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A methodology for constructing a solution to the two-dimensional dynamic problem of
thermoelasticity in stresses for a rectangular beam is proposed. The system of stress
equations describing the plane-deformed state of the beam under nonstationary thermal
and mechanical loadings is chosen as the initial one. The methodology is based on the
approximation of the distributions of all components of the dynamic stress tensor by cu-
bic polynomials along the thickness coordinate of the beam. As a result, the system of
initial two-dimensional nonstationary equations for these components is reduced to a sys-
tem of one-dimensional nonstationary equations for the thickness-integral characteristics
(analogous to forces and moments) of these components. The re-approximation of their
distributions along the transverse coordinate of the beam by cubic polynomials is used. As
a result, a system of ordinary differential equations with respect to the time variable was
obtained for the integral characteristics of the analogs of forces and moments. Taking into
account the initial conditions for these integral characteristics, the general solutions of the
Cauchy problems for the integral characteristics of forces and moments are found using
the Laplace transform in the time variable. The expressions of the components of the
dynamic stress tensor and the stress intensity are derived from the expressions obtained in
this way. A criterion for evaluating the bearing capacity of a beam is proposed. The res-
onant frequencies of four types for a beam are identified, which make it possible to study
the resonant effects in a beam under nonstationary thermal and mechanical loadings.

Keywords: beam; nonstationary thermal and mechanical loadings; plane-deformed state;
stress tensor components; stress intensity; resonant frequencies.
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1. Introduction

Plate-like structural elements are often subjected to intense nonstationary thermal and mechanical
loadings during operation. To assess their bearing capacity, it is necessary to solve dynamic problems
of thermoelasticity in stresses. This makes it possible to determine the stress intensity ;. According
to the Huber—Mises criterion: o; < o4 [1], where o4 is the dynamic limit of elastic deformation of the
element material. The formulation of the problem of thermoelasticity in stresses was considered, in
particular, in [2-5], where solutions are primarily presented for static problems and, in some cases, for
certain one-dimensional dynamic problems. For a more complete study of the thermoelastic state of
structural elements, it is necessary to address two-dimensional problems. In studies [6,7], the governing
systems of equations for two-dimensional dynamic problems of plates and cylindrical bodies have been
derived. The aim of this work is to construct a solution to the two-dimensional dynamic problem of
thermoelasticity for a beam in terms of stresses under nonstationary and thermal loadings.

2. The relations of the dynamic thermoelasticity problem for a beam

In the Cartesian coordinate system Oxzizexs, we consider a rectangular beam of thickness 2h and
width 2d. The material of the beam is homogeneous and isotropic. The beam is subjected to unsteady
volumetric force F' = {F};0; F3} and the temperature field 7. Their expressions do not depend on the
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1306 Musii R. S.

coordinate xo, and the surfaces of the beam z3 = +h and z1 = +d are free from surface force load.
Under these conditions, we have a plane-deformed state of the beam. As a starting point, we choose
the system of equations of the plane dynamic problem of thermoelasticity in stresses |7, §]

1 0% 14vd?T aF 1 0F; OF,
AT — ——— = — AT — 1
! Cc? ot? P Vo T 1ot 1—1/<8:L"3+8:E1>’ ()

1 &%0q3 0* OF, OF3

A1z — — =— — — 2
18T 02 o 02103  Oxy Oz’ @)

820'11 1 820'11 (920'13 o H? V(l + V)
- = =— — — 1 T—p———0 3
922 CZ 0 0,0z, 0z | 02 [”O‘( T =g } ! ®)
0'33:\1’—0'11, UQQZV\Il—OéET. (4)

Here, ¥ = 011 + 033, C2 = (1 —v)(1 +v)" (1 = 2v)"1pE, C2 = E/[2(p(1 —v))], C; and Cy are
propagation rates of elastic waves of expansion and deformation, A; = {?—;2 + 88—;, C'§ = 2C22, o, v are
1

the coefficients of linear thermal expansion and Poisson’s ratio, F is the Young’s modulus, p is the
density, t is time. The initial conditions at ¢ = 0 on the defining functions are equal to

