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extended Heston models. A transition probability density is obtained for Heston models
with stochastic interest rates described by Vasicek and CIR processes. Option pricing
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1. Introduction

Stochastic differential equation (SDE), also known as Langevin equations [1-6], are used to model
different in their nature processes, like: financial, physical, and others. Stochastic elements of SDE are
usually based on Wiener stochastic process (Brownian motion). Each SDE system has a corresponding
Fokker—Planck equation (FP) for transition probability density of variable stochastic processes. Models
based on SDE systems and respective Fokker—Planck equation are equivalent.

Solution to the FP equation is a quite effective using path integral approach [7—10|. In particular
integral over Wiener measure is a path integral for the simplest stochastic equation which is given by
Brownian motion [10,11]|. Path integral methods are well developed for one-dimensional systems for
which path integrals are built based on solution of FP equation as well as using variable substitution
in Wiener measure [9-11]. For stochastic processes of multiple variables with multiplicative Brownian
motion there are a lot of inconsistencies between different approaches of building solution to FP
equation using path integral method [12]. In work [12] a solution to multidimensional equation was
built using path integral method. Based on this solution a solution to the two-dimensional Heston
model of asset and derivatives pricing in financial engineering [13] was found. Given solution for
transition probability density for [12] model coincides with the one found using Laplace and Fourier
transforms for FP equation in [14].

The classical Heston model [13] is an extension to the Black-Scholes model in case of stochastic
volatility, where volatility dynamics is given by Cox—Ingersoll-Ross (CIR) process. Heston model
belongs to affine diffusion processes [13] for which the structure of characteristic functions is known.
By substituting it into options price equation of the model, which is in fact an inverse Kolmogorov
equation in relation to FP equation, we find the Heston solution.

We also consider Heston model extensions that take into account stochastic dynamics of interest
rate. For interest rate we apply following stochastic processes [15-17| as Vasicek model, CIR process
and others. Some of the Heston model extensions belong to the affine models, where solutions are
found in a closed form by setting the form of characteristic function and substituting it into option
equation [15-20]. It was noted that extended Heston models are more complex because of correlation
with additional Wiener processes, that is why a closed-form solution does not always exist. In a number
of works some approximate methods are proposed for solutions and also numeric modeling using Monte
Carlo method is used [15,20,21]. A number of other extensions of Heston model are considered in the
following works [22,23].
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1342 Yanishevskyi V. S.

In path integral method we consider Heston model extensions that contain stochastic process of
interest rate. As opposed to approaches of mentioned works we will find solution to the FP equation
for transition probability density of asset price and determine formula for option price. We will also
show that in the case of correlation of Wiener process of interest rate with other stochastic processes,
the path integrals do not have analytic solutions.

2. Construction of path integral for Fokker—Planck equation

Let us consider a stochastic model of multiple variables given by the system of SDE [1,2,4]:
dXi(r) = A(X (7)) dr + Y Bij(X(7))dW;(r), i€ {l,...,n}. (1)
j=1

We use the following notation for the stochastic variables X;(7) and Wiener process increments dW;(7),
i€ {l,...,n}, 7 € [to,t]. Values A;(X (7)), i € {1,...,n} denote components of drift vector that
depend on the set of variables X;(7), B;;j(X (7)) — diffusion matrix of size n x n, whose elements
determine the local volatility of the stochastic variables ((i,5) € {1,...,n}). The Wiener processes
dWi(r), i € {1,...,n} are assumed to be uncorrelated and satisfy the following relations:

dWZ(T) dWJ(T) :(5ijd7', (Z,j) S {1,,71}

For the SDE system (1) along with application of Ito calculus the FP equation of transition probability
density of stochastic process [1,4] is the following:

0K (z,t) 1 En: 9*%ij(2)K (x,1) En: 0A;(z)K (z,t) @)

ot 2 ij=1 i=1

Here K(x,t), Ai(z), ¥;j(x) depend on set of variables x;, (¢,5) € {1,...,n}. The diffusion matrix
3 (x) is defined B(x):

x) =Y BuyBj(z), (i,j) €{1,...,n}. (3)
k=1

In the scheme of Stratonovich stochastic calculus for a number of intermediate schemas the FP equation
differs by drift value 4;(x), ¢ € {1,...,n} [4]. Solution of (2) using path integral method is given in [12].
Transition probability density of equation variables (2) which corresponds to the system of SDE (1) is
given by the following path integral [12] (see Appendix A):

K(g;,xo,t,to):/@u(T)exp< /to dT>H5<xl 0i — /t:u,-(r)dr>,

L(w(r)) = Lo(a(r) + Up(a(r)),
Lo(r(r)) = 5 D ((r) — AZ(e(r)) T () (v5(r) — A5(a (7)), @

ij=1
1 o= 9A4;(z(T 1/ =025 q(x(r " 9B.(x(7)) OB (z(T
- (e o)

