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The paper considers the impact of the duration of competitive bidding on the organizer’s
payoff. Extending the duration of the bidding process has a two-fold effect on its results.
On the one hand, it attracts a larger number of bidders, and competition between them
leads to the better price for the auctioneer. On the other hand, such prolongation delays
the receipt of money or necessary supplies, and time has value in itself. These two con-
flicting factors suggest that there must be an optimal duration of the bidding process. We
propose a model that combines these considerations with the formal game-theoretic model
of bidder’s behavior. The procedure for determining the optimal duration of bidding has
been developed using the institutional context of Ukrainian public procurement tenders.
Derived optimality conditions have an intuitive economic interpretation and can be used
either with an empirical distribution of bidders’ reservation prices or with its analytical
representation. Practical implementation of the proposed algorithm may improve the eco-
nomic performance of the auctioneer, which may be particularly important for the public
sector of the economy.
Keywords: auction; procurement; bidding; duration; order statistic; Poisson process.
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1. Introduction

The problem of effective use of public funds and assets has always attracted a lot of attention from
economists, politicians, journalists, and the general public. One of the ways to improve the efficiency
of the public sector is to employ competitive mechanisms of economic operations. Examples of such
mechanisms are auctions and tenders, commonly known as competitive bidding.

Auctions are generally recognized as one of the most efficient ways of selling products in the im-
perfectly competitive environment. During the auction, buyers compete to obtain goods or services
by offering increasingly higher prices. The popularity of auctions has significantly increased after the
emergence of electronic trading platforms, which drastically reduced organizational costs. In the pub-
lic sector, auctions are widely used for privatization, lease of public property, sale of seized assets,
distribution of broadcast frequencies, etc.

Even more widespread is the use of reverse auctions, or tenders, for procurement of goods and
services. In contrast to auctions, the sellers compete to obtain business from the buyer and prices will
typically decrease as the sellers underbid each other. In most countries, this is the principal tool for
the provision of goods, services, and public works in government contracting.

Two competitive bidding formats which are most commonly used in public procurement are first-
price sealed-bids (FPSB) auctions and English auctions. In FPSB auctions, participants submit their
bids to the auctioneer in the closed form (classically in sealed envelopes, henceforth the name). At a
certain time which is specified in advance, envelopes are opened and the winner is selected based on
the best price, which also becomes the contract price. This procedure is still widely employed in public
procurement throughout the world.

In English auctions, the auctioneer sets the starting price. The bidders may offer a better price
(typically by a specified margin). Bidding stops when only one bidder remains or when the deadline is
reached. The winner is the one who, at the end of the auction, offered the best price, which she ends

up paying.
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In Ukraine, since 2016 all but the most mundane public purchases are carried out electronically
using the Prozorro! on-line trading platform [1]. This platform has received wide critical acclaim and
was selected by the European Bank for Reconstruction and Development as a recommended model for
reforming electronic procurement in the European Union [2]. The procedures used for procurement
are governed by the law “On public procurement” [3]. According to this legislation, the procurement
process is split into two parts:

— the solicitation phase during which applications for participation in the tender are accepted, as well
as initial bids;

— the auction phase which is run electronically among registered bidders as an English auction.
Most often, the winner of competitive bidding is selected based on the price criterion, although
it is possible to evaluate bids as a weighted average of different product characteristics (including
price).

The most important distinction of the Prozorro format from FPSB auctions is that the exact
number of bidders becomes common knowledge before the beginning of the second phase, which reduces
uncertainty for participants.

Ukrainian legislation stipulates only the minimum length of the solicitation phase (15 days), while
the actual duration of this phase is left open to the discretion of the tender organizer [3|. Extending
the duration of the solicitation phase has a two-fold effect on the tender results. On the one hand,
it may attract a larger number of bidders, and competition between them may lead to a better price
for the auctioneer. On the other hand, such prolongation delays the delivery of necessary goods and
services, and time has value in itself. These two conflicting factors suggest that there must be an
optimal duration of the solicitation phase. The purpose of this paper is the development of the model
that would formalize these considerations.