. aFET
011 =013 =V =093 =033 =0, 011=—m7
aET aET . 20ET
TB=0TRE T oy BT Ty (1—2v) 5)

Here, T, \i/, 011, 013, 092, 033 are the time derivatives t of the determining functions.
When the faces of the beam are free of external forces, the boundary conditions on the surfaces
x3 = *h take the following form:
P2uE 1 p2uE PUE  9FE 9 [(Bos\T L
7 g = el b)) e - o = o ,
o0r] Ccy ot ot Oxr, Oz
Accordingly, on the surfaces x1 = +d it is written as:
OPUE 1 92U TE  9OFE 9 <80*13>i "

R e R T R T Tl

Oz,

Here,
C? =201 —v)7'C2, T* =T(x1,+h,t), FF = F(x1,+h,t),

o =ou (diwst), TE =T (xT;a5t), Fb=F (£T;231).
The symbol “*” in the lower indices of the quantities means their values on the surfaces x1 = £d.
The solution of the original problem (1)—(4) is reduced to the joint solution of the two interconnected

wave equations (1) and (2) and the following solvable equations (3) at the initial (5) and boundary (6)—

(7) conditions.

3. Methodology for constructing the solution

To solve the system of equations (1)-(4), the functions ¢ and 0,4 are approximated by the thickness
coordinate x3 with cubic polynomials

4 4
v=2 il o= ey @t (8)
Jj=1 j=1

The coefficients 1); 1 and a;3(j_1) of the approximation polynomials (8) are represented by the thickness
coordinate x3 integral characteristics (analogs of forces and moments) of the functions ¢ and o3

I 3 " I 3 "
N = ﬁ/_hrlz)dx:g, M = W/_hwx3d$3’ N13 == %/hglgdﬂa, M13 = W/_hglglﬂgdlﬂg (9)
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and the boundary values of these functions on the surfaces x3 = +h are given. We obtain the expres-

sions
3 1 5 3 3 3 M 3

Vo) = 5N = 7% V) = 5 M = e, Yy = 3% — 53N, Y 3¢** — g52130) = 5 V13,
) 3 5
a1y = 2hM13’ Q13(2) = ~ 579 53V a3 = _WMB- (10)

Here, ¥, = ¥T 4+~ , 94 = 9T —1p~. The system of equations for determining the integral character-
istics of N, M, N3, M3 is obtained by integrating equations (1), (2) according to formulas (9) using
expressions (8) is as follows:

02 109*> 3 N 2 18 15 I
<8_w%_c_%ﬁ_ﬁ>]v_@l 2h2(1/’ ), <a_x§‘c_§@‘ﬁ>M—‘I’2—W(¢ —y7),

- Lo ; LT 8 ) orW
(o~ ) M= [y (7 —9 ) 07 - )[4

8> 182 15 370 , . Lo 3(0N  _n)\] or?
(G~ o 1) Moo= gy 0+ + (o) = (G )|+ S an

The initial conditions will be as follows

- 200F
N(xl,O) :O, M(I‘l,O) :0, ng(xl,O) :O, Mlg(l'l,()) :0, N(I‘l,O) :—1_ Tl(xl,O),
. 20F . .
M(a:l,O) = —1_ Tg(xl,()), ng(a:l,O) 20, Mlg(wl,()) =0. (12)
The functions ®; and ®5 in the equations (11) are as follows
1+v N oE [0y 1 [(0T\* (0T~ 1 |1 . orW
! P o 1 {8:p1 Oz3 Ox3 1—v 2h( 3 3)+ oxy |’
1+vdTy  oFE |[6°T 3 or\* oT \~ 3 _
Dy =2 - — | =— —— (Tt =T
2 pOél — Vv 8752 1 { 8:E1 83:3 8ZE3 2h2 ( )
1 [3 D 8F(2)
- Fj + Fy) — F{ L
1—v 2h( R - orq