Here x;(7), AS(x(7)), i € {1,...,n} are defined in formulas (61) and (66) respectively, x(7) denotes a
set of variables z;(7), ¢ € {1,...,n}, an element of functional measure in (4) is equal to:

@]w >Hmk,p% HJEM

T=to

The path integral is defined in the velocity space v;(7) [7,11,25,26|, where connection with coordinates
xi(1), © € {1,...,n} is defined in the last equality (4). For a one-dimensional use case the path
integral (4) coincides with the expression given in [11].
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3. Heston model
As it is known [13], the Heston model is defined by the following system of SDEs:

dS(r) =rS(r)dr + S(1)\/ V(1) dW,(T
av(r) =rk(@ —-V(r dT—i-O'\/V ) AW (

The Heston model is an extension of Blackacholes option pricing model in case of stochastic volatility.
First equation models price dynamics S(7) where volatility contains stochastic value V(1) whose
dynamics is given by second equation. Equation of price dynamics is a generalization of geometric
Brownian motion, whereas the second equation is known as CIR stochastic process [13]. Wiener
processes in equations (5) we consider to be correlated with correlation matrix Ry

Rydr — <§$8> (dWo(r) dWr () = (; §> dr.

As we already noted, the solutions for option price in Heston model [13] is obtained by substituting
characteristic function of given structure into option price equation. Option price equation in Heston
model was investigated by various methods [13], like already mentioned substitution of characteristic
function, and by Laplace and Fourier transforms. The option price can be expressed as the discounted
expected payoff F(S) = max(S — K, 0)

()

C(t) = e r-10) / / K(S, So, V. Vo, t,10) Fe(S) dV dS, (6)
0 0

where r is the interest rate, K is the strike price [13]. Based on (6) one can also obtain an op-
tion price equation which is an inverse Kolmogorov equation for C (t)er(t_to) with initial condition
C(t)|to1t = Fc(So). Because pay function depends only on S, we will write (6) as

C(t) = e~r10) / K(S, So, 1, to) Fo(S) dS, 7
0

where K (S, Sy,t,tp) is the transition probability density for stochastic process related to S(7), 7 €
[to, t].

As it was already denoted, the FP equation for Heston model was solved in work [14], where the
Laplace and Fourier transforms where used over variables S and V respectively, and also in [12] using
path integral method.

3.1. Heston model |

In the classic Heston model the risk-free interest rate r is considered to be a constant. The extended
Heston model takes into account stochastic dynamics of interest rate which we set using Vasicek
stochastic equation:

dS(r) =r(r)S(1)dr + S(1)\/V (1) dW,(r
AV (r) = k(@ — V(7 dT—l—O’U\/ ) dW,( (8)
dr(r) = B(p—r(r ))dT+ardWr( )-

In equation (1) we consider Wiener processes uncorrelated. System of equations for extended Heston
model (8) we will write in the matrix form

ds(r) Ws(T)
dv(r) | = A(r)dr + Bo(7) | dWy(7) |, (9)
dr(T) W,.(1)
where the following notations of drift vector and diffusion matrix of the model where used:
r(7)S(7) S(T)\/ V(1) 0 0
A(T) = H(H - V(T)) ) BO(T) = 0 Oyy/ V(T) 0 . (10)
Bu—r(r)) 0 0 o,
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We assume that in the Heston model the correlation takes place and process dW,.(7) does not correlate
with other Wiener processes. This way correlation matrix of Wiener processes Ry is the following

dW 1 p 0
Rydr = [dW, | - (dWs dWy dW,)=[p 1 0]dr. (11)
dw, 0 0 1
In order to switch to uncorrelated Wiener processes (dWS dWU dWT) we will define matrix L
dW, dW,
dW, | =L- | daW,
dw, dW,

Substituting it into (11) and taking into account that correlation matrix of uncorrelated processes
(dWS dW, dWr) is a unit matrix, we obtain the following solution

Ry=L-L".
For L we obtain
1 0 0
L=|p V1—-p2 0
0 0 1
The respective diffusion matrix B is as the following
S(T)\/ V(1) 0 0
B =BoL = | po,/V(r) ou/1-p2/V(r) 0 (12)
0 0 oy

3.2. Transition probability density of the model
Substituting drift vector (10) and diffusion matrix (12) into general formulas (4) we obtain

t t
K(S, S0,V Vo ry 7o s 10) — / ﬁumexp(— / L(de) 11 5(w,-—xoz-— / uz-de), (13)
to 1€8,r,v to

with following notations:

L(1) = Lo(7) + Uo(7),

1 (vs(1) —as(1)S(7))* | 1(we(7) —ar(7))® | 1 (1(7) — ay(7))?
L) =3 0= msmave) T2 o2 T v (14)
1 o2 3 1 1
UO(T) = 57"( ) - 32V(’7’) - gV(T) - 5(5 + K’) - Zpo-vv (15)
and also:
J(7) = PVUiT) +r( )+% (2;)/) — (2 —p2)> Vi(r) — %apav,
ar(r) = B(p—r(7)), (16)
ay(7) = %((a C1)0% — (26 + pon)V(r).
Here a = %‘9—2”“ denotes Feller parameter for stochastic process of volatility [13]. In the formulas de-

scribed, the f’ollowing reassignments were used:
2s(1) = S(7), xp(7) = 7r(7), zp(T) = V(7).
Element of functional measure (13) is defined by the following expression:
- i 1 i dr
o= (EO det(B(T))> kegm} P Do = EO \/;dy’“m’ ke tomoh (17)
det(B(7)) = V1 — p2 0,0,5(1)V (7).
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Path integrals in (13) are calculated consecutively, first over variable S(7). According to the
structure of first term in (14) we will perform variable substitution in path integral vg(7) — ¢5(7)

vs(T) — QS(T)S(T) o -
N NGO (e

Let consider a first order differential equation (18) for function S(7) (S(7) = w,(r)) with initial
condition S(t) = S and arbitrary functions V(7), ¢s(7). It is solution we will write in the following

o S(7) = exp {_ /Tt as(ri)dry — /1 - p? /Tt Vet dﬁ} §

For corresponding d-function in formula (4) we obtain

5(5—50—/t1/s(7')d7'> —>5<exp{—/tas(7)d7—m t:\/mqs(f)m}s_so) (19)

to to

Jacobian of variable substitution (18) is calculated using approach from Appendix C (see also [12])
dvs(T) L So

= S Vv —. 20
o (1] VT (20)

First multiplier of the Jacobian (20) we cancel out with (17). In order to calculate path integral over
qs(7), T € [to,t] we use Fourier transform of §-function (19) which is described in Appendix D. As a
result for path integral of variable ¢4(7), T € [to, t], we obtain

~ \/%/Dqs(ﬂ eXp<—%/: qs(7)2d7>
X %/_Zexp<—ikln%> eXp{ —ik(/tas(T)dT+ﬂ/t:qs(ﬂ\/mm')}dk

to

:\/%%/::exp{—ik(ln%—l—/t:as(T)dT)}exp{—%2(1—/)2) t:V(T)dT}dk. (21)

As it is noted in (7), the transition probability density for the stochastic process S(7) is important
for application. Let us integrate over variable r, which will reduce to the following substitution in all
expressions, given the presence of delta function 5(7‘ — 79— ftf) vp(T) dT)

s =|

T

t
7’(7’):7‘—/ Vr(Tl)dT1—>7’()+/ Vr(Tl)dTl.
T t

0
In order to calculate path integral over v,.(7) let us perform variable substitution in path integral
vp(T) = qr(7) using formula
vi(r) —an(7) _ ar (7). (22)
Op
Let us find solution to the first order differential equation (22) for r(7) (v.(7) = 7(7)) with initial
condition 7(tp) = ro. We obtain the following

r(r) =+ (ro — ) e P07 4o, / e P g, () dry. (23)
to

Jacobian of variable substitution (22) is equal to

t
g = < 11 gr>e—éﬁ<t—to>. (24)

T=to
First multiplier in (24) will cancel out with the identical multiplier in (17). For path integral over
variable ¢,(7), T € [to,t] we obtain

~ e~ 3B(t—t0) /qu(f) exp { — % /t: qT(T)2dT} eXp{ — (% + zk> /t: r(T) dT}. (25)
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Instead of r(7) in (25) let us substitute solution of (23) and after calculation of the path integral we
obtain

~ exp ( - %5@ - t0)> exp{ - (% 4 zk) /t:<r(7)> dT} exp {% <% 4 z’k>2 /t: Bt — T)2d7}. (26)

The following notation are used:
(r(1)) =+ (ro — p) e P B(r) = %(1 —e ).

It is impossible to perform similar variable substitution in path integral over g,(7) (the third term
n (14)). Since differential equation for V(1)
V(1) —ay(7)
ou\/V(T)
belongs to the Abel equation, for which no solution exist in general form [27]. Therefore, let us perform
a number of transformations. In particular, let us sum terms from (14), (15) and in exponent (21)

= qu(7)

1(vo(7) —au(1))* | - - Lo 2
AL(T) = 5 o + Uo(1) + itk as(r) + §k (1—=p°) V(7). (27)
Here values Uy(7), as(7) are defined by formulas (15), (16) without terms from r(7).

