q.44 CONjectures are carried out according to the same rules of type xx + (—)1 (gray) and (1.1c) (yellow).

Diagram (1.13) also confirms the shows the uniform distribution of residues mod, .
Etude II: Fractal Structures Using Jacobsthal Numbers. It is known that the classical Collatz

function (1) is linear and separately describes the transformation of even q,,, € N
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Oogq € Nogg Natural numbers g e N=N_ UN Therefore, to construct Collatz fractals, the authors

[10-12] used the abbreviated [13] form

even *

C;o=(Bq+1)/2, (2.1)
and got the function

70y +2+ (D)™ (50, +2)

In this work, a general class of functions Kﬁ,qNﬂ conjectures are constructed [7]
. S if g is even,
Cog= walz =g k=135,..eN 4 (2.3)
Cin=Kkqx1 if g is odd,
Consider the Kﬁ’qml function in the form
Ki,qN_'_l:aK(qN).K;qN /4+ﬂx(qN)K;qN (24)

Multipliers B _(q,) and (g, ) satisfy the conditions

ﬂK(qN):O If qzqeven and ax(qN)ZO If qN :qodd’ (25)
therefore, let's represent them as:

1+ (_1 h if On = Qeven then a, (qeven) = 1’
ax (qN ) = = .
2 if Oy =0e then a,(deq) =0.
. (2.6)
ﬂ (q ) _ 1- (_1)% = If qN = qodd then ﬂx (qodd) = 1!
o 2 if On = Oeven then ﬂ/« (qeven) =0.

Expressions (2.6) do not depend on the x parameter, so by substituting (2.6) into (2.4) we obtain:

2K:, [l (-1)J(2r -1 KE, +2)

Kiquﬂ = ' 4 A (27)

If the number is even, then the value of the converted number at N iterations is calculated as

+

Kj,qw = KTqN If it is odd, the value of the converted number at N iterations is calculated as
+ +
. Kig t(@c-DKp, £2)
ey > ==k-K_, 1. (2.8)

301

40
y=(25%+(1-(-1))*(5*x-2))/4
y=3x-1 35r
0=8937021925

25 =4

30

20
_ __25)
2 2
g 15 £ 2
g =@+ (L)) (LT*x+2)/4

10 y=9x+1

q=27

0 50 100 150 200 250 0 50 100 150 200 250 300 350
N N
k=3 K=5
Fig. 1. The graphs of the sequences of Collatz
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+

Plotted in Fig.1, the graphs of the sequences of Collatz C;,, and Cg,, and calculated by formula

(2.7) show that the results of the calculations by both approaches coincide with each other. The graphs are
plotted in a semi-logarithmic scale using the functions recorded in the insets. The parameters of the number
conversion model are chosen arbitrarily.

In (2.7), the expression (—=1)™ (for even numbers is equal + (plus) and is equal — (minus) for odd
number) plays the role of a sign function. Therefore, replacing (-1)* =cos(rq),

1-cos(rq) = 25in2(%qJ in (2.7), we get formula (2.6) in the form:

K:, +sin?(KE, /2)[(2c-1)-K:, +1]

+ _ K,
KOya 2

(2.9)

In Fig.1 fractals constructed by three functions Ki'qw (2.9) with the parameter & =1 for which the
Collatz function (2.3) of the transformation of odd numbers has the form quN+1 =1q, +1[7,17-18]:
2K, +i-e0% ki, +2]

+

Lana 4
p 2
ki, +[sn 3, | ki 41
b: KIqNH = 2 (210)
e Koy +l-fexp(im K K, +2)
C. Klqu+1 = 4

In the case of Fig. 2a, the function (2a) with the (=1) sign switch was used. In the case of Fig. 2b,
the function (2.10b) with the cos(;z-Klqu) sign switch was used. In the case of Fig. 2c, the function

(2.10c) with the exp(i- 7 - K, , ) sign switch was used.