The functions ®; and ®, in the equations (11) are as follows For the boundary values of ¥* of the
function v on the surfaces of 1 = +d of the bar, we obtain the equation

Pyt 1 9%y* Tt OFF 1 0

(d)
- = = 1 - 5Mi3 + 3N 13
o7 @ o P e m g g gy, BMs £ 3N (13)
and initial conditions as 2 5
¢i($170) :¢($1,:|:h, 0) :07 ¢i($170) :¢($17ih70) = a2 Ti(xlvih 0) (14)

Taking into account the conditions for conjugation of the values of the functions ¥ and o3 at the
vertices of the rectangle of the cross-section of the beam [9] on the functions N, M, Ni3, M3, U+
along the coordinate x1, we obtain the following boundary conditions

d*N(+d,t) 304 3t v d*Ty(+d,t)

‘i L [Fif (£d,t) — Fy (£d,t)] — cipa(l +v)

iz e N =g w19
2M (£ 1 1
: d(t2 20 2§4M (+d,t) = 3¢ {5 (B (£d.t) - Fy (£d,1)] + Fy" (+d, t)}
3ci ((dNis 2 d*Ty(+d, t)
o ( iy )x . cipa(l +v)——7, (16)

YE(£d,t) =0, Nis(+d,t) =0, Ms(xd,t)=0.
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In accordance with the inhomogeneous boundary conditions (15)—(16) on the functions N and M, we
present the solutions of the first two equations of the system (11) in the form

N(a1,t) = % [N 1) + Now(—d, )] + i L [N(dst) = Nua(=d, )] } + No(an, ), (17)
M(z1,t) = % { [M.(d,t) + Men(=d,8)] + = “LIM,(d, ) — Mon(—d, 1)] } + Mo(zn,t).  (18)

Then the functions Ny(x1,t) and My(x1,t) are defined from the following equations

d2 1 d2 3 1 d2 3 1 €1
—_—— = — —= N :(I) + ) N N** N*_N** ’
<dx§ 2 d? h2> 0T 2h2(¢ )+ <c§dt2 h2> [( New) + 7 )]

2 14 15 15 1 d> 15 1

LA 1N e, Bt gy (L M, + M)+ (M, + M.,

<dx§ 2 ar? h2> 0= P2 5pa ¥ w)+<c%dt2 h2> (M. May) + GO, + M)
(19)

at homogeneous boundary conditions on the surfaces z1 = +d. Here, N, = N(d,t), N.. = N(—d, 1),
M, = M(d,t), My, = M(—d,t).

The system of interdependent equations (11) and equations (13) and (19) are solved using the
approximation of the functions N, M, Ni3, Mz, ¥*, o011 in the coordinate z; by cubic polynomials,
i.e. we have the expressions

4 4
N = Z bV () 2], M = Z o V() 2], (20)
N13 = Z b13N M13 - waM (21)
- o
= Z oL on = Zb&% (tya] ", (22)
j=1 Jj=1

The coefficients b%_l), bg\i[ b b%Nn, b%MI), i 1 b(] Y of the approximation polynomials (20)—(21)
are represented by the characterlstlcs 1ntegral along the coordinate x;

R™ (¢ 2d” : / R(xy,t) 2} tday, (n=1,2) (23)

of functions R(z1,t) = {N, M, N13, M13,%*, 011} and the corresponding boundary conditions on the
surfaces x; = +d of the beam. For the coefficients bg\],_l), bg\]/[_l), b%?\,l), b%]\/}), ]i 1 bgjl_l) (j=1,4)

of polynomials (20)—(22) we get the expressions
b\ = 3N<1> i(N* +N.), b= O N@ _ 2N SN,