First term in expression AL(7) we will write in the form

1(1/1)(7') — a,(7))? 1 V(1) v(r)au(r) 1la

o(7)?
5 02V() 30 o) 202V(r) (28)

For terms ~ v, (7)(v(7) = V(7)) in (27) we obtain

([ (5w o) on [ (388
o { WD)} (V)

203 Vo

According to the first term (28) let us perform variable substitution

Vp(T) o -
W = Qv( )- (30)

Differential equation (30) we will solve for function V' (7) and initial condition V(t) = V:

(7—) . /t

——= = Z,(7), z2,(7) =2y — w(T1) dT,
V) (1), 2o(7) w(m)dn
we obtain

V(r) = iagzv(T)Q. (31)

Jacobian for variable substitution (30) that we calculate using approach described in Appendix C is

equal to
— ‘ < H oy > ¥ % (32)

T=to
First multiplier in the right side (32) cancels out with the respective multiplier in (17). Substituting (31)
in other terms (27) we obtain

ARG dr = L8 1 am)(t — to) 1/t .2 4 A2_i/t L ”z/t (r)2dr. (33)
T)dr == ay)(t —to) — = [ Zidr — T —— [ z,(7)%dr.
2 0 2 Je 2 to ZU(T)2 2 J

to
Following notations were introduced:

1 1 1 3
— ; — — 2 ; ; 2
’y—/i+(2+zk‘)p0v, A=a—1, w 2\/ <2+zk> <2+Zk> o5 (34)
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Path integral for expression in (33) is given in Appendix E. As a result we obtain

~ / Dq,(T) exp ( — t: AL(T) d7>

-1 (%)iexp {36 +ant—w}en{ - S0+ 10wt - w)}

v

d ))Ia_1< Ve > (35)

* sinh (w(t —to o2 sinh (w(t — o))

As in case of ordinary Heston model we transform to stochastic variable = In S% For multipliers S,
S in (21) taking into account Jacobian of variable substitution we obtain

1 45
V508 da

Multiplier (36) we will eliminate using transform k& — k + % in Fourier integral (21). We will also
perform respective transformation in expressions (26), (29), (34), (35). Let us combine given results
and write down transition probability density

K(z,V,t) = % (%)é(a_l) % /_Z exp {m(:c — /t:<r(7')>d7'>}

X exp {%oﬁ(t - to)} exp { - M} exp { _ 2(V 4 Vo)w coth(w(t — to)) }

2 2
0y Ty

t
X exp{ - 1k‘2 B(t — 7')2d7'} - d Ia_1< 5 .4 VoVw >
2 Ji sinh (w(t — to)) o2 sinh (w(t —to))

Integrating it with respect to V', we obtain the transition probability density for variable x

K(z,t) = % /_o;exp {zk‘ <3:—/t:<7”(7')> dT) } exp (%cw(t - 7fo)> exp { T F inlzti(?}?_ 1)) }

X exp < - %kz t: B(t — T)2d7'> (cosh(w(t —to)) + fySinh(;ff —to)) > _adk‘. (37)

N8

(36)

— €2,

Following is denoted:

1
v =k +ikpo,, A=a-—1, wzi\/72+k‘(k:—i)0'3. (38)

This way (37) gives solution for transition probability density for variable z in extended Heston model.
From formula (37) one can see that it defines enclosed expression for characteristic function of the
model of variable z, since integral over k has no analytic solution. From formula (37) it also follows
that K(z,t) is normalized and at the limit 5 — 0, o,, — 0 we obtain transition probability density for
Heston model [12]

K(r,f)= 5 /OO exp {ik(z — ro(t — 10)) } exp <%m(t . t0)> ox ( k0% >

oo v + 2w coth(w(t — tp))

X <cosh(w(t —tg)) + ysinh((t - to))>_°‘ dk. (39)

2w

3.3. Heston model Il

Let us consider extension of the Heston model where stochastic interest rate is described by CIR

process:
dS(r) =r(r)S(r)dr + S(1)\/V (1) dW,(T),
dV (1) = k(0 — V(7)) dr + op\/ V(1) dW,(T), (40)
dr(t) = B(p —r(7))dr + op/7r(7) dW,.(T).
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Both the volatility V' (7) and the interest rate dynamics r(7) are given by stochastic processes. Cor-
relation matrix is given as in the previous case (11). Based on (40), we will write drift vector and
diffusion matrix of the model:

r(7)S(1) S(T)\/ V(1) 0 0
A(T)=[r(0-V(1) |, B(r)=| pou/V(T) /1-p20,\/V(7) 0
Bl —r(7)) 0 0 ory/7(T)

For the given model, we obtain the path integral (13) with values:
L(7) = Lo(1) + Up(7),

Lo(r) = 1(vs(r) —as(1)S(1)* 1 (ve(7) —ar(1))* 1 (vu(7) — au(r))?
0 2 (1—p)S(r)2V(r) 2 o2r(n) 2 o2V(r)
o? 1 o2 3 1 1
Up() = T30 + 57”(7') T Rve) gV(T) - 5(5 + k) — 1P (41)
The following notation is used:

)= 22D o) 5 (22— 2 ) V) - Japen,
() = 3(an 1) 0% = fr(r),
ay(7) = %((a — 1o -2k + pav)V(T)),

and also Feller parameter o, = 206 + for stochastic process of interest rate.

