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Quantum antibunching, vital for single-photon sources, enables applications in quantum
technology, such as secure communication and quantum computing. This study inves-
tigates photon antibunching generation in a Nonlinear coupler (NLC) comprising two
coupled waveguides: one linear and one with the second-order nonlinearity. Each waveg-
uide is excited by a coherent laser source, with the second harmonic generation enhancing
antibunching. Using the Schrédinger picture, the system’s Hamiltonian is transformed
into a master equation via the Liouville—von Neumann equation. The master equation
is further translated into a Fokker—Planck equation using the positive-P representation
and subsequently mapped to stochastic differential equations via Ito rules for numerical
analysis. The effects of input parameters on antibunching behavior are examined, show-
casing the potential of simple systems like NLCs for precise single-photon manipulation,
advancing quantum technology.

Keywords: quantum optics; nonlinear coupler; positive P-representation; photon anti-
bunching.
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1. Introduction

Moore’s Law predicts the number of transistors on a microchip doubles approximately every two
years, thereby leading to an exponential increase in computational power and a decrease in relative
cost. This has driven the rapid advancement in classical electronics technology for several decades [1].
However, as silicon-based transistors reach the physical and economic limits at atomic scales, quantum
effects such as tunneling and superposition, along with heat dissipation, interfere with the operation
of classical transistors, making further miniaturization impractical. Quantum technology, however,
offers a promising alternative, capable of solving complex problems more efficiently and potentially
overcoming the constraints faced by silicon-based transistors. It utilizes the principles of quantum
mechanics to perform tasks beyond the capability of classical technology. Quantum data is represented
by qubits with unique properties that allow quantum computers to solve complex problems significantly
faster than classical computers [2]. Additionally, it offers advanced security algorithms, making certain
types of hacking computationally impossible [3]. Achieving these advancements relies on the unique
behavior of quantum particles. Consequently, obtaining photons with quantum properties is essential
for the progress of quantum technology.

Photon antibunching is a quantum phenomenon where photons are emitted one at a time, rather
than in bunches — a behavior distinct from classical light sources, where photons can be emitted in
groups. In an antibunched light source, the probability of detecting two photons simultaneously (or
within a very short time interval) is significantly reduced. This results in photons being uniformly
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spaced over time. Unlike photons from classical light, antibunched photons are uniformly spaced
in their trajectory and are rarely detected close together in time. This behavior is a hallmark of
single-photon sources [4,5], which are essential components in various quantum technologies, including
quantum cryptography and quantum computing [6]. Initially, the Hanbury Brown and Twiss (HBT)
experiment observed that photons tend to arrive in bunches for classical light sources |7]. Later, photon
antibunching was experimentally observed by Kimble, Dagenais, and Mandel [8]. They found that the
probability of detecting two photons simultaneously was significantly reduced, thereby verifying the
phenomenon of photon antibunching. Subsequently, photon antibunching has been extensively studied,
and various mechanisms have been proposed to achieve antibunching effects. These include vacuum-
induced coupling (VIC) [9], the utilization of Kerr nonlinearity in two-cavity systems [10], and the
investigation of non-degenerate parametric oscillators [11].

An optical coupler is a device comprising two or more closely positioned waveguides, typically
optical fibers, which allow light to be transferred between them due to being in proximity. In a
Nonlinear coupler (NLC), at least one of the waveguides comprises a material that exhibits a nonlinear
optical response, such as the second or third-order nonlinearity. This significantly influences the light
propagation dynamics, enabling the coupler to exhibit a range of unique behaviors that are not present
in linear couplers. In our recent work, we proposed utilizing different versions of NLC as a source
of nonclassical light, such as squeezed light [12-17] and quantum entanglement [18]. The choice of
quantum NLCs as sources of nonclassical light is promising for future quantum technologies due to
their design simplicity, experimental feasibility, and ease of integration with other quantum optical
devices, such as quantum circuits, photonic chips, and all-optical logic gates [19,20]. NLCs can be
either symmetric (where the waveguides share similar properties) or asymmetric (with the waveguides
differing in properties), such as one being linear and the other nonlinear. This asymmetry can result in
distinct propagation dynamics, making it a useful design choice to achieve specific optical behaviors.

