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Researchers have formulated the Brinkman–viscoelastic model to study the convective
heat transfer of viscoelastic fluids traversing porous media recently. Nevertheless, they
did not employ nanofluids. Currently, scientists and researchers are employing nanofluids
and hybrid nanofluids in their studies, products, and technologies due to their ability to
enhance the transfer of heat. Therefore, the aim of this research is to study the heat
transfer of a viscoelastic fluid with nanoparticles as it moves over a horizontal circular
cylinder in a saturated porous region at the lower stagnation point. The model, described
by a collection of partial differential equations, is simplified into solvable equations by
utilizing non-dimensional and non-similarity variables. The simplified system of equations
is then solved using the Runge–Kutta–Fehlberg technique and the outcomes are verified
through comparative study. It has been found that the temperature goes up when the
Brinkman parameter, the viscoelastic parameter, and the volume fraction of nanoparticles
are all raised. This temperature rise indicates convective heat transfer.
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1. Introduction

Convective heat transfer refers to the process of transferring thermal energy between a surface and a
fluid as a result of the fluid’s movement. It is a common occurrence in various engineering and industrial
processes. Convective heat transfer involves two types of fluids: Newtonian and non-Newtonian.
However, these fluids are not as efficient as metals when it comes to heat transfer. To address this
issue, the thermal conductivity of the fluid can be enhanced by incorporating nanoparticles into the
fluid [1]. Choi and Eastman introduced the term “nanofluid” in 1995, and subsequent research at the
Argonne National Laboratory established the concept of nanofluid [2]. Nanofluids have demonstrated
a thermal conductivity twice as high as traditional fluids. As a result, nanofluids have been suggested
to exceed the performance of heat transfer of fluids [3].

Convective heat transfer in porous mediums has numerous thermal engineering applications, includ-
ing fiber and granular insulation and geophysical thermal and insulation engineering. Mathematicians
engage in the theoretical study of heat transmission in porous medium by developing and solving
mathematical models. There are many research have been conducted to study the flow of fluid and
nanofluid through porous medium. Reference [4] is a study that built upon the research conducted
by [5] on porous medium. They replaced the ordinary fluid with nanofluid, analyzed the flow and
specifically focused on the impact of nanoparticles on the natural convection occurring past a vertical
plate, utilising Buongiorno’s model. There are several mathematical models have been developed and
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mainly used in studying and describing flow of fluid through porous medium. The Brinkman model
is one of those mathematical models. A combination of models also has been developed to analyze
heat transfer of fluids with varying properties. The work [6] combined the Brinkman model as used
in [7] and viscoelastic model as mentioned in [8], resulting in Brinkman–Viscoelastic model to analyze
convective heat transfer of viscoelastic fluid flowing through porous medium.

Regarding nanofluids, there exist multiple models for studying the convective heat transfer of
nanofluids. Notably, the Tiwari and Das and Buongiorno models are widely recognized in this field.
The Tiwari and Das model analyses the nanofluid’s behavior by taking into account the nanofluid’s
solid volume fraction. For this research, the Tiwari and Das model is employed which has demonstrated
successful application in numerous studies [9–14].

As previously noted, nanofluid has a better capacity to transfer heat, therefore this study comple-
ments the work [15] by changing the conventional viscoelastic fluid with viscoelastic nanofluid. All in
all, the main goal of this study is to combine the Tiwari and Das model and Brinkman–Viscoelastic
model and use this new combined model to examine mixed convective heat transfer at lower stagna-
tion point of viscoelastic fluid containing nanoparticles flowing over a horizontal circular cylinder that
is saturated in a porous region. Since this study concentrates on a horizontal circular cylinder, the
stagnation point is where the vertical flow first hits the bottom of the cylinder.