The rest of the paper is organized as follows. Section 1 reviews the related literature. Section 2
presents a procedure for estimating expected bidding results depending on the number of bidders based
on the general auction theory. Section 3 proceeds to present a simple model for determining the optimal
duration of the solicitation phase in the presence of time-dependent costs. The last section concludes
and discusses possible directions for further research.

2. Literature overview

The behavior of bidders during the auction has been the subject of intense research in economic theory,
operations research, and game theory over the past 60 years. We will provide a brief overview of the
results obtained in auction theory, which are important for the further presentation of the material. It
is useful to start with a brief overview of the most frequently used auction schemes.

In addition to the already mentioned FPSB and English auctions, there is a wide variety of other
auction procedures — Japanese, Dutch, all-pay, Honolulu-Sydney and many others [4]. The choice of
a particular bidding procedure and certain organizational settings (e.g. the starting price) indirectly
affects the strategic behavior of bidders, which in turn changes the expected auction results. In the
context of the public sector, the task of regulatory bodies is to choose such procedures and settings
that would facilitate obtaining a socially desirable outcome.

Levers of influence on the behavior of the bidders may include:

i. setting the starting price of the auction;
ii. reward scheme (e.g. in most auctions the contract price is equal to the winner’s bid, but in the

Vickrey auction it is set at the level of the second-best offer);

iii. fees for participation in bidding (in a broad sense, they should also include costs of preparing tender
documentation, technical support, etc.);

iv. magnitude of price change steps;

v. bidding deadlines, etc.

IThis means “transparent” in Ukrainian.
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Some of these tools have received considerably more attention in the literature than the others.

The impact of the procedural form of the auction on the auctioneer’s results was a subject of
intense research in economic theory since the seminal paper of Vickrey [5]. The most important result
of the auction theory is the revenue equivalence theorem [6, 7], which establishes that (under certain
technical assumptions) the expected outcome of all “reasonable” auction schemes will be the same.
Moreover, the auctioneer cannot expect to obtain better results by employing any other conceivable
auction procedure. A rigorous and thorough presentation of these results can be found in [8].

Optimal starting prices from the auctioneer’s point of view were independently and almost si-
multaneously derived by Myerson [6] and Riley and Samuelson [7]. Bulow and Roberts provided
a simple economic interpretation of these results by drawing parallels between the auctioneer and
price-discriminating monopolist [9]. Levin and Smith [10], Li and Zheng [11] considered how bidders’
strategies and the expected auction outcome will be affected by entry costs. Melnikov [12] derived
conditions when holding auctions is economically preferable to buying products on the market in the
presence of entry costs. McAfee and McMillan [13] study auctions where the number of bidders is not
known in advance. David et al. [14] consider the optimal design of the English auction with discrete
price steps.

The relationship between the duration of bidding procedures and the auction results was not com-
prehensively studied in the literature. Oliveira et al. [15] present empirical evidence that extending
the duration of bidding leads to lower procurement prices, drawing from electronic auctions run by the
Federal Government of Brazil. Zhang [16] studies how a deadline for selling a product may impact a
monopolist’s choice between posting a selling price and running a comparatively costly auction. Jus-
selin et al. [17] consider the problem of optimal auction duration in the institutional context of stock
markets. Hafalir et al. [18] study the specifics of auctions for perishable products on the example of
Sydney-Honolulu fish auctions.

The model presented below considers the issue of the optimal bidding duration in the institutional
context of Prozorro procurement auctions in Ukraine, although it can easily be extended to other
auction formats as well.

3. The model

Extending the duration of the bidding process has a dual effect on its outcome from the auctioneer’s
point of view.

The payoff from using competitive bidding is created by addressing a wider range of buyers or
sellers. Competition between them provides the auctioneer with an opportunity to obtain a better
price. From this perspective, lengthening auction duration should lead to a higher number of bidders,
which should improve the expected outcome.

On the other hand, such prolongation delays the receipt of money (for auctions) or necessary
products (for tenders), and time has value in itself. It also increases risks associated with quickly
changing market conditions and makes planning more difficult.

The tradeoff between these conflicting considerations can be formalized by the model described
below. Throughout the rest of the paper, we will talk about public procurement tenders, although the
model can be applied to auctions as well with minor modifications.