In previous studies on asymmetric NLC with the second-order nonlinearity, the analytical per-
turbative (AP) method has been used to approximate the quantum system dynamics [21-23|. This
method is based on the Heisenberg picture, and involves deriving quantum-coupled nonlinear differen-
tial equations and solving them using the Baker—-Campbell-Hausdorff (BCH) formula, truncated to the
second-order commutators for computational feasibility. This truncation, while practical, inherently
limits the accuracy of the AP method, particularly in systems with strong interactions. As a result,
the AP method serves as a useful approximation for short evolution distances, but may not capture the
full complexity of the system. In contrast, our recent work demonstrates that the positive-P represen-
tation, being a phase-space approach, provides significantly more accurate results [24,25]. Operating
within the Schrodinger picture, the positive-P method avoids the need for truncation by directly trans-
forming the system Hamiltonian into a master equation (for the density matrix), that is converted into
a classical Fokker—Planck equation (FPE). Implementing It6 calculus, the FPE is then expressed as
a set of stochastic differential equations (SDEs). This approach allows for precise simulation of the
system evolution, capturing quantum effects that the AP method may overlook. The ability of the
positive-P method to accurately model quantum dynamics without relying on approximations makes
it a more robust tool for studying nonlinear optical couplers and other complex quantum systems.

Herein, we study the possibility of generating antibunching in an asymmetrical NLC operating with
the second-order nonlinearity using the positive-P representation. An asymmetrical NLC consists of
two closely spaced waveguides, each supporting an optical mode from a laser source. The energy ex-
change between these modes occurs via coupling of the evanescent fields. The asymmetric configuration
implies that one waveguide interacts linearly with its light mode, while the other interacts nonlinearly,
utilizing the second-order nonlinearity. This nonlinear interaction allows for Second-Harmonic Gener-
ation (SHG), where a photon with frequency w generates photons with double the original frequency
(i.e., 2w), thereby potentially enhancing antibunching. We analyze the impact of cross-action linear
coupling between waveguides and the self-action nonlinear coupling between the field mode and the
nonlinear waveguide. We also examine how the initial amplitude of the pumping modes and frequency
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mismatch between the modes influence the antibunching effect. Through these investigations, we aim
to uncover the underlying mechanisms governing antibunching in the system under configuration, and
contribute to the design and optimization of NLC-based devices. This way, the present work aims
at moving a step forward toward advancing quantum technologies by enabling precise control over
single-photon generation, thereby opening up new possibilities for applications in quantum circuits,
photonic chips, and other relevant quantum optical means.

2. Mathematical procedure

Phase space is a conceptual framework where every possible state of a system is represented by a
unique point, defined by both the position and momentum variables [26]. In quantum optics, different
representations of the quantum state, such as the Wigner, ) and positive P-representations, are used to
describe quantum systems in this space. The positive P-representation, in particular, offers significant
advantages over other representations by allowing a complete and non-negative probability distribution,
which is essential for accurately describing quantum states, especially in systems with the strong
nonlinearity [27-29|. This representation follows Schrodinger picture of quantum mechanics, where the
evolution of the system is described by a time-dependent state vector while quantum operators remain
constant.

In this work, we consider the system comprising a
linear and a nonlinear channel operating with SHG,
as outlined in the introductory part. Figure 1 depicts
the system, which can be mathematically represented
by the following Hamiltonian equation:

M
First

mode

Second
mode H ) ~
~~> += — wiala, + wodbi, + 59(&{%1 —h.c)
Fig.1. Schematic diagram of two-channel asym- + 2‘*)618?{81 + k(d{% + h.C.), (1)

metric NLC, featuring a nonlinear waveguide (the it
first channel) and a linear waveguide (the second In Eq. (1), the term G;a; represents the ladder

channel). Both waveguides are pumped with a fun- ~ OPerators, where j = 1,2 corresponds to the first and
damental mode; the field mode in the nonlinear  second fundamental modes, respectively. Also, h is

waveguide is being identified as the first mode, and ~ the reduced Planck constant, w; is the frequency of
that in the linear waveguide as the second mode.  the jth mode, ¢ is the nonlinear coupling parameter,
Own sketch. k is the linear coupling parameter, and “h.c.” denotes
the Hermitian conjugate of the preceding term. The system is driven by two fundamental modes
originating from a coherent laser source, with the propagation of each mode being represented by the
first two terms in Hamiltonian Eq. (1). The interaction of the first mode with a second-order nonlinear
medium, leading to the SHG process, is captured by the third term %g(d{%l — h.c.). This process
generates the second harmonic mode, the propagation of which is described by the fourth term 2w ISJ{ISI
of the Hamiltonian. The final term k:(&J{dz + h.c.) accounts for the linear coupling between the two
channels, facilitating their interaction through the exchange of evanescent fields. The time evolution of
the state of a quantum system is dictated by the fundamental von Neumann equation, which governs
the time evolution of the density matrix p of the system,
m% = [A,p], (2)
By substituting the Hamiltonian from Eq. (1) into the von Neumann Eq. (2), we obtain the following
quantum master equation, which describes the time evolution of the density matrix,

ap .
T = w1 p aTa1 + iwap a£a2 + 2iw p bTb - gﬁ d?b g,ﬁ b +ikpa a1a2 +ikp alag
— ey @layp — iws Ghigp — 241 blbyp + g 2h,p g a2blp — ikalanp — ikaalp.  (3)
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By applying the quantum-classical correspondence rules of the positive P-representation [27], i.e.,
ap = aP, alp = (ﬁ — a%)P, pa = (a )P and pa’ = BP, the quantum master equation is
transformed into its classical counterpart — the FPE. In this case, the quantum state of the system
is represented by a quasi-probability distribution P over complex variables o and 3. These variables
correspond to the amplitudes of the quantum field modes. Specifically, & and a* represent the coherent
state amplitudes in one phase space, while 5 and 8* represent the coherent state amplitudes in an
independent, yet identical, phase space. This dual phase space formulation allows for a broader range
of quantum effects to be captured while maintaining a classical-like evolution in terms of stochastic
differential equations. The resulting FPE is as follows:

opP 0

0 | 9ar —iw1 By — gou B1 — ikf32)

(iwran — gBran +ikag) + % (

% (—iwaBe — ikf1)

+ 87«1 <2zw1a1 + a1) 3ﬁ ( 2iw B + ﬂ1> (gﬂl 551 + gal@?ﬁ) ]P, (4)

The first derivative terms in the above FPE represent the drift of the probability distribution,
driven by deterministic forces, while the second derivative terms account for the diffusion resulting from
random fluctuations. To facilitate the analysis and numerical simulation, the FPE can be transformed
into a set of SDEs. This transformation is performed using [t6’s lemma from stochastic calculus. The
SDEs provide a more straightforward description of the stochastic dynamics of the system and are
computationally more efficient to simulate. The resulting SDEs are as follows:

+ % (lwaag + tkay) +

do . _ . -
d—t1 = —iwioq + gBrar — ikaz + /gaim(t), (5)
d ) 2 . 3

do ) .
d—tz = —lWwWa(xg — Zk‘Oél, (7)
d

% = twa P2 + tkf1, (8)
dog . g 2
9 _ o —Z

df w11 2041 5 (9)
dp o 7 9,2

e 2iw1 51 2ﬁ1 : (10)

In Egs. (5) and (6), n;(t) represents random fluctuations arising from the diffusion term in the FPE.
For stability in numerical simulations, it is more convenient to scale the SDEs system Eqgs. (5)—(10) into
a dimensionless form. This is accomplished by scaling both sides with respect to the input frequency
wy of the first mode, leading to the dimensionless parameters