The path integrals are evaluated in an analogous way to the previous case. Integral for process
S(7) is reduced to Gaussian path integral as in (21). Path integral for processes r(7), V(1) are reduced
to integrals of radial oscillator type as in (33). We do not provide the calculation details here, but only
the resulting expressions for transition probability density for stochastic variable z = In S%

K(z,t) = exp {%arﬁ(t — to)} % /_Zexp {zk <w BT Cof&)wr(t — to))) } exp {%a’y(t - to)}

k(k—i)V Bsinh(w, (t — t))\ "
X exp{_fy+2wcoth(w(t_to))} <COSh(u}r(t—t0)) + o >

X (cosh(w(t —t9)) + ysinh(w(t = to))>_°‘ . (42)

2w
Here 7, A\, w are given by (38) and also w, = %\/52 + 2ik 2.
In case of constant interest rate the expression (42) is consistent with the transition probability
density of Heston model (39).

3.4. Case of correlation for stochastic process of interest rate

Let us consider additional correlation between processes dW(7), dW,(7) for Heston model I (8). As
shown in [15], within the characteristic-function approach the model has no analytic solution in this
case. Correlation matrix of Wiener process is the following

L p pr
RH = 1% 1 0
pr 01
Respectively matrix L of transition to independent Wiener processes equals to
1 0 0
L=|r Vv1I-p? 0

P — [1=p?—p2
T \/l—pz 1_p2
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The diffusion matrix of model Heston I is the following
S()\/ V(1) 0 0
B — | 0T VT PoVE 0

rOr 1_/)2_/)2
proy = % 12 Or
Drift vector A(7) is given by formula (10). As result, we obtain the path integral (13) with the following
values:

L(7) = Lo(7) + Uo(7),

Loty = L0 —a@SOP | 100 = ) | 100 — (D)

2 (1—p2)S(1)2V(1) 2 o2 2 a2V (1)
o2
Uo(1) = %T(T) - 32Vv(7-) — gV(T) — %(5 + k) — ipav,

The following notation are used:

as(T) = PV;ET) +7r(7) + g—:(VT(T) + B(r(t) — ) VVI(T) + </;—f — %(2 —p? - p?)) V(r) — %apav,
ar(r) = B —r(r)) - %prar V(r), (43)
au(r) = 3 (@~ 1)o% — 26+ pa)V (7).

Path integrals that correspond to stochastic processes S(7), (1) are calculated similarly to (21), (25)
and are reduced to Gaussian integrals. However because of terms ~ +/V(7) in values as(7), a,(7)
in (43) given model has no analytic solution. Indeed path integrals for stochastic process V(7) in
formula (33) contain terms like

t f()\V(T)dr.

It is known that such functions have no analytical solution.
Also extended Heston model II with specified additional correlation has no analytic solution. This
follows from the fact that path integral for processes r(7), V(7) contain term

~ t Vr(T)V/V(r)dr,

and cannot be calculated analytically. This way in case of specified correlation one needs to consider
approximate methods of solving path integrals.

Let us point out that terms with multipliers ~ /r(7), ~ y/V(7) are contained in partial differential
equations for characteristic function [15]. In the work it is proposed a simple approximation for solution
of the given equation, mainly substituting them with an average value:

V(@) = (V@) VVE) = (VYD) VOV = (VY 0V ().

3.5. Option price formula

In case of stochastic interest rate, the option price formula is the following (see (6))

Ct) = <exp (- /t; r(r) dT> FC(S)>, (44)

where (...) denotes average over all stochastic processes. Option price (44) we will express in path
integral

C'(t):/</75V(T)exp<—/t;ﬂ(7')>d7> 11 5<a:i—x0i—/t:yi(7') dT> (S — K)TdSdrdV. (45)

1€8,1,v

Here L(7)) in the considered models (13) and (40) will be defined by respective values with only one
variation, which is that in formulas (15) and (41) the following substitution should be introduced
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Uo(7) = Uo(T) +7(7). (46)
As a result for path integral (45) we obtain the following
C(t) = / (— / F(k) etk dk> (Soe” — K) du. (47)
In 5£0 27 —00

Here F'(k) is determined by a fairly simple way based on transition probability densities (37) and (42),
and substitution (46).