2. Mathematical formulation

Referring to the advancement of Brinkman model when including nanofluids investigated by [16] from
their previous work in 2003 [7] and research by [2] and [17], there will be some changes in momen-
tum and energy equations. The parameters in the governing equations represent the characteristics
of nanofluids, namely µnf , (ρCp)nf and αnf representing dynamic viscosity, heat capacitance and
thermal diffusivity of nanofluid respectively. Let the horizontal circular cylinder that is embedded in

Porous medium

Lower stagnation point

Fig. 1. The problem’s coordi-
nate system and model.

porous medium has radius a. It is assumed that it is independent of
the nanoparticle size and nanoparticle is introduced in mass/volume
fraction. Tw and T∞ are used to represent the constant temperature
of the cylinder surface and constant ambient respectively. ūe (x̄) =
U∞ sin (x̄/a) is the external flow’s velocity and the coordinate x̄ repre-
sents the measurement from lower stagnation point along the surface
of the cylinder [18]. The free stream velocity denoted by 1

2U∞ is di-
rected in the vertical upward direction relative to the cylinder, while
the symbol g represents the acceleration of gravity.

Figure 1 depicts the problem’s physical model along with the coor-
dinate system. Given that the study is centered at the lower stagnation
point, variables x̄ and ȳ are assigned specific values. In particular, x̄
is set to 0, while ȳ is chosen to be perpendicular to the surface of the
cylinder. Based on the specified assumptions and the boundary layer
approximation, the nanofluid parameters utilized by [16] and [2] are in-
corporated into the fundamental governing equations of the Brinkman–
viscoelastic model proposed by [15], resulting in the governing equa-
tions for this study,
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∂x̄∂ȳ2
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∂ȳ

∂2ū
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Equations (1)–(3) represent the continuity, momentum, and energy equations of the study, respec-
tively, subject to the Constant Wall Temperature (CWT) boundary condition

ū = 0, v̄ = 0, T = Tw on ȳ = 0,
ū→ ūe, T → T∞ as ȳ → 0.

(4)

Here T is the fluid temperature, p̄ is the fluid pressure, ϕ is the volume fraction of nanoparticle, µf is
the viscosity of the fluid fraction, βs and βf are the thermal expansion coefficients of the solid and of
the fluid, respectively, ρs is the density of the solid fraction and ρf is the density of the fluid fraction.
The relations between nanofluid and conventional fluid are given by [2, 16]

µnf =
µf

(1− ϕ)2.5
, αnf =

knf
(ρCp)nf

, (ρCp)nf = (1− ϕ) (ρCp)f + ϕ(ρCp)s,

knf
kf

=
(ks + 2kf )− 2ϕ (kf − ks)

(ks + 2kf ) + ϕ (kf − ks)
.

(5)

The variables in the equations are defined as follows: knf represents the nanofluid’s effective thermal
conductivity, kf represents the fluid’s thermal conductivity, ks represents the solid’s thermal conduc-
tivity, (ρCp)nf represents the nanofluid’s heat capacity, (ρCp)f represents the fluid’s heat capacity
and (ρCp)s represents the solid’s heat capacity [19]. Carboxymethyl Cellulose (CMC) is a viscoelastic
fluid, and [20] assessed its application as the base fluid in a microchannel heat sink (MCHS), revealing
that it possesses a perfect heat transfer ratio. Copper is a nanoparticle with excellent thermal conduc-
tivity, along with others such as Arabic Gum (Ag) and Aluminium (Al) [21]. The base fluid utilised in
this study is Carboxymethyl Cellulose (CMC) water, and the nanoparticle employed is Copper (Cu).
Table 1 shows the thermophysical properties of these two materials [2].

Table 1. Base fluid and nanoparticle thermophysical properties [22].