K

i«/ a K, (28) E ¢ K, (2.10)

Fig. 2 The fractals

b: K, (2.9)

We see that the fractals in Fig. 2a and Fig. 2b differ from each other. In the case of function (2.7),
we have a fractal of the Julio set type, while the trigonometric function is multivalued, so we have a fractal
of the Mandelbrot set type [14-16].
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N:=0,1..20 Klg==7 K2g:=7 K3¢:=7
NERTO\% K2 i
2:KLN +| sin| 7-— 2:(5K1N +2) 2K2N + 11— (-1) (5-k2 N +2)
K1 Nt = 2 K2 N+1 = 3 =
—i-n-K3 ) . B

N —i-n-K3
<3 R 2-K3N +(1—e -(S.KSN +2) 2‘K3N+(l—e N)‘(S-K3N+2)
N+1-= 4 K 3N+1:=1Im 1

Fig. 3. Statistical Modelling of Collatz Conjectures

Etude I11: Statistical Modelling of Collatz Conjectures. In a recently published work [21], the
author, investigating the regularities of transforming even numbers q,,, in the Collatz problem, concluded
that a single division v =1 resulting in an even number of odd value is implemented with a probability of
50:50, and for a larger number of divisions v, )1, the ratio is 3:1. We will show that the described

transformation regularities of q,,, /2 are strictly deterministic and are determined by the regularities of
0:2"£(-1)" 7]
a

transformations of natural numbers in nodes with recurrent Jacobsthal numbers i, =

independently of the Collatz problem
/12 if qis
qu = d ) k . Geven , a=135,... (3.1)
' aqxl if g is gy
The type of transformation function for odd numbers q, 4, will be discussed. Let us recall from [7]
that the Jacobsthal problem relates to the transformation of natural numbers in the direction of increasing
n — +oo powers of sequences {9-2"}:;0, while the Collatz problem involves their decrease in the
direction of N — +o0.
Consider the set N =1,2,345.,...,0,...c0 of natural numbers and transform it into a set of

parameterized  binary-based  sequences {6’-2"}::0(neNu{0}) for the natural numbers

(N = Nodd o Neven ) :
N=12° 1-2%,1-22 125, 1-24...,12" ...,
3:20 321 322 3-28 324 ... 32",
520 5-2% 5:22, 523 524 .. 52" ...,
7-20 7-2Y, 7-22,7-23, 724 ., 72"

R L PR < T L SRR 7% L PR T B L1 SO B L1 WIS (32)
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The illustration of structuring (3.2) is shown in Fig. 4. Here, the sequences {6’- 2" }:O:O are formatted
according to the same powers of doubling. Therefore, their parameter @ is the first & -2° element, which,
in the direction of n — +oo doubling, forms even members q,,, =&-2". Thus, in the structuring model
of the set in Fig. 4, the power of n determines the value of v ,.

conjectures in (3.2) of an even number, until it reaches an odd value & -2° in the direction according to the
algorithm:
(@, 712)12)I12 > (((q./2)/12)12)/2 > ... > Q yq (3.4)

Vqi2

regardless of the type of function C,jq for the transformation of odd numbers.

n=vy, |12 132" 92"

0 1-2° 13-2° 9 -2°
1 1-2* 13-2* g -2t
2 1-2? 13-22 0 -2?
3 123 1323 9 28
4 1-2¢ 13-2* 0 -2*
5 1-2° 13-2° 0 -2°
6 1-2¢ 13-28 0 -2°
7 127 13-27 027
8 1-28 13-28 0 28
9 1-2° 13-2° 0 -2°
10 1.210 13.210 0 .210
11 1.211 13.211 0 .211
12 1.212 13.212 0 .212

Fig. 4 lllustration of the grouping of the form (3.2)