2d 4d
@ _ 3 1 @ _ o 2
by = 4—2(N*+N**)—ﬁ]\f() by 4d3(N N**)—ZTZ?)N()
© _ 3y 1 W _ 5@
byt = MY = S(M. + M), bl 2dM 4d(M M.,),
@ _ 3 3 01 B3 _ 0 5 2

by _4d2(M*+M**)—ﬁM( Y 4dg(M M**)—ﬁm ),

0 3. 1 2 2 3 3 5 2
bg?,)N = §N1(3)’ b§3)N 2_dN1(3)7 bg?,)N = o2 N1(3)’ b§3)N = _273]\71(3)7 (24)
0 3.4 1 5 . (2 2 3 1 3 5 2

bgs)M = _M1(3)7 bgs)M 2dM1(3)’ bgs)M = _@Ml(?,)v bg?,)]\/[ = @Ml(s)a
3 5
+_ 9 401 + +(2 + +(1) + +(2
Co—_l/’() cl__q/,()7 & =- 2d2¢( 63__@1/,()7
o 3 a 1 2 2 3 @ 3 5 (2
b§1) = 20’51), b(1) = 2d0—§1)’ b = —ﬁf’&)v b = —ﬁf’&)-
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The systems of equations for determining the integral characteristics of (23) are obtained by aver-
aging over the coordinate x; the equations (11), (13) and (19) and these equations multiplied by the
coordinate 7.

Then the system of equations for the integral characteristics of N'(t) and N?2(t) of the function
N(z1,t) are as follows

0> 3¢ 3¢ 3c?
<— i —1> N = 2L (pF @ 4 =Wy 4 2d2 (Ne + Now) — G0V,

a;? y d22 2 (25)
<68t2 + ?;:21 + 12%) N©@ — Slié (6@ 1) 4 21;2 (N, - N..) 2o
and for the characteristics M (t) and M?(t) of the function M (331, t) is written as
(;22 + 1251 + Z—ﬁ) MO = 125_;5(¢+(1) - 1/,—(1)) 2d2 (M, + M,,) — C%q)§1)7 .
(5:2 By %) M@ = By s a) - el -

Equations for finding the characteristics of Ni5(t) and N%(t) of the function Ny3(x1,t) will be in form

0% 33 3¢ 1 1 1 1
(e +32+ 2 N = - [ - ) + (B - HD)] &

ot? d? 2h
& 33 1565\ (2 - +(2) _ - (2)
<8t2 w2 )Nl =< [2hd(¢+ ) - g () (27)

3, .m0 3
+d(F3 ) 2d

Accordingly, the system of equations for the characteristics M5 (t) and M?%(t) of the function Mi3(z1,t)
are written as

— (P + Fgfii)} :

H? 1502 365 1) 302 +(1) —(1) 362
<8t2+ h? +ﬁ>Ml3: o (1 R g (Ne = N

362(F<1>)<1) E(F? ~ F?),

h
& 15¢5  15¢3\ @) _ 93 )y 3% () @)
o e | g _ 29 - 28
<8t2+ e >M13 gV T 2h () %)
902 c M 4 30% (12
g Ve + Vo) + th p ()
33 @ | @ L 3% (@) (1)
_2_d2(F3* +F3**)+72(F3 ) :

For the integral characteristics ¢ (t) of the boundary values ¢)* (1, ) of the function 1, the system
of initial equations takes the form

82 364 +(1) 82Ti(1) +
<8t2 >¢ —cApa(l +v) BT 2d(F1* Fl**)’
9 158 PTH? | 3cd

3¢2 1 3c2
- f(Ff)( )+ 39 s01Y) 2 3,

By averaging the equation (3) along the coordinate z1, to find the integral characteristics of aﬁl) (t) of
the function 011, we obtain the following equations

2 2 2
* kok 1
(8— + ZE) o = % (aalg - >+2d (Fiu— Fl**)_a— pa(l +v)3TM — pcéujv :