Physical Density Heat capacity Thermal Coefficients of
properties (kg/m3) (J/kg·K) conductivity thermal expansion

(W/mK) (1/k)

Base fluid (CMC) ρf = 997.1 (ρCp)f = 4179 kf = 0.613 βf = 21
Nanoparticle (Cu) ρs = 8933 (ρCp)s = 385 ks = 400 βs = 1.67

To solve the nonlinear equations (1)–(4), reducing them to non-dimensional form by incorporating
non-dimensional variables followed by similarity transformation to simplify the equations into less
complex partial differential equations is necessary. The employed non-dimensional variables are defined
as [19, 23]:

x = x̄/a, y = Pe1/2 (ȳ/a) , u = ū/U∞, v = Pe1/2 (v̄/U∞) ,
θ = (T − T∞)/(Tw − T∞), ue(x̄) = ūe (x̄) /U∞, p = (p̄− p∞) /

(

ρnf U
2
∞

) (6)

with porous medium modified Peclet number Pe = U∞a/αm. Substituting (6) into (1)–(4), the follow-
ing boundary layer equations are obtained:
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u = 0, v = 0, θ = 1 at ȳ = 0,
u→ ue, v → 0, θ → 0 as ȳ → ∞.

(10)

Upon obtaining the non-dimensional form of the equations, the similarity transformation variables
defined below are employed to convert the equations into solvable equations,

ψ = x f(x, y), θ = θ(x, y), (11)

with ψ represents the function of stream while θ represents the fluid’s temperature and both are defined
as u = ∂ψ

∂y and v = −
∂ψ
∂x . The transformed and solvable system of equations is shown below,
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f(x, 0) = 0, f ′(x, 0) = 0, θ(x, 0) = 1 at y = 0,
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sinx

x
, f ′′(x,∞) → 0, θ(x,∞) → 0 as y → ∞.

(14)

At the lower stagnation point, the value of x is 0, allowing (12) to (14) to be expressed in a simplified
form of differential equations as demonstrated below,
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with the boundary condition

f(0) = 0, f ′(0) = 0, θ(0) = 1,
f ′(∞) → 1, f ′′(∞) → 0, θ(∞) → 0.

(17)

The primes represent derivatives relative to y, with Γ = Da
φ Pe [6], φ =

µf
µ̃ [2], λ = Ra

Pe [19] and

k1 =
k0KU∞Pe

µa3
[6] being Brinkman, porosity, mixed convection and viscoelastic parameters, respectively

and Da = K
a2

[6] and Ra = g Kβ(Tw−T∞)a
αmv

[15] being Darcy and Rayleigh numbers respectively, and µ̃ is
the effective dynamic viscosity.

The skin friction coefficient Cf is a crucial dimensionless parameter that characterizes the behaviour
of the convective boundary layer, representing the shear stress at the surface resulting from viscous
forces when a fluid flows over it. It is defined as follows [2]:
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∂x̄∂ȳ + v̄ ∂

2ū
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is the wall shear stress [2]. After conducting

non-dimensional and non-similarity transformations using (6) and (11), the skin friction (18) turns
into

Cf =
1

(1− ϕ)2.5
Pr

Pe1/2
x f ′′, (19)

where Pe and Pr are Peclect number and Prandtl number respectively.
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3. Results

The simplified equations (15), (16) and (17) are then numerically solved using the Runge–Kutta–
Fehlberg method, which has its built-in program in the Maple software. The solution are solved for
several values of mixed convection λ, Brinkman Γ, viscoelastic k1 parameters and nanoparticle volume
fraction ϕ. For generating asymptote boundary conditions, the boundary layer thickness for this study
is set within the range of 8 units. The simulations utilize a fixed parameter of mixed convection, with
a value of λ = 1 for assisting flow, unless otherwise specified. In order to validate the findings, the
results of this study are compared with the results documented and published in [7] and [15] as shown
in Table 2. From the table, it can be seen that there is a lot of agreement in the result that validates
the suggested calculation correctness.

Table 2. Comparison for values of f ′′(0) and −θ′(0)
with Γ = 0.1, k1 = 0, ϕ→ 0 and several value of λ = 0.5, 1, 2, 3.

