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A method for constructing Chebyshev approximation with relative error of the exponential
from a rational expression is proposed. It implies constructing an intermediate Chebyshev
approximation with absolute error by a rational expression of the logarithm of the function
being approximated. The approximation by a rational expression is calculated as the
boundary mean-power approximation using an iterative scheme based on the least squares
method with two variable weight functions. The presented results of solving test examples
confirm the fast convergence of the method.
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1. Problem statement

Let us approximate a continuous positive function f(x) on the interval [, 5] with relative error by an
exponential expression

Epy(a,b;x) = efterl@bia) > (1)

where Ry, ;(a,b;x) is a rational expression

Z?:O a;r’ (2)
1+ Zé:l bi.%'i’
and a;, i = 0,k, b;, i = 1,1 are the unknown parameters, {a;}*_, € A, A C R*L {p} | € B,
B C R!, R™ is an n-dimensional vector space. Exponential dependencies are used in approximating
mathematical and special functions [1], modeling physical [2-5], chemical [6], biological, and other
processes [7-9], as well as in designing measurement systems and automatic control systems [10-14].
The expression E(k’l)(a, b;x) will be called a Chebyshev approximation of the function on the
interval with relative error if it satisfies the condition
max |1 M ) . (3)
z€laf] f() f(z)

By (a*, 0% )

Research on the properties of Chebyshev approximation by nonlinear expressions of polynomials
and other expressions has been the subject of many works, including [15-19]. Efficient methods for con-
structing Chebyshev approximation by some nonlinear expressions of polynomials have been proposed
in works [17-19]. In general, constructing Chebyshev approximation by nonlinear expressions of poly-
nomials and rational polynomials is a complex problem of nonlinear optimization [15-17]. We propose
a method for constructing Chebyshev approximation by the exponential of a rational expression (1),
which involves using an intermediate Chebyshev approximation by a rational expression. The Cheby-
shev approximation by a rational expression R(k’l)(a, b; x) is calculated as the boundary approximation
in the norm of space LP as p — oo using the method described in works [20,21].

Rpy(a,b;z) =

= min (max '1—
a€AbeB \ z€[a,f]
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2. Properties of Chebyshev approximation with relative error
by the exponential of a rational expression

For simplicity of presentation, the rational expression (2) is given in the form

R a,b;x) =ag+ - =ao+ R a,b;x), 4
(k) (@, b;2) = ag S (k1) (@, b5 ) (4)
where i
_ 1+ Y 0 am® a; — agb;, if i=1,1,
R (@, b x) = —Zl == ;= P (5)
L4+, biat a;, if i=101+1k.

The exponential expression (1) using the representation of the rational expression in the form (5) will
be

E(k,l)(a’ b;:C) _ eao—l—R(k’l)(d,b;m) — dOeR(k,l)(d,b;z)’ o = ™. (6)

The construction of Chebyshev approximation by an exponential expression (6) is a complex prob-

lem of nonlinear optimization [15,20]. The possibility of linearizing the problem of constructing

Chebyshev approximation with relative error by the exponent of a rational expression (1) is based

on Theorem 1.

Theorem 1. Let the function f(x) be positive and continuous on the interval [, 3]. Chebyshev

approximation by an exponential expression (1) of the function f(x) with relative error on the interval

[, B] is defined through the Chebyshev approximation by a rational expression (4) of the function

fi(z) = In(f(z)) on |a, B] with absolute error. The values of parameters a;, i = 1,k and b;, i = 1,1

of the approximation by the exponential expression in the form of (6) coincide with the values of the

same-name parameters in the approximation by the rational expression R(k,l)(@, b;x) (5), and the value

of the parameter ag is calculated by the formula

_ Qf(xmax) f(xmin)

E(r,l)(aa b; Trmin) f (Tmax) + E(r,l) (@, b; Tmax) f(@min) ’

where Tyax Is the point where the relative error of the function f(x) approximation by expression

E.1)(@, b ) = efiten(@6:2) (8)

achieves its maximum value on the interval |« (], and Zyiy, is the point where the value of the relative
error is minimized.

ag

(7)

Proof. According to the characteristic property of Chebyshev approximation [15,22], for the existence
of the approximation of the function f(x) by expression (1) with relative error on the interval [« 3] it
is sufficient for the system of equations

aOeR(k,l)(@vb%j)
f(z))
to have a unique solution regarding the unknown parameters @;, i = 0,k and b;, i = 1,1, and the error
p, where zj, j = 1,k + 1 + 2, are the points of Chebyshev alternance on the interval [c, 5] in ascending
order.
By sequentially subtracting the (j)th equation from the (j + 2)th equation of the system (9),
j =1,k +1, we eliminate the unknowns ag and p from the system of equations (9)