8t2 8333 8333 8t2 E
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0% 15c3 (2) 3c3 (0013« 00134 3c3 3c3 )
(at2+d2>"11 2d<8:p3+ 8x3>+2d(1+ ee) = 3 (30)

0? (2 ov(1+4v)
+ ET) [pa(l + )3T — pi3—p—
Here, the upper indices “+” and “—" refer to the surfaces x3 = £1, and the lower indices “*” and “s*x”
refer to the surfaces 1 = +d of the beam, respectively;

om—1 [¢
o = 27Zln—1 / ®ozi M (s,n=1,2),
—d

ul.

)

T 9gn-1 T 9gn-1
Averaging according to the formula (23) the initial conditions (12) and (14) we obtain the following
initial conditions for the functions N, A Nl(g), Ml(g), PpEM), O’Yll) (n=1,2):

N™@©) =0, M™©0)=0, NP©)=0, MP0) =0,

W 2n—1 [4 _ n 2n—1 (¢ n_
F,;t( ) = /_dF,;ta;? 1da:1, (F,il))( ) — /_dF,gl)xl Yda,.

n n - 20F - (n
$E0) =0, oY (0) =0, NU(0) = -1 (0),
14
*(n 2aE *(n ‘(s r(s
M(0) = -1 (0), NF©0) =0, M) =0, (31)
. 2aF .
=) (0) = () (0) = — +(s)
PH0) =0, F(0) = 7 TF(0),
s . (s akb . s
o1 (0) =0, 617(0) = —7—-T(0).

Applying the Laplace transform to the equations (25)—(30) taking into account the initial con-
ditions (31), we find the transformants of the functions R(™(t). Using the decomposition theorem
and the convolution theorem, the originals of these functions are derived. Given the known functions
R (t), using the relations (20)—(22), we determine the functions N, M, Ni3, M3, /=, 011, and by
the formulas

3 x2 5 (x xs 1 x2
vlorant) =5 (172 ) Mo+ 5 (3= 5 M - 1 (1-353) wuton
1 x xs
- Z <3§ - 5h_§> ¢**($1,t), (32)
3 x2 5 (x xs
o13(z1,23,t) = 3 ( - h—§’> Nisg(z1,t) + 3 <f - h_§> Mig(x1,t) (33)

the expressions of the functions 1 and o3 are derived. Here, U, (z1,t) = ¥ + U~ U, (21,t) =
Ut — ¥~ Accordingly, the functions ¥~ and oy; are found from the relations (22). Using the
algebraic relations (4), the components o922 and o33 of the stress tensor are obtained.

1To predict the bearing capacity of a beam using the known components o11(z1, x3,t), o13(x1, 23, 1),
o92(x1, 3,1t), 033(x1,x3,t) of the stress tensor and the temperature T'(z1,x3,t), we determine by the
formula [2,4, 6]

o; = \/(0'11 — 092)2 + (022 — 033)2 + (033 — 011)% + 6075/V2
stress intensity o; and, according to the Huber—Mises criterion, compare it with the elastic deformation
limit o4 of the beam material.
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4. Conclusion

The general solutions of the dynamic problem of thermoelasticity in stresses for a beam obtained
on the basis of the above-proposed method make it possible to predict its bearing capacity under
nonstationary thermal and mechanical loadings. This method allows us to evaluate the resonant
effects of the thermoelastic behavior of a beam for four types of natural frequencies of its mechanical

vibrations
3 15 3 15
w1 =<¢C1 ﬁ’ w2 = C1 h_’ w3 = C2 h_’ wq = C2 ﬁ

and is a scientific basis for choosing safe modes of temperature and force loads of structural elements
in the form of a beam.
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Po3B's130k gnMHaMIYHOT 3a4a4i TEPMONPY>XHOCTI Y HAaNpy>XeHHSAX
Onst bpyca NpssIMOKYTHOro nepepisy

Myciit P. C.