3.1. Basic setting

Assume that the buyer holds a tender for procuring a certain product at the lowest price. Bids from
potential sellers indexed by i are accepted during a time period [0,t¢]. Meanwhile, the buyer incurs
waiting costs that are proportional to the duration of this period: C(t) = ct.

Each bidder has a certain reservation value v; (i.e. the minimum price at which s(he) is willing to
supply the product), which is unknown to neither the buyer nor other bidders. We assume, however,
that these reservation values are independent random variables drawn from a common distribution with
support on [K, V]. This distribution is given by its cumulative distribution function (cdf) F(z) =
P{v; < z}, which is common knowledge among all auction participants. We will assume that the
product can always be bought at the maximum price pyax = V.
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The i-th bidder submits a single bid denoted by b;. The single bid assumption is a procedural feature
of sealed-bid auctions, but it can be applied without a loss of generality to other auction formats for
reasons that will be discussed in the next section. Individual rationality implies that b; > v;.

Finally, we will assume that the arrival of bids to the buyer is governed by the Poisson process with
intensity A. Then the probability of receiving exactly n bids during the time ¢ will be:
( /\t)" e~ (1)

n!

The contract for supplying the product will be awarded to the lowest bidder. The price paid to the
winner will be referred to as the contract price. Buyer’s payoff is the difference between the maximum
price and the contract price net of waiting costs.

m(n,t) =

3.2. Auction scheme and bidder’s behavior

The relationship between sellers’ reservation prices and their bids is rather complex and depends on
the auction scheme. The key simplifying result is the revenue equivalence theorem [6-8]. The logic
behind it is briefly outlined below.

Consider first the English auction scheme. In English auctions, bidding stops when only one bidder
remains. To do this, the winner must submit an offer that is lower than the price of the penultimate
bidder. It makes sense for participants to keep bidding as long as the current price exceeds their
reservation value. Thus, ignoring the discreteness of price change steps, the winning bid should be
equal to the second lowest among the reservation prices of auction participants.

In a seminal paper [5], Vickrey observed that the same result can be obtained with much less effort
in a second-price sealed-bid (SPSB) auction, where the winner pays the price which is equal to the
second best of submitted bids. He also proved that under such a bidding scheme, the dominant strategy
for all the bidders would be truth-telling, that is, submitting an offer at the level of one’s reservation
price. This also relieves auction participants of the need to physically attend the event.

In FPSB auctions, the truth-telling strategy cannot be optimal because it leads to zero winnings for
all the bidders. Therefore, participants’ bids will be higher than their reservation values. However, it
can be shown that in the Bayes-Nash equilibrium the winning bid would again match the second-best
reservation value?. The same result holds for other auction formats that satisfy assumptions outlined
in [19].

The revenue equivalence theorem allows abstracting away from the specifics of auction procedures
actually used in a particular setting. Without loss of generality, we can assume that the auction is held
using the SPSB scheme where it is optimal for the bidders to apply the truth-telling strategy. Hence,
the contract price would be equal to the second-lowest reservation value of participating bidders.

3.3. Estimating the contract price
In probability theory, the k-th smallest value ;) of the random vector (r1,z2,...,%,) is known as
the k-th order statistic. If components of this vector are independent and identically distributed (iid),
then the probability density function (pdf) of the k-th order statistic is given by

n!

Fo@) = G = @F @I - PP, 2)

where F(z) and f(z) are the cdf and the pdf of the components, respectively [20].
Considerations discussed in the previous section imply that the contract price p is a second order
statistic v(y) of the bidders’ reservation values (v1,v2,...,v,). From equation (2), it follows that its

2This result relies on the assumption that the number of bidders is known in advance, which may be problematic for
FPSB auctions used in public procurement. McAfee and McMillan [13] have shown that the “second best” result holds
true for FPSB auctions with a stochastic number of buyers, but averaging is required not only over the distribution of
bidders’ reservation values, but also over the priors on the number of bidders. This potentially important issue is largely
irrelevant for Prozorro auctions, since in them the bidding starts when the number of bidders is already known.
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density is given by
fo(z,n) =n(n = 1) f(z) [F(2)][1 - F(a)]"?, 3)

assuming n > 2 (otherwise v(,_1) is not defined).