- w ~ ~ k ~ i(t
Or=-—=1 g=gwi, k=—, j(T)__m()

w1 w1 n \/w_17

Hence, we have a new set of dimensionless parameters w1, g, E, 7n;, and 7, corresponding to the

dimensional parameters wq, g, k, 7, and t, respectively. The solution of the SDEs system (5)—(10)

over many trajectories is then computed to produce the complex variables a1, £1, a9, B2, @1, and

1, which will subsequently be used to assess the possibility of antibunching. Antibunching can be
assessed using the expression of the correlation function [23];

Dj = (N?) — (N;)? — (N;), (12)

T = wlt. (11)

where N; = a;'-aj represents the average photon number in the jth mode. When D; = 0, this cor-

responds to a coherent state where the photon statistics are Poissonian, while D; > 0 and D; < 0
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correspond to photon bunching and antibunching, respectively. In the positive P-representation, op-
erators must be in normal order, meaning that in any product of creation and annihilation operators,
all creation operators are positioned to the left of all annihilation operators. For the normal ordering
of the correlation function Dj, it is expressed in terms of the creation and annihilation operators, as
follows:
RPN S PO At 2
D; = <ajajajaj> - <ajaj> . (13)
The correlation function is expressed in terms of the positive P complex phase space variables as
2 2 2
Dj = (Bja5) — (Bjy)”, (14)
where the subscript j represents the mode number. The scaled system of SDEs (5)—(10) is solved using

the 4*"-order Runge-Kutta method over multiple trajectories to compute the complex variables o; and
Bj, which are then substituted into Eq. (14) to examine the possibility of antibunching.

3. Results and discussion

Figure 2 illustrates the results when both waveguides (in Figure 1) are pumped with two field modes
of different initial amplitudes, i.e., a1 # aq. Specifically, the mode in the first (nonlinear) waveguide is
fixed at a; = 1, whereas the initial amplitude of the second mode in the linear waveguide is gradually
increased, considering as to be 0.1, 0.5, and 0.8. When the curve oscillates above the D; = 0 line, it
indicates photon bunching. In this regime, photons tend to arrive in groups rather than individually,
leading to a higher probability of detecting multiple photons simultaneously compared to a coherent
state. Conversely, when the curve dips below the D; = 0 line, it signifies photon antibunching, where
photons are more likely to be spaced apart in time, thereby reducing the likelihood of simultaneous
photon detection. The oscillations in the curve represent the dynamic interplay between the bunching
and antibunching as the system evolves in time (7). The increasingly pronounced antibunching (in-
dicated by deeper dips below the D; = 0 line) with increasing initial amplitude of the second mode
suggests that the quantum nature of light, such as the single-photon characteristics, becomes more
prominent when the amplitudes of the two modes are closer in magnitude.

—_—ay=0.1 0.4 -—]}:0_1
03 F —-—ay=05 03__._]@:0.5

—o— ap = 0.8 : —— k=08
0.2 [ s Coherent state level 0.2

0 5 10 15 20 25 30 5 10 15 20 25 30

Fig. 2. The correlation function for the nonlinear wa-
veguide mode D; (the first mode) as a function of
scaled time 7. The amplitude of the first mode is fixed
at oy = 1, whereas that of the second mode in the lin-
ear waveguide is gradually increased. The other input

Fig. 3. The correlation function for the nonlinear wa-

veguide mode (the first mode) as a function of scaled

time 7 at different values of the linear coupling coeffi-

cient k. The other input parameters are oy = as = 1,
(51 = (7}2 = 1, and g: 0.01.

parameters are w3 = wy = 1, g = 0.01, and k£ = 0.5.