Hauionarvrut ynisepcumem “/Ivsiscora nosimexnira”,
eyn. C. Bandepu, 12, 79013, Jlveis, Yrpaina

3alpOIIOHOBAHO METOJUKY I0OYI0BH PO3B’S3KY JIBOBUMIDHOI JIMHAMIYHOI 3ajad4i TEPMO-
MIPY?KHOCT1 y HAIIPYKEHHSX JjIs Opyca MpSMOKYTHOTrO mepepisy. 3a BuximHy BubpaHa Cu-
crTeMa piBHSIHBb y HAIIPYKEHHSX, IO OMUCYE IIOCKOmedOpMOBaHUil cran Opyca 3a HecTa-
MIOHAPHUX TeMIEPATYPHUX 1 CHJIOBHX Jill. MeTommka IPyHTYEThCS HA AITPOKCUMAIIII pO3-
TIOIiJTIB BCIX KOMITOHEHT TE€H30Pa JUHAMIYHAX HANPYXKEHb KyOITHUMU TOJIHOMAMK 38 TOB-
MMAHHOIO KOOPAWHATOIO Opyca. Y pe3yabTaTi cucTeMa BUXiTHUX JBOBUMIPDHUX HECTAITiO-
HAPHUX PIBHSHBb HA IIi KOMIIOHEHTH 3BEJIEHA JI0 CUCTEMU OJTHOBUMIPDHUX HECTAIllOHAPHUX
PiBHsHB Ha IHTErpaJibHI 38 TOBIIMHHOIO KOODIMHATOI XaPAKTEPUCTUKHU (aHAJIOIH 3yCUIb 1
MOMEHTIB) JIAHUX KOMIIOHEHT. BUKOPHCTAHO NOBTOPHY AIllPOKCUMAIIIIO 1X PO3IIO/IIIIB 38 110~
[IEPEYHOI0 KOOPJAMHATOK Opyca KyOIdHUMY MTOJIHOMAaMU. ¥ PE3yJIbTaTi 3alMCAHO CUCTEMY
3BUYAHUX [udepeHIialbHuX PIBHIHD 3a YaCOBOIO 3MIHHOIO Ha iHTErpasibHi XapaKTepu-
CTUKU aHAJIOTIB 3ycujib i MOMeHTiB. BpaxoByoun moyaTkoBi yMOBHM Ha IIi iHTErpaJibHi Xa-
PaKTEPUCTUKHU, 3HANIECHO 3 BUKOPUCTAHHSIM IT€PETBOpPEHHs Jlamaca 3a 9acOBOIO 3MiHHOO
3arajbHI po3B’s3ku 3ama4 Ko Ha iHTErpaJsibHi XapaKTepUCTUKHU 3yCHJIb 1 MOMEHTIB. 3a
OTPUMAaHUMHU TAKUM YUHOM IX BUPa3aMU 3AIMUCYIOTHCS BUPA3W KOMIIOHEHT TE€H30pa JINHA~
MIYHUX HAIIPYKEHb Ta IHTEHCHBHOCTI HAIIPyKeHb. 3allPOIIOHOBAHO KPUTEPIil /sl OIiHKU
Hecydol 37aTHOCTI Opyca. BusiBjieHO pe30HAHCHI 9aCcTOTH YOTUPLOX THUIIB g Opyca, aKi
JIAIOTH 3MOTY JIOCTIIUTH Pe30HAHCHI eheKTn ¥y OPyci 3a HeCTAIlOHAPHUX TEMIIEpaTypPHUX i
CUJIOBUX JTif.

Knrouosi cnosa: 6pyc; necmauionapti memnepamyphi i cuno6i dii; naockodedopmosa-
HUl cMmam; KOMNOKEHMU MEH30PA HANPYIHCEHD; THMEHCUBHOCTIE HANPYHCEHD; DE3OHAHCHI
YACmMomu.
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