If n = 0, then there is not a single participating bidder and if n = 1, there is no competition between
bidders. In a public sector context, Ukrainian legislation stipulates that in both of these cases, tenders
must be canceled and rescheduled. We will assume that in both of these cases the product will be
procured at the maximum price.

Figure 1 shows the density of the contract price distribution for the standard uniform U0, 1] (Figu-
re la) and normal N(1/2,1/6) (Figure 1b) distributions of buyers’ reservation prices.
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Fig. 1. Contract price distribution density for different distributions of bidders reservation prices:
a — uniform U|[0,1], b — normal N(1/2,1/6).

Normal distribution parameters on Figure 1b are chosen so that by the three sigma rule the bulk
of the distribution will be concentrated on the unit interval, which makes results easily comparable
with the uniform distribution case. For the standard uniform distribution F'(z) = z, f(x) = 1 and
direct substitution of these functions into formula (3) shows that the contract price will have a beta
distribution with parameters o = 2, = n — 1. For the normal distribution, the pdf of the contract
price cannot be expressed in elementary functions and was calculated numerically.

As can be seen from the graphs, the increase in the number of bidders shifts the contract price
density to the left, i.e. to the area of lower prices.

Formula (3) allows computing the conditional expectation of the procurement price given the num-
ber of bidders as:

v
E[p|n]:/v z fp(x,n)dz, n=>2,

v, - n € {0,1}.

For instance, in the standard uniform case

_ . 2
p”:mm{n——i—l’l} (5)

by the properties of beta distribution. Figure 2 shows the expected contract price as a function of the
number of bidders and the distribution of their reservation prices.

The number of participating bidders, however, itself is a random variable with a distribution given
by (1), which depends on the tender duration. Combining formulae (1) and (4), by the law of total
probability, we arrive at the following expression for the expected contract price as a function of tender
duration:

(4)

n

o0 00 ne—)\t \%
pt) =3 w(nt)p, =3 AT /V v f,(w,n) dz. (6)

|
n=0 n=2 s
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Fig. 2. Expected contract price as a function of the number of bidders.

3.4. Optimizing tender duration

Given variables defined above, we can set up the problem of optimizing tender duration as the following
cost minimization problem:

V(t) =p(t) +ct " min . (7)

First term in the above expression is a decreasing function of time bounded below by V. Second
term increases linearly with ¢. Thus, there is a unique solution to the above optimization problem.
Figure 3 shows the objective function for the standard uniform distribution of bidders’ reservation
values.
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Fig. 3. Determining the optimal duration of the auction (A = 1).

First-order conditions for the optimization problem (7) are:

— Om(n,t
= ot
Above formula has a fairly standard economic interpretation: the expected marginal benefit from
extending the auction by a unit of time should equal the marginal cost of this time.
Formula (8) can be transformed as follows. From formula (1) it follows that:
or(n,t)  n(At)"le M (At)yre ™
Eramie A o - " = ANm(n —1,t) — w(n,t)). (9)
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Plugging the above relationship into formula (8), we obtain:

> (r(n—1.6) = 7(n,0)) P = 5 (10)
n=1

L (A)e M c

> (= pae1) = (11)
n=0

This allows for a more meaningful interpretation. The expression in the left-hand side of formula (11)
is the expected reduction of the contract price from having an additional tender participant. For a
Poisson distribution, the inverse of the intensity A is the mean interval between events. Hence, the
term ¢/ on the right-hand side of formula (11) is the expected cost of waiting for an additional bidder.
Thus, the optimal tender duration is such that the expected payoff from having an extra bidder equals
the expected cost of waiting for this bidder.

Computing the objective function in (7) requires knowing the distribution of sellers’ reservation
values, which may be problematic to obtain. If there exists available information on posted sale prices,
such as catalog listings, internet ads, etc., it may be easier to employ Monte Carlo methods to estimate
pn. Given a list of prices, one can draw a random sample of n elements, and take the second-highest
price as the estimate of the result of the simulated auction. Repeating this procedure and averaging
results will yield desired estimates.