Figure 3 illustrates the antibunching behavior of the system as a function of the linear coupling
parameter k, which governs the rate of energy transfer between the two channels via the evanescent
field coupling. Increasing k£ corresponds to a reduction in the separation between the waveguides,
thereby enhancing the coupling strength. Unlike the results shown in Figure 2, the data in this figure
are generated under conditions of symmetrical amplitude initialization, where both modes are initially
set to the same amplitude, i.e., a3 = a2 = 1. At a low coupling parameter k£ = 0.1, the system
exhibits slow oscillations, indicating a gradual exchange of energy between the channels. However, as
the coupling parameter increases to k = 0.5 and/or k = 0.8, the oscillations become more rapid and
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pronounced. This oscillatory behavior is likely due to the increased rate of energy transfer between the
waveguides as they are brought closer. Faster oscillations reflect a more dynamic interaction between
the two modes, with the energy being exchanged more quickly as the coupling strength increases. It
should be noted that the cases for linear coupling parameters k = 0.2 and k = 0.3 are not shown in
Figure 3, but the trend remains the same: as k increases, the oscillations speed up, indicating faster
energy exchange between the waveguides, similar to what is observed for k=05 and/or k = 0.8.

Amplifying the nonlinear coupling parameter, which reflects the strength of nonlinear interactions,
leads to a marked reduction in the duration of antibunching. As Figure 4 shows, where g = 0.03, the
antibunching diminishes more quickly compared to g = 0.01. Furthermore, a faster reduction in the
antibunching period is observed at g = 0.05. These results highlight the drawbacks of employing strong
nonlinear interactions, i.e., while they amplify antibunching effects at early evolution stages, they do
so over a much shorter time span. This indicates that excessively strong nonlinear coupling may not
be ideal for sustaining antibunching over longer periods, thereby limiting its practical application.

T 0.8 F
3 — g=o0.01
—o— g=0.03 06 f
—— §=005
21 Coherent state level 0.4r
— i
Q _
1F 021
ol
0 ¢ S .
0.2 L L L L
0 0 20 40 60 80 100
T T

Fig. 4. The correlation function for the nonlinear wa-  Fig. 5. Antibunching in the first pump mode for wy =
veguide mode (the first mode) as a function of scaled 2, Wy = 5, and Wy = 7. The other input parameters
time at different values of nonlinear coupling coeffi- are a; = ap =1, w1 =1, g = 0.01, and k = 0.5.
cient g. The other input parameters are a; = ap = 1,

(:)l :CEQ = 1, and k = 0.5.

Figure 5 depicts the antibunching curves for various degrees of frequency mismatch, achieved by
varying the frequency ws of the second mode, while maintaining the frequency of the first mode constant
at w; = 1. The results highlight how the degree of frequency mismatch influences the temporal
evolution of the antibunching parameter D7 in the nonlinear waveguide. In the case of slight frequency
mismatch with we = 2, the antibunching dynamics exhibit small, irregular oscillations that suggest a
more chaotic and unpredictable system behavior. This indicates that the quantum interference effects
of the system are more complex, possibly due to the near-resonance condition that induces a more
intricate interplay between the modes. A gradual change in the irregular oscillations is observed when
wo is set to 3 or 4. As the frequency mismatch increases to these values, the oscillations in Dy begin
to smooth out, indicating a transition to more stable behavior. However, for clarity, these cases were
not shown in Figure 5. As the frequency mismatch increases to we = 5 and wy = 7, the oscillations
in D7 become more regular and predictable, reflecting a relatively stabilized quantum state dynamics.
The evolution shows well-defined oscillatory patterns, with clearer distinctions between bunching and
antibunching regions. This indicates that increasing the frequency mismatch reduces the complexity
of mode interactions, allowing the system to settle into more stable quantum states. However, with
a significant frequency mismatch (with Wy = 10), while the oscillations remain regular, the onset of
antibunching (i.e., the negative values of Dy) is delayed, occurring at a later time 7. This delay indicates
that a stronger frequency mismatch initially suppresses the quantum interference effects necessary for
antibunching, likely because the modes are too detuned to interact effectively at early times. Over time,
as the system evolves, the interactions still lead to antibunching, but the delayed response suggests
that higher mismatches make it more challenging to achieve and maintain antibunching.
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Overall, while increasing frequency mismatch can lead to more predictable antibunching behavior,
it also delays the onset of antibunching, especially at higher mismatches. This offers valuable insight
into the balance required between frequency matching and mismatch in designing systems for controlled
quantum light generation.