We now transform (47) by changing the order of integration. For that we will perform shift in the
complex plane {k., ks}, k = ks + i ks. This means that in the first term

soi / F(k:)< / eikxexdx>dk—Ki / F(k)( / e““dx>dk
2m J o lns—lg 21 J lnS—I;

we will perform shift £ — k4 ¢ (1 4 ¢), and in the second one — k — k +ie (¢ > 0). Also, using the
know formula 1

1 .
e PE —imd(k),
after integrating over & we obtain
C(t) = SoP) — K Py, (48)
where the following notations are used
1 L [ F(k+1) ikmf
Pl—aF(”‘%/_mTe ok, )
1 1 [* F(k) ikmE
P,=-F(0) — — So dk.
> =50 27r/_oo ke

Integrals in (49) are considered in the sense of principal value.
For Heston I model, we compute the value F7(k) based on (37) and substitution (46)

Fi(k) = exp (-(1 +ik) / t<r(7)> d7-> exp @w(t _ t0)> exp <_ k(k —i)Vy >

to v + 2w coth(w(t — tp)) )

0 2w

Correspondingly, we obtain the value Fry(k) for the Heston IT model

Frr(k) = exp <%(ar5 +ay)(t — tO)) exp <_5 + QWi(io:—hilftJ)r?gg - 750)))

k(k —1i)Vp Bsinh(w, (t — to))\
P <_7 + 2w coth(w(t — to))) <COSh(Wr(t —to)) + Beo >

X <cosh(w(t —tg)) + ’ysinh(;ui)t —t) > h .

Here w, is given by expression w, = %\/52 +2(1 + ik)o?.
For the Heston I model we obtain:

Fili) =1, F(0) = exp <— /t:<r(7-)>d7-> exp (% /t: B(t—7)2d7> .

Expression F7(0) coincides with the time structure of interest rate in Vasicek model [3,24]. Likewise,
for the Heston II model we find the following:

Fri(i)=1,  Fr;(0) = exp (%arﬂ(t - tO)) eXp <_5 T 2wp coil:?wo(t — to)))

X <cosh(w0(t —to)) + fsinh(wo(t tO))>_ar , wo = 3v/B%+ 202

ZWQ

Value Fr7(0) determines time structure of interest rate in CIR model [3]. In case of constant interest
rate, values F7(0) = Fr7(0) = e~"0(t=%0) set a discount multiplier and formulas (48), (49) coincide with
the standard Heston model [13].
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4. Conclusions

The path integral method has been applied to the multi-dimensional Fokker—Planck (FP) equation
corresponding to a system of stochastic differential equations (SDEs). A path—integral representation
of the transition probability density for the underlying stochastic variables has been obtained, which is
equivalent to the solution of the associated SDE system. The obtained path integrals were then used
to analyse extended Heston models in which the short rate (7) is governed by an additional stochastic
equation: by a Vasicek process in the first case and by a CIR process in the second.

Closed-form expressions have been derived for these extended Heston models in the absence of cor-
relation between the Wiener processes driving S(7) and r(7), and an option—pricing formula with the
standard Heston-type structure has been obtained. In the presence of additional correlation involving
the interest-rate Wiener process, the models no longer admit analytic solutions, so approximate meth-
ods must be employed to evaluate the corresponding path integrals. These and related issues will be
addressed in future work.

A. Appendix

We obtain solution to the FP equation (2) using path integral method with slightly modified approach
from [12]. Let us write the FP equation (2) using operator form

OK (z,1)

= —HK(z,t
= (),
where H is the operator of FP equation
1~ 07
- _ - 50
"0 2 G +Zaxl (50)

Solution for the transition probability density of stochastic variables we will build based on operator
exponent

K(x,x0,t,t0) = e~ tt0)H ﬁ&(ml — Zp;). (51)
Formula (51) sets the solution of Cauchy problem for FP: elquation with the following initial condition
K($,$07t7t0)|m0 H5 i — T0;)-
Next let us write operator (50) in identical form

14
H:—ikZ_IP;erU(w). (52)
The following operator notations are used

Pk—ZB,k ——pk() ke{l,...,n} (53)

Values U(z) and pg(x), k € {1,...,n} we will determine using operators (50) and (52) equality
condition. After a number of transformations we obtain a system of equation for determining py(z),
ke{l,...,n}:

Zsz(x ( Z aBjk > Az(l’) — % Z 8B8Z:];§:E) Bjk(l’), 1 E {1, c. ,n}, (54)
k

km]:l

and also expression for U(z )

Z Ly Bl ),
=1 kz 1 v (55)
8sz
Pr(x) = pr(z) Z ke{l,....n}.
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From the system of equations (54) it follows that representation (52) is correct if matrix By (z),
(i,k) € {1,...,n} is inversible and the system of equations (53) is unambiguously solvable for py,
k € {1,...,n}. For operator exponent in (51) taking form (52) into account we will apply Gaussian
path integral [11,12,25,26]

e~ (t—to)H /Dq exp<——2/ (T dT>Texp< Z/ ’Pde—/t:U(w)dT>. (56)