Representing the set N as sequences of {9 2" }:O=o allows implementing one of the conditions for its
points in the n — oo direction
n n
226, 0 2Hea. o) @5)
the formation of so-called branching nodes of new sequences {Qnew -2"}:;0 with the parameter 6, is
carried out if the numbers 6, are not divisible by x . Such nodes can be considered active. Nodes with

multiples of a in the numbers 6., = 6, are inactive since the Jacobsthal numbers Jjﬂyn of the points of

sequences {Qnew -2"}:;0 are fractional [7]. The members of the sequences {Qnew -2"}:;0 are formed by

doubling the values.
Consider the regularities in the Collatz problem. In the n — O direction, branching nodes play the

role of merging nodes if equalities are satisfied at the corresponding points of the sequences {9 2" }:O:o :
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a-Ji,,+1=0-2" (@and a-J;, —1=0-2" (b). (3.6)
In (3.6), according to rule (3.6a), the sequence C,j,q is formed, and according to rule (3.6b), the
sequence C . is formed.
In both cases (3.6a) and (3.6b), even numbers are transformed by the same rule (3.4). Therefore, if even
numbers are grouped in the form of a triangle (structuring even numbers in the form of a square matrix, as

discussed in [7]) in Fig.5a, the regularities of grouping values v, are reflected in the form of rows of the
triangle in Fig.5b.

]
20 12 g BT +SW
g, =g +10 g, =g+2
40 iz 24 16 8 g, =g+12
60 52 44 36 28 20 12
50 72 64 56 48 40 32 24 16
a: triangle of (g,
0
2 2 2
3 5 3 4 3
2 2 2 2 2 2 2
4 3 6 3 4 3 5 3 4
b: triangle of Vaiz -
0
5 3 1
5 1 3 1 1
15 13 11 0 7 5 3
5 0 1 7 3 5 1 3 4

c: triangle of 44
Fig. 5 The rows of the triangle

Here, the yellow colour highlights rows with the value v,,, =1, the blue colour highlights rows with the

value v,,, =2, and the black colour highlights rows with the values v, >3. The inset displays the

regularities of changes in the values of even numbers in the directions that form the triangle. Rows of the
triangle in Fig. 5c¢ are formed from odd numbers g, , which conclude the transformations (3.4).
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=81  B-325=
1l 1l
e=61~122~ 344 — 488976~
1l

e=13—46—02—184— Thowo,dno0
1
e=35=70=
il il
B=53—106= =853
1l i fl
B=5— 16=35=10=20—40—80 —160~320~640—1280—~2560=3120~=..... —> N —> =0, 1N —> 0

1 1l 1 1l
8 0.5 e-l3=26=f= e.-213
il 1l

4 e=17=34~
1l i
2 o=11=1=
1l 1l
A
1 a=?—>14=l=56=112= «n—m, n—=>0
I
e.=9 e=37=74—[l~
o=15—05— 18§~

e=63—=130—
1l

o= 43=86= =344~ 688~
1l 1l
8 =57
Fig. 6 Transformation of even numbers in Jacobsthal and Collatz
Illustration of the regularities in the formation and transformation of even numbers in Jacobsthal
(n—+o0) and Collatz (n — 0) sequences is presented in Fig. 6 for the sequence {5-2n }:;0. In the case
of a =3, nodes of the {6-2"}10 sequences are periodically formed with powers having a period of

T =27, thus the Jacobsthal sequence takes the form:

Jisn: 3,13,53,213,853,3413,13653, ... > J 5., =4J55, +1 (3.7)
where red highlights indicate multiples of three, and neighbouring numbers are calculated as follows:
(B-4+)4+1)4+1)=213 213 (((213-4+1)4+1)4+1) =13653
9 R ((O-4+D4+D4+1)=597 |,|| | 597 setlastlaste ((G97-4+1)4+1)4+1) =38229 | ...(3.8)
57 (G7-4+1)4+1)4+1)=3669| || |3669 (((3669-4+1)4+1)4+1) = 234837

Even numbers of the Collatz sequence in Fig. 6, for which condition (3.5) equals neighbouring odd
numbers in columns (3.8), form a periodic structure with branches of the type:

---2.286243«i130265ﬁ.298ﬁ49«i.2742372112-i56-i282"-
1l 1

57=114=228=456= - =570+~ 92182362722 29:QTe2 -+ (3.9)
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" '-_—'4062203-_—‘610-:’305«_—'.-_—'458«:’299-_—’688-:’244«_—‘172-_—’"'
1 1
1352270540-21080«= <> 1359%="+- 57114228456 >57"8% (3.10)