1 = (=1, j=Tk+1+2 (9)

B (@bizj42) B (@biz;)

= s J

f(zj12) f(z)
Since, according to the theorem condition, the function f(z) is positive, this system of equations is
equivalent to the system

R, 1) (@,b; zj12) — Ry (@, b; 25) = In(f(zj42)) —In(f(z)), j=1k+LI (10)
In the work [15], it is established that the alternance points of the Chebyshev approximation by

=T,k +1.

expression (4) coincide with the alternance points by expression ELOeR(’“vU(a’b;x) in (6). Taking into
account the property established in [15], we assert that the system of equations (10) coincides with
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the system of equations for determining the parameters @;, ¢ = 1,k and b;, i = 1,1 of the Chebyshev
approximation with absolute error of the function f;(x) by a rational expression in the form (4). Based
on the characteristic condition for the existence of Chebyshev approximation with absolute error of
the function fj(x) by a rational expression (4) [15,22], its parameters satisfy the system of equations:

filzj) = a0 = Ry (a,b:25) = (1Y, j=1k+1+2, (11)

where z;, j = 1,k + 1+ 2 are the points of Chebyshev alternance on the interval [o, 5] in ascending
order, which coincide with the corresponding points of system (9), f is the error of approximation, and
fi(z) =1In(f(x)). Similarly to the elimination of unknowns ag and p from the system of equations (8),
let us eliminate the unknowns ap and i from the system of equations (11). After removing these
unknowns, we obtain a system of equations that coincides with the system of equations (10).

Since the system of equations (10) for determining the values of parameters a;, i = 1,k and b;,
i = 1,1 of the Chebyshev approximation with relative error by an exponential expression (6) of the
function f(x) on the interval [, 8] coincides with the system of equations (11) regarding the values
of parameters @;, i = 1,k and b;, i = 1,1 of the Chebyshev approximation of the function fi(x) by a
rational expression (4), calculating the values of these approximation parameters by the exponential
expression (1) reduces to calculating the values of the corresponding parameters of the Chebyshev
approximation with absolute error of the function f;(z) by a rational expression (4) on the interval
o, 3]

The value of the parameter ag can be determined as the solution to a one-parameter Chebyshev
approximation problem with relative error of the function f(x) on the interval [a, 5] by the expression
ELOE(;,CJ)(EL, b; z), where E(k,l)(d, b; z) is defined by formula (8)

R0y (a,b5z)

f(z)
The solution to problem (12) regarding the value of parameter ag is calculated by formula (7) [22].
Therefore, the values of parameters a;, i = 1, k and b;, i = 1,1 of the Chebyshev approximation with
relative error by an exponential expression (1) coincide with the values of the same-name parameters
of the Chebyshev approximation with absolute error of the function f;(z) by a rational expression (4)
on the interval [«, 8], and the value of parameter ag is calculated according to formula (7). |

ape
max

— min (12)
z€[a,f]

ag

3. Method for computing parameters of Chebyshev approximation
with relative error by an exponential of a rational expression

According to Theorem 1, constructing the Chebyshev approximation of the function f(z) by an ex-
ponential expression (1) with relative error reduces to calculating the parameters of the Chebyshev
approximation of the function fj(z) by a rational expression (4) with absolute error. By satisfying the
condition k > [, the rational expression (2) can be represented in the form of (4), and accordingly, the
exponential expression (1) will take the form of the product of the exponential function and a constant
ap (6). The value of the constant a is calculated according to Theorem 1 using formula (7). However,
during the construction of the Chebyshev approximation of the function f(x) by an exponential ex-
pression (1) with relative error, it is not necessary to bring the rational expression to the form (4). The
approximation by an exponential expression (1) can be obtained from the Chebyshev approximation
with absolute error of the function f;(x) by a rational expression in the form of (2). In this case, the
approximation by an exponential expression (1) will be

deﬁ(k,z)(Cll>;iv)7 (13)
where R(;,;)(a,b;x) is the Chebyshev approximation of function f;(x) by rational expression (2) with
absolute error. Value of parameter a is determined as the solution to a one-parameter problem of

Chebyshev approximation with relative error of function f(z) by expression aefien(@bz) on the inter-
val [, ]
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Gt (a.biz)

T

max

— min (14)
z€(o, ] a

regarding parameter a.

The proposed method of constructing Chebyshev approximation by an exponential expression (1)
in the form of (13) with the value of parameter @ being the solution to problem (14) is equivalent to
constructing the approximation in the form of (8) with the determination of ag from (12). By utilizing
the method of calculating the parameters of the approximation by the exponential expression (1) in
the form of (13), we reduce the computational workload.