4. Conclusion

The paper proposes a simple model that allows estimating the impact of the duration of competitive
bidding on its expected results for the auctioneer. On this basis, a methodology for determining the
optimal duration of bidding, applicable to a wide range of organizational mechanisms for conducting
auctions, has been developed. The obtained formulas have meaningful and transparent economic
interpretation. Under conditions of imperfect information about the market environment, forecasting
bidding results and estimating the optimal duration of bidding can be carried out using Monte Carlo
methods.

The practical implementation of the developed mechanism will help to streamline tender procedures
and to improve their efficiency. In the commercial sector, the model can be relevant, in particular, for
online auctions for advertising placement, which take place on a permanent basis in real time [21]. The
adaptation of the model to this environment is an interesting topic for further research.
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OnTumMmisauia TpnBanoCcTi KOHKYPCHUX TOPriB HA NpuKAaai
YKPaAlHCbKUX Aep>XaBHUX 3aKyniBesib

Menbaukos O. C., Hopodees 1O. 1.

Hauvionarvhut mexnivnutd ynisepcumem “Xapriscvruti nosimerniviull itnemumym”,
eys. Kupnuwosa, 2, 61002, Xapxis, Yxpaina

Y cTarTi PO3IVIHYTO BIUIUB TPUBAJIOCTI KOHKYPCHUX TOPTiB Ha OYIKyBaHy IIHY IPOJIAXKYy
(s ayxigonis) abo 3akynisii (s rerzgepis). [TogoBXKeHHS TPUBAJIOCTI TOPIIB JBOSIKO
BILIMBA€E Ha IX pe3y/bTaTh. 3 OJHOrO OOKY, Iie HpuBabJItoe OiIbIly KLJIBKICTH yYaCHUKIB
TOpPriB, 1 KOHKYPEHIlisl MizK HUMU [IPU3BOIUTD JI0 KPAIol [HK I ayKIOHICTa. 3 1HIIO-
ro OOKy, Take 3aTAryBaHHs 3aTPUMyE OTPUMAHHSI I'poIneil abo HeoOXiTHUX pedueii, a Jac
cam 1o cobi mae minHicTh. i ABa cymepewmsi dhakTopu CBig9IaThH PO TE, MO Mae OyTH
ONTUMAJIbHA TPUBAJICTD MPOIECY TOPTiB. ¥ CTATTI 3aIIPOIOHOBAHO MOJIEJb, K& MOETHYE
BKa3aHi MipKyBaHHS 3 TEOPETUKO-IIPOBOIO MOJIEJIIIO TIOBEIHKY YIACHUKIB TOPTiB. PO3po0-
JIEHO IIPOIIE/Ly PY BU3HAYEHHS ONTUMAJIBHOI TPUBAJIOCT] TOPT'IB B iIHCTUTYIIHHOMY KOHTEKCT1
YKPalHCHKOI CHCTEMU JePXKaBHUX 3aKyliBe/ib. OTpUMaHi yMOBY OIITHMAJIbHOCTI MaIOTh iH-
TYITUBHO 3PO3YMiJy €KOHOMIUHY IHTEpIPETAIiio i MOXKYyTh OyTH 3aCTOCOBAHI K IS €M-
MPUYIHOTO PO3MOJLTY PE3ePBOBAHUX IIH YYACHUKIB TOPTiB, TaK 1 JJIsT HOTO aHAJITUIHOL
anpokcnmarii. [IpakTrdna peasizaria 3aIrpOIOHOBAHOTO IMAXOAY CHPUITUME ITOKPAIEH-
HIO eKOHOMIYHMX MOKA3HUKIB isSJILHOCTI OpraHizaTopa TOPTiB, IO € 0COOJUBO BaXKTUBUM
JUISL JIEP2KABHOI'O CEKTOPA €KOHOMIKH.

KnrouoBi cnoBa: aykuyion; 3axynieai; mopau; mpusaiicms; CMaAMUCMUKe 3aMOBAEHD;
npouec Ilyaccona.
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