"'2.219222911'_—‘.'_—‘14424_—’721«_—‘.:’1082254121624281224062"'
i 1l
1281=2562=5124=---=1281g7=" 135=270=540=--=135'9'="+- (3.11)

superposition of which, in the n — oo direction, forms the so-called Jacobsthal tree [7], known in the
literature [22] as the Collatz tree. However, sequences (3.9) - (3.11) do not indicate the existence of clear
patterns of transformations ¢, /2.

Let's analyse the statement formulated in paragraph 10 [21]: «In comparison with the function
5n+1 that has no elements on the trunk of the Collatz tree and...». For this, we will provide a fragment of
the tree of this transformation:

120212t 21-:22 2122 212 212° 212° 212" 2128 21-2° 2121%212" 212 2128 2 (3.12)
I I I N
0 3=16-0+3 51=16-3+3 819=16-51+3

We see that on the root sequence {1-2"}:;0, there are points with Jacobsthal numbers

0, 3,51, 819,..., which for the task 5n+1 form active branching nodes with similar transformation
patterns (3.9)-(3.11) for even numbers in them.

215111762755588=3777942188897=944486247224322361216221180608259030  (3.13)
1 1
302245 118060

Conclusions

It is shown that the sequences proposed by David Bafina are not equivalent to classical Collatz
problem, but represent a separate series. Reasoned functions with sign switching (2.7) made it possible not
only to achieve unambiguity in the construction of Collatz fractals, but also to implement for the first time
in MathCAD codes the algorithm for calculating the Collatz sequences themselves (Fig. 2.4). Here are the
graphs of the sequences themselves, as well as the functions that were used for this together with the
algorithm. We see that, unlike other algorithms, the one presented in Fig.2.4 is extremely simple. The
probabilistic model of the Collatz problem proposed by the author of the paper [21] is not confirmed.
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AHoTanigs. Y CTaTTi AOCHIKYeTBCS pOIb pEeKypeHTHHUX uncen SxoOcramst y ¢dopMyBaHHI
CTaTHCTUYHUX 3aKOHOMIPHOCTEH MOJENi TinoTe3u HaTypaibHuX umcen ( € N y 3arampHiil 3amadi k-q+l, ge
k=1,3,5,.... Brepiue 3anponOHOBaHO MOJETb CTPYKTYpYBaHHS MHOXKHHH HATypaJbHHX YHCEN y BHIIIAL
MHOXHHH TIOCHiioBHOCTeH Buay 0-2", ne 0 mpuiiMae HemapHi 3HaueHHs 1,3,5,..., a N — HATypaJibHI YHUCTA,
MOYMHAIOYN 3 HyJs. Po3poOnieHo niarpamy po3raiyKeHHs Ta 3JHUTTS TaKUX IOCIIJOBHOCTEH y HAIpPAMKY
3araibHOr0 Yacy 3ymuHKH S, me tst—oo. Ha ocHOBI mi€i Mozerni Brepiie BCTaHOBIEHO 3aKOHOMIpHOCTI
(dbopMyBaHHSI TOCHIZOBHOCTEH 4MCEN, 10 MaioTh OJHAKOBY JOBXHHY y mocmigoBHocTi Kommarma CSg.
OtpumaHi pe3yiIbTaTH MOXYTh OyTH BUKOPUCTAHI IS TTOJANBIIOTO aHaNi3y apu(METHIHUX MIEPETBOPEHD Ta
BIIACTHBOCTEH HATYpaIIbHUX YHCEN y KOHTEKCTI Teopii Yrced.

Ki104o0Bi ci10Ba: peKypeHTHE YHCIIO, TicTorpaMa, 9rucio SkoOcTais, 3aralbHUI 9ac 3yITUHKH, TiToTe3a
KomnaTma, GyHKIisS po3noaiTy HMOBIpHOCTEH.
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