We will describe the method of constructing the Chebyshev approximation using the exponential
expression (1) for the case of a discrete function on a set of points X = {x;}!", X € [a, 3], where
m > k + 1+ 2. Calculating the parameters of the Chebyshev approximation of the function fi(z)
by a rational expression (2) can be implemented using the method described in works [20,21]. This
method involves sequentially constructing mean-power approximations using iterations based on the
least squares method

= 2 .
Z p?‘(xz) (fl(xz) - R(k,l)(a) ba xl)) aEA_b>EB mmn, 7= 0’ 15 SRRy 2 2 (15)

with sequential refinement of the weight function p,(x) value
po(z) =1, pr(z)=pr_1(x ]—H]A r=1,....p—2, p=3/4,..., (16)

where Ag(z) = fi(z) — Rps—1)(a,b;1), s = 1,7, R(k.’l’s)(a, b; x) is the approximation of the function
fi(z) by the least squares method with the weight function ps(x). Approximation Ry, ) (a,b;)
corresponds to the mean-power approximation of power p = s 4 2.

Constructing the approximation by a rational expression using the least squares method is a non-
linear problem [23-25]. To construct such an approximation, linearization with variable weight func-
tion has been applied |20, 21|, which involves iterative refinement of the approximation by a rational
expression (2). According to this linearization method, for each fixed value of p, we calculate the
approximation of the function fi(z) by a rational expression R ;)(a,b;x) (1) using the least squares
method

Zpr i) Urt(2;) (P i(a, by ;) GEHGB min, r=p-—2, t=0,1,..., (17)

where

l k
@ 4(a,b;2) = fi(z) (1 +) bi,r,t$i> =) aiaa
=1 =0

The value of weight function p,(x) is calculated by formula (16), and the value of weight function
vrt(z) — by the formula

1, if r=0,t=0,
. N2 (18)
(1 + Zi:l bimt,lSCZ) , if t>0.
Refinement of approximation by rational expression (2) using the iterative scheme (17)-(18) can
be monitored by accuracy €1 of satisfying the condition

Upt(z) =

‘nr,t—l - nr,t’ < E1Nrts (19)

where

Mt = Z pr(xi)vr,t(xi) ((I)r,t(a’ b; xl))z . (20)
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During testing, a value of €1 = 0.003 was used to ensure convergence of two or three significant digits
of the sum of squares of deviations (20) on the interval [a, ]. Satisfying condition (19) implies that the
mean-power approximation of power p = s + 2 by a rational expression R ;. (a,b;r) was calculated
with accuracy e1. The values of the approximation parameters R ;,(a,b;x) are the following:

Ajyr = Qjrt (.] =0, k)v bj,r = bj,?“,t (.] = 171)
Therefore, constructing the Chebyshev approximation by a rational expression (2) involves two
iterative processes: nested iterations (17)-(18) and outer iterations (15)—(16). The completion of
iterations (15)—(16) is monitored by achieving some prescribed accuracy

Mr—1 — fy < Eflys (21)
where

pr = max | fy(xi) — R (a,b; ).

1<i<m
As a result of iterations (15)—(16), we obtain the Chebyshev approximation with absolute error
of the function fi(z) by a rational expression R ) (a,b;x) on the interval [o, ] with accuracy e.
The Chebyshev approximation of the function f(z) by an exponential expression (1) is determined
according to expression (13), where the value of parameter a is calculated by the formula

_ 2f(xrnax) fN(-Tmin)
E(r,l)(a’ b; xmin) f(xmax) + E(r,l) (a’a b; -Tmax) f(xmin) ’

where Zyax is the point at which the relative error of the approximation of the function f(x) by the

(22)

a =

expression

Egpy(a,b;2) = effo@ho)

reaches its maximum value on the set of points X = {z;}", and Zmin is the point where the value
of the relative error is minimized. The value of parameter a (22) is obtained as the solution to the
one-parameter problem (14) of Chebyshev approximation with relative error of the function f(x) by
expression E(kyl)(a, b; ) on the on the set of points X.

The results of calculating the parameters of the Chebyshev approximation with relative error by
an exponential expression (1) for test examples confirm the fast convergence of the described method.

Example 1. Find the Chebyshev approximation with a relative error by the exponential expression

2
Es1(a,b;x) = exp (ao T T )

23
14+ bix (23)

of the function

_ 1.57 — 12z + 11.752°
y(x) = exp <1 + 1257 + 3.7522 + 0.73303) ’
given at the points z;, i = 0, 30, where x; = 0.1i.
Using the proposed method for € = 0.003 in condition (21), in 8 iterations (15)—(16) for the function

157 —12z +11.752°

1+ 1252 4 3.7522 + 0.7323”

we have obtained Chebyshev approximation by the rational expression

1.59440958z2 — 1.670827822x + 0.1976708639
0.1288905399 + x '

This rational expression provides the absolute approximation error of the function y;(x) of 0.03788.