4. Conclusion

It can be concluded from the above results that, compared to the Heisenberg-based AP method, the
positive P-approach offers relatively higher accuracy in simulating the complex quantum interactions
within the coupler, providing a more reliable analysis of the quantum states of the system. The
findings reveal that the linear and nonlinear coupling strengths, along with frequency mismatches, play
critical roles in shaping the antibunching characteristics. Specifically, increasing the linear coupling
parameter intensifies the oscillatory behavior of antibunching, leading to rapid fluctuations. On the
other hand, stronger nomlinear coupling enhances the peak amplitude of antibunching but shortens
its duration. Additionally, frequency mismatch has significant impact on the system behavior. In
particular, a slight mismatch can induce chaotic fluctuations, while a large mismatch delays the onset
of antibunching. An important observation is that significant amount of antibunching is achieved only
under symmetrical amplitude initialization. This demonstrates the necessity for careful parameter
tuning in designing devices for controlled quantum light generation. Overall, this work highlights the
potential of simple, yet highly effective, NLCs for advancing quantum technology by providing precise
control over single-photon generation. Future experimental validation will be essential to confirm these
theoretical predictions and to pave the way for practical implementations in quantum communication
and computing applications.
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KsanToBe aHTUrpyIyBaHHS, XKUTTEBO BarKJIUBE I JZKePeJl MOOJUHOKUX (DOTOHIB, Bif-
KPUBAa€ MOXKJIMBOCTi JJI 3aCTOCYBaHb Yy KBAHTOBUX TEXHOJIOTIAX, TAKUX dAK Oe3ledHuit
3B’g30K 1 KBaHTOBI oOuncienns. e mocaiizKeHHsT BUBYAE TeHEPAIo aHTUTPYITyBaHHS Po-
ToHiB y Hesinifinomy crupsamoBysadi (NLC), 1m0 ckIaaeTbes 3 IBOX 3B A3aHUX XBUJIEBOIIB:
OJTHOTO JIHITHOTO Ta OJHOrO 3 HEJIHIHHICTIO Apyroro mopsaky. KoxeH XBusesin 30y1Ky-
€ThCsl KOTEPEHTHUM JIA3€PHUM J[?KEPEJIOM, IIPUYOMY I'eHEPAllis APYrol TapMOHIKA ITOCHIIIOE
aHTUrpylyBaHHd. Bukopucrosyioun kaptuny [llpeninrepa, ramijproHian cucremu mepe-
TBOPIOETHCsI HA TOJIOBHE PIBHSHHS 3a JI0IOMOToio piBHsHHs JIiyBinnsg—don Heitmana. To-
JIOBHE DIBHSIHHS JIaJIi IepeTBOPIOEThe Ha piBHAHHA Pokkepa—Ilnanka 3a g0moMororo mo-
3uTuUBHOrO P-TipescTaBiienns Ta 3rooM BiZoOparKaeThCsl Ha CTOXaCTHIHI AudepeHIiaabHi
PIBHSHHS 32 JOIMOMOT0I0 MpaBWI [To 11 uncesbHOro anaizy. Joc/iKeHo BIUTIB BXiTHIX
rapaMerpiB Ha IOBEIIHKY aHTUTDYIYBAHHS, JEMOHCTDPYIOYN ITOTEHI[AJ IIPOCTUX CUCTEM,
takux sik NLC, jj1s1 TOYHOT MaHIIyJIsIIIil OMHOKUMY (DOTOHAMU, CIIPUSIIOYN PO3BUTKY KBaH-
TOBUX TEXHOJIOTIH.

Knrwouosi cnoBa: xseanmosa onmuka; HeAiHIGHUl cnpamosyeay; nosumuene P-nped-
CMABAEHHA; GHMULPYNYBAHHA POMOHIE.
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