λ f ′′(0) −θ′(0) f”(0) −θ′(0) f ′′(0) −θ′(0)
[7] [7] [15] [15] This study This study

0.5 4.3999 0.7240 4.3999 0.7239 – –
1 5.5923 0.7791 5.5922 0.7790 5.5923 0.7790
2 7.8768 0.8706 7.8767 0.8705 7.8768 0.8705
3 10.1613 0.9460 10.1612 0.9458 10.0613 0.9458

Figure 2 illustrates the variations in temperature and fluid velocity profiles as the value of Brinkman
parameter Γ is altered. The value of Γ varies from a range of 0.2 to 2.0, as indicated by the research
conducted by [17]. From Figure 2a, it is identified that the velocity decreases as the Brinkman pa-
rameter Γ increases, this phenomenon may be attributed to the enhancement of drag force resulting
from the relative velocity between the horizontal circular cylinder and the fluid. As the Brinkman
parameter increases, there is an increase in the temperature growth as shown in Figure 2b.
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Fig. 2. Impact of Brinkman parameter Γ.

Further, the value of f ′′(0) and θ(0) are calculated and presented in Table 3 for k1 = 0.01 and
several values of λ and ϕ as used in [15]. The results of [15] for the Brinkman–viscoelastic fluid model
were also included in this table. It can be seen that when the value of ϕ is set to be 0, the outcomes
for the Brinkman–viscoelastic nanofluid model are identical to the Brinkman–viscoelastic fluid model.
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Table 3. Values of f ′′(0) and −θ′(0) for ϕ = 0, 0.01, 0.02, 0.03, 0.04 and various value of λ.

λ f ′′(0) −θ′(0) f ′′(0) f ′′(0) f ′′(0) −θ′(0) −θ′(0) −θ′(0)
[15] [15] ϕ = 0 ϕ = 0.02 ϕ = 0.04 ϕ = 0 ϕ = 0.02 ϕ = 0.04

0.1 3.1752 0.6623 3.1752 3.0394 2.9054 0.6623 0.6283 0.5957
0.2 3.3972 0.6747 3.3927 3.2500 3.1086 0.6747 0.6403 0.6072
0.3 3.6068 0.6866 3.6068 3.4570 3.3090 0.6866 0.6518 0.6183
0.4 3.8175 0.6980 3.8175 3.6616 3.5066 0.6980 0.6628 0.6290
0.5 4.0252 0.7089 4.0252 3.8630 3.7016 0.7089 0.6734 0.6393
0.6 4.2300 0.7195 4.2300 4.0617 3.8940 0.7195 0.6837 0.6492
0.7 4.4317 0.7297 4.4317 4.2578 4.0841 0.7297 0.6936 0.6587
0.8 4.6310 0.7396 4.6310 4.4514 4.2718 0.7396 0.7031 0.6680
0.9 4.8276 0.7491 4.8276 4.6426 4.4573 0.7491 0.7124 0.6770
1 5.0218 0.7583 5.0218 4.8315 4.6408 0.7583 0.7213 0.6857

Figure 3 shows the impact of the viscoelastic k1 parameter on the temperature and velocity of the
fluid. The values of k1 vary from a range of 0.5 to 3.5, as indicated in [17]. Referring to Figure 3a,
as the value of k1 increases, the velocity of the fluid drops. It demonstrates that the speed decreases
when there is an increment in viscosity. While for temperature, it exhibits an inverse correlation with
the increase in the value k1 as shown in Figure 3b. This phenomenon arises from the fluid’s viscosity
and elasticity properties.
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Fig. 3. Impact of viscoelastic parameter k1.

Figure 4 illustrates the relationship between different mixed parameter values λ in velocity and
temperature. The value of λ varies from a range of 1 to 4, as indicated in [17]. It can be seen that
the velocity increases as the parameter λ increases Figure 4a. It has been determined that the velocity
exceeds the expected limits for high λ values. Divergent patterns have been noted in the temperature
profile where the convective heat transfer decreases as the value of λ increases resulting in a fall in
temperature as shown in Figure 4b.
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Fig. 4. Impact of mixed parameter λ.

Figure 5 illustrates the velocity and temperature patterns for varying nanoparticle volume fraction
ϕ. The value of ϕ varies from the range 0 to 0.4, as indicated in [2]. Both velocity and temperature
profiles exhibit an increasing trend as the value of ϕ increases from 0 to 0.04. The rise in temperature
may be attributed to the thermal conductivity of the nanofluid.
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Fig. 5. Impact of nanoparticle volume fraction ϕ.