Following notations are used:

L dr
T)= Dqi(t), D d (57)
k];[l 0 k(T H \ o Bk (T

T=to
symbol ‘T specifies chronological ordering of operators.
Until now the layout repeats those given in [12]|. For further transformations of operator exponent
in (56) we will use methods given in Appendix B. Hence operator in T-exponent (56) we will write as

a sum of two terms:
0
Bii(
=3 (L s o2

i=1 =
= - Z @k (T)pr () + U(x).
k=1

Effect of the operator in (56) we will represent according to the formula (72) given in Appendix B. It
is obvious that one needs to determine the effect of operators ©(r) and ©(7)~! on variable ;:

zi(1) = O(1) 'a;0(7), i€ {l,...,n}, TE][to,1]. (58)

By differentiating left and right parts (58) with respect to 7 we obtain the following system of differential
equations for value z;(7):

#i(r) = O(7) " (ho(7) wi — @i ho(7 ZBZ,c a(r), ief{l... n} (59)

Here the properties of (73) are used (Appendix B).
The system of equations (59) we will also write in the integral form:

_Z/ Bin(x(7)) qp(r)dr, i€ {l,...,n},
E=1YT

where it is taken into account that x;(t) = z;,i € {1,...,n}.
This way effect of differential operators in (56) is applied and for (51) we obtain

K (2, 20,1, to) = /'Dq(T) exp<—%§n:/t () d7>
xexp(z [ anatrnar— [(Uanar) a0 - 0. ©0)

to i

Next step we perform variable substitution [25] in the path integral (60):

- tBZ- (x(7)) qr(7) dr = x; — tV,-(T Ydr, i1e€{l,...,n}. (61)
Zk:/T k gk /7- 1 1

Differentiating (61) with respect to 7 we obtain the following connection between variables ¢;(7) and
vi(t) (i €{l,...,n}): .
Y Bu(a(n) au(r) = vi(r), i€ {l,...,n}. (62)
k=1

As a result, for transition probability density (51) we obtain solution in a form of path integral
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K(z,z0,t,to) = /Dz/ Jexp<——2/ vi(T ))yk(f)d7>

i,k=1

xexp<i§n; /tt (7)) B (@(r)) vs(r) dr — /t d7> H5<3:2 0; — /tt ui(f)dT) (63)

Values pi(z), k € {1,...,n} and U(x) are defined in formulas (54) and (55). Jacobian J of vari-
able substitution (62) is defined in Appendix C. Elements of functional measure Dv(7) are given in
formula (57).

Let us perform a number of transformations in formula (63). In particular, the term in exponent (63)
and the Jacobian term (75) we will transform the following way, taking into account equation for

pr(z(r)) (54) §
Z pr(z(7)) Byt (z(7)) vi(r) + % Z MB;Z-I(%(T))W(T)

ikh=1 ki =1 Oz,
= 3 gt (et~ g ). o)

where matrix Z( ) is defined in formula (3). For U(z) (55) after similar transformations we obtain

¢ c 1 = QA (z(T
LS (el 5 () Al >>+§Z#

i,j=1 i=1

4 Zn: 8Bjk aB,k Z sz 8 Bjk(x(T))‘ (65)

8:E 0x;0x;
,jk 1 J ,jk 1 v J

The following notations were used

ALa(r) = () = 53 W (66

j=1
The last three terms in (65) can also be reduced to the form
}Z": 9Ai(z(r)) 1 Z": 0°%ij(x(r)) 1 Z": 0By (z(7)) OBk (x(1))
2 i1 axl 82, — axlax] 8 e E?xz ax]’ '
J 0.,
Term (64) and the first terms in (65) we join with the term ~ v;(7)v;(7) in exponent (63). As the
result of mentioned transformations we obtain the path integral (4).

B. Appendix

Let us consider operator T-ordered exponent

R =Texp (- tiz(T) d7> . (67)

to
As it is known [7], formula (67) is a form of the following Dyson series
T R T T1 R R
R=1- / h(m) dm +/ / h(r) h(rs) drydra + .. (68)
to to Jto
Operators h(7) at different moments of time do not commutate
h(Tl)h(Tg)—h(Tg) h(Tl) 750. .
Effect of operator exponent (67) implies descending ordering of the operators h(7) by time variable
T > T2 > ... (68).
Let us set operator h(7) as a sum of two terms
h(r) = ho(T) + ha (7).
The operator exponent (67) we will write in the form

R=U(t)Texp (- /tt B (7) d7> . (69)
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Here the following operator notations were used:

U(r) = Texp (-/ ﬁo(n)dn) , W) =U@@) " ha(r) Ulr),
to
where U(7)~! denotes inverse operator. Operator U(7) satisfies differential equation:

U(r) = —ho(r)U(r), Ulto) =1,

where I is a unary operator. For the inverse operator U ~!(7) we have the following equation

~1
WO v ho(). V) =1
Operator exponent (69) we also write in the form
R =Texp <— tt h (7) d7> Ut), (70)
where R
hi(t) = O(r) thi(r)O(1), O(1)=U(r)U(t)" . (71)

From (71) it follows that the equality U(t) = ©(tg) ! is valid. Operator R in (70) we will write in the
form

) d7> O(ty) . (72)

to

R =Texp (—

For operators ©(7) and ©(7)~! we obtain equation:
O(1) = ~ho(r) O(r), O(t) =1,
1 X (73)
0 o) hg(r). o) =1

Solving equation (73) for ©(7) using iteration method we obtain for operator ©(7) a Dyson series (68)

t t t
@(T):l—i-/ hQ(Tl)dT1+/ / hQ(Tl)hQ(Tg)dTldTg—l—...,
T T T1

which, using ordering operator we will write in the following form
¢
O(1) = T exp </ ho(T1) d7'1> . (74)

Here T shows that operators ho(7) in (74) are ordered ascedingly by time variable contrary to (68).

C. Appendix
Jacobian of variable substitution (62) is equal to the functional determinant
_ || 94k (7)
(T |

Taking into account expression (62) we obtain

" OB MNa(r
J= HB,;;(:E(T)) Sr—r) =" 0By (7)) 0(r" —7)vi(1)||-

0x;
=1 ‘

After some transformation we write Jacobian in the following form

(T ! e (e ) S OBry(a(n)
g —(J}Odetw@(fm) G 8l =) +8(7 = 1) )

£ Oy,
i,j=1
Methods for calculating Jacobian are given [11,12,25] and as a result we obtain the following

(H det(B )eXp< kZ / 8Bk§xk B! (a(r)) vi(r) d7>. (75)

2]1t

B! (&(r)vi(r)| .
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D. Appendix

Let us consider a Fourier integral expansion of §-function
1 [ -
5(Se” — Sp) = — k) e d.
(57— 50) = 3= [ re
Using inverse transform we find f(k)

(k) = / 5(Se” — So) e dy = Sieiklnw/sox

oo 0

As a result we obtain

1 >
5(5696 — So) = 5750 /_Oo etk(@+In(S/50)) g,

E. Appendix

The path integral in (33) form is known for the problem of radial oscillator and has analytic solution |7,
12,28]. In “velocity” variables for the integral we find:
t1 2,2
/t Z(T)2dT} 6(2(t0)? — 25)

/Dq(T) exp <—% /t:z(f)%h) exp {—%uﬂ /t:z(f)%h _ % ()\2 _ i) O
_ %eXp {—%( 2 4 22Vw coth(w(t — to))} \/%Smh(wz‘; —77 b th(ﬁei to))> ,

) =2 [ atm)in.

where I (z) is the modified Bessel function.
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Po3s’sazok poswupennx mogenen lNectona
B MeTogi (PYyHKLIOHANbHOro IHTEerpyBaHHA

Suimescekuii B. C.

Havionaavruti ynisepcumem “JIvsiscora nosimexnixa’,
eyn. C. Bandepu, 12, 79013, Jlveis, Yxpaina

Meron dyHKIiOHAIBPHOTO iHTErpady pO3BHHYTHI B pOOOTI aBTOpa 3aCTOCOBAHO IO
pO3B’si3aHHsT pO3MMUpeHnx Mozeseit [ecrona. 3HalileHO TYCTHHM yMOBHUX HMOBipHOCTEH
st Mojieneit I'ecrona 31 cToxacTMYHMME BiJICOTKOBHMH CTaBKaMU, IO 3aJaI0ThCH CTO-
xacTuaauME 1ponecamu Baciueka i CIR. [Ijis 000x BunaJkip 3HaiigeHi ¢popMyJin IiHA
oniioHiB. 3HalijieHi TOYHI PO3B’A3KM MaIOTh MICIle 3a BiJICYTHOCTI KOpeJIsiliil BiHEpiBCHKOTO
MIPOIIeCy BiJICOTKOBOI CTABKH 3 BIHEPIBCHLKUMH IPOIECAMHU IIHU aKTUBY YU BOJIATUILHOC-
Ti. YV BUNAJKy HAasSBHOCTI BKA3aHOI KOPEJISIii MOJIEIi He MalTh TOYHOTO PO3B’si3KY, IO
Y3TO/IKYETHCS 3 PE3Y/IbTATAMU IHIIHUX POOIT.

Knto4vosi cnoBa: cmoxacmuyuna modeas; YmosHa UMmosipricms; Gynkyionasvhud irme-
2pan; modeav Iecmona; poswupena modeav I'ecmona.
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