Accordingly, the Chebyshev approximation of the function y(z) by the exponential expression

1.5944095822 — 1.6708278222 + 0.1976708639

0.1288905399 + = )

provides the relative approximation error of 3.78661%. The graphs of the functions y;(z) and y(x) are

shown in Figure 1.

yi(x)

R271 (a, b; .%') = (24)

(25)

Es1(a,b;z) = 0.9992828186 exp (
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Fig.1. The graphs of: (a) function y;(x), (b) function y(x).

The specified values of the function we are approximating are depicted by points in Figure 1, while
solid lines represent the obtained approximations. The curves of the approximation errors (24) and
(25) are shown in Figure 2.

4
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Fig.2. The graphs of (a) absolute error of approximation of function y;(x) by rational expression (24),
(b) relative error of approximation of function y(z) by exponential expression (25).

The error curves shown in Figure 2 correspond to the characteristic property of Chebyshev ap-
proximation. They have five alternance points where the absolute error values of the approximation

converge within the specified accuracy, and the sign of the deviation alternates at these points [22].
In the extremum points, the error of approximation (25) takes on the following values:

(0,0.03640464601), (0.1, —0.03639154382), (0.3,0.03786619223),
(1.2,-0.03786619231), (2.7,0.03775122311)

The divergence of error values at alternance points (26) can be reduced by increasing the accuracy
of calculation € in condition (14). Chebyshev approximation of the function y(z) by exponential
expression Fs 1(a,b;x) for e = 0.00003

(26)

11.59495369322 — 1.6719771152 + 0.1980107527
Fa1(a,b;z) = 0.1291867109 exp < * vt > (27)

0.1291867109 + =

obtained in 29 iterations with the error of 3.759%. The divergence of the absolute values of the
approximation error (27) in the points of alternance:

(0,0.03724707567), (0.1, —0.03717217393),  (0.3,0.03750955719),
(1.2,-0.0375922501), (2.7,0.03759224965)

has decreased.
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4. Conclusions

The method of constructing Chebyshev approximation with relative error for a tabular function by
an exponent from a rational expression has been implemented using intermediate Chebyshev approxi-
mation by a rational expression with absolute error of logarithm values of the approximated function.
The Chebyshev approximation by a rational expression is calculated as the boundary mean-power
approximation based on the least squares method with two variable weight functions. The proposed
method allows for constructing Chebyshev approximation by an exponential expression with the re-
quired accuracy. The results of test examples confirm the rapid convergence of the method.
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HebuniwoBcbke HAb/M>XKEHHSI eKCNOHEHTHOO Bif, PaLiOHA/IbHOrO BUpPa3y

Maumnauiseskuit P. I1.Y, Byns P. A.M2, Meauucbkuit 1. I1.1

! Haygonarvruti Ynieepcumem “Ivsiscora Ionimerwira”,
eyn. C. Bandepu, 12, 79013, Jlveis, Yxpaina
2 Axademin WSB,
sya. Lenasxa, 1c, 41300, Hombposa-Iypruwa, Hoavwa

3aponoHOBAHO METOJ MO0Y/IOBH YEeOHUITOBCHKOIO HAOJIMKEHHS 3 BiJIHOCHOIO IIOXHOKOIO
€KCIIOHEHTOIO BiJ| paIlioHaIbHOTO BUpa3y. BiH moJisirae B o6y 10Bi IPOMI2KHOI'O YeOUIIIOBCh-
KOr0 HAOJIMKEHHSA 3 aDCOJIIOTHOIO MOXUOKOIO PAIIOHAJILHAM BUPA30M 3HAUEHD JIOrapudmy
dyukii, mo HabImKaeTbCsi. HabmkeHHs parionaaIbHIM BUPA30M OOYUC/IIOETHCS AK Ipa-
HUAYHE CePeHbOCTENCHeBe HAOJMKEHHS 38 iTePAIifHOI0 CXeMOI0 Ha OCHOBI MeTO/y Haii-
MEHIIUX KBaJpaTiB 3 JBOMa 3MIHHUMH BaroBumu (pyHKIisMu. [Ipecrasiieni pesysibraru
PO3B’sI3yBaHHS TECTOBUX MPUKJIAIB IATBEP/KYIOThH MBUIKY 301KHICTH METOLY.

KntouoBi cnoBa: uebuwescvka anpokcuMauis eKCnoHeHUIGAbHUM GUPA3OM; PAlio-
HAALHE BUPAAHCEHHA; ANPOKCUMAUTIA CEPEIHBOT NOMYHCHOCTI; MeMO0 HATMEHUWUT KEA0-
pamis; GyHKYIA 3MIHHOT 6a2U.
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