Figure 6 illustrates the velocity profile of Brinkman viscoelastic fluid and Brinkman viscoelastic
nanofluid under λ = 1, λ = 0.1 and k1 = 0.3. The velocity profile of Brinkman viscoelastic nanofluid
with a value of ϕ = 0.2 (dash line) is greater than that of Brinkman viscoelastic fluid (full line).

Mathematical Modeling and Computing, Vol. 12, No. 1, pp. 187–196 (2025)



194 Fauzi F., Kasim A. R. M., Kanafiah S. F. H. M.

0 1 2 3 4 5 6 7 8

1

0.8

0.6

0.4

0.2

0

Fig. 6. Velocity of Brinkman viscoelastic fluid vs Brinkman viscoelastic nanofluid.

This study examines the skin friction at the lower stagnation point, when x = 0, resulting in a
Cf of zero at that point. Skin friction arises from the tangential movement of fluid particles across
a surface and is directly correlated with the shear stress resulting from the velocity gradient close to
the surface. At the stagnation point, the fluid velocity relative to the surface is zero, as the flow stop
entirely at that location. Because of that, the shear stress and skin friction are likewise zero.

4. Conclusion

This research investigates the issue of mixed convection boundary layer flow around a horizontally
oriented cylinder, concentrating on the lower stagnation point with a constant wall temperature within
a porous medium saturated by a viscoelastic nanofluid, utilising the Brinkman–viscoelastic model and
the Tiwari and Das nanofluid model. The analysis examines the impacts of the Brinkman parameter,
mixed parameter, viscoelastic parameter, and nanoparticle volume fraction on the velocity f ′(y) and
temperature θ(y), which can be summarized as follows:

1. An increase in the value of Brinkman and viscoelastic parameters resulted in a reduction of velocity.
2. An augmentation in the fraction of nanoparticle volume and mixed convective parameter led to an

enhancement in velocity.
3. An increase in the value of Brinkman parameter, viscoelastic parameter and nanoparticle volume

fraction resulted in an increase in temperature.

This study, concentrating on the mixed convection heat transfer at the lower stagnation point, may
provide a foundation for subsequent investigations into the flow dynamics surrounding a horizontal
circular cylinder from that point.
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Змiшана конвекцiя нанофлюїду в нижнiй точцi застою
горизонтального круглого цилiндра:

в’язкопружна модель Брiнкмана

Фаузi Ф.1,2, Касiм А. Р. М.1, Канафiя С. Ф. Х. М.2

1Центр математичних наук,
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Дослiдники нещодавно сформулювали в’язкопружну модель Брiнкман для вивчення
конвективного теплообмiну в’язкопружних рiдин, що проходять через пористi сере-
довища. Проте вони не використовували нанофлюїди. Наразi вченi та дослiдники
використовують нанофлюїди та гiбриднi нанофлюїди у своїх дослiдженнях, продук-
тах i технологiях завдяки їхнiй здатностi покращувати передачу тепла. Тому метою
даного дослiдження є дослiдження теплообмiну в’язкопружної рiдини з наночастин-
ками пiд час її руху по горизонтальному круглому цилiндру в насиченiй пористiй
областi в нижнiй точцi застою. Модель, описану набором диференцiальних рiвнянь у
частинних похiдних, спрощено до розв’язуваних рiвнянь за допомогою безвимiрних
i неподiбних змiнних. Потiм спрощену систему рiвнянь розв’язують за допомогою
технiки Рунге–Кутта–Фельберга, а результати перевiряють шляхом порiвняльного
дослiдження. Було встановлено, що температура зростає, коли параметр Брiнкмана,
параметр в’язкопружностi та об’ємна частка наночастинок пiдвищуються. Це пiдви-
щення температури свiдчить про конвективний теплообмiн.

Ключовi слова: в’язкопружний; нанофлюїд; пористi середовища; Брiнкман.
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