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In this paper, we establish the existence of a class of discrete nonlinear systems involving
the anisotropic p(·)-Laplacian operator using an optimization based approach. We then
simulate the solutions by implementing a deep learning model. The numerical results
demonstrate that the proposed method is stable and robust compared to conventional
approaches such as the Newton–Krylov method.
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1. Introduction

Nonlinear difference equations have attracted considerable interest in recent years due to their wide-
ranging applications in fields such as computer science, economics, neural networks, and cybernetics [1,
2]. These systems often model complex phenomena where discrete changes over time or space play a
crucial role. A central challenge in the study of such systems lies in understanding the existence and
behavior of weak solutions, particularly when these systems are defined in higher-dimensional Hilbert
spaces [4, 5]. While substantial progress has been made in analyzing nonlinear difference equations in
one or two dimensions [3, 6, 7], extending these results to 2-dimensional spaces remains a formidable
task, primarily due to the increased complexity of difference operators in higher dimensions [8, 9].

In this work, the challenge is addressed by investigating the existence of nontrivial solutions for
a nonlinear discrete boundary value problem in a two-dimensional space. The existence of solutions
under specific conditions is established using critical point theory, a powerful framework in variational
analysis [10,11]. In this way, the aim is to generalize existing results on nonlinear difference equations
to higher dimensions, and highlight the unique difficulties raised by difference operators in multidi-
mensional contexts. Recent work by [11] has demonstrated the existence of non-trivial weak solutions
for discrete nonlinear problems, providing a foundation for the present study. Moreover, Ref. [12] has
explored multiple solutions for partial discrete Dirichlet problems involving the p-Laplacian, further
enriching the theoretical framework.

The specific problem being considered is formulated as follows:






















−∆1

(

φp1(k−1,h)(∆1u(k − 1, h))
)

− ∆2

(

φp2(k,h−1)(∆2u(k, h− 1))
)

= g((k, h), u(k, h)) + f(k, h), (k, h) ∈ N[1, T1] × N[1, T2],

u(k, 0) = u(k, T2 + 1) = 0, k ∈ N[0, T1 + 1],

u(0, h) = u(T1 + 1, h) = 0, h ∈ N[0, T2 + 1],

(1)

where T1 and T2 are positive integers, and N[1, Ts] = {1, 2, . . . , Ts} represents a discrete interval. The
operators ∆1 and ∆2 are forward difference operators defined as:
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∆1u(k − 1, h) = u(k, h) − u(k − 1, h), ∆2u(k, h− 1) = u(k, h) − u(k, h − 1).

The anisotropic p(·)-Laplacian operator is defined by

∆p(u) = ∆1

(

φp1(k−1,h)(∆1u(k − 1, h))
)

+ ∆2

(

φp2(k,h−1)(∆2u(k, h− 1))
)

,

where p = (p1, p2) and φpi(.) = |t|pi(.)−2t. Additionally, the function g is also nonlinear, adding further
complexity to the problem. The nonlinearity of g may depend on the discrete variable (k, h) as well as
the value of the solution u(k, h) at that point. This dual nonlinearity, both in the operators φpi and in
the function g, makes the analysis and solution of this problem particularly interesting and potentially
complex.

The study of such systems is not only interesting from a mathematical point of view, it is also highly
relevant to practical applications. For instance, in the context of neural networks, these equations
can model the propagation of signals in discrete neural layers [2, 13], while in economics, they can
describe dynamic systems with discrete decision-making processes [1]. The ability to solve these systems
analytically or numerically is crucial for understanding and predicting the behavior of such systems.
Recent advances in deep learning have provided powerful tools for approximating solutions to complex
mathematical problems, including nonlinear difference systems [14–17].

In recent years, deep learning has become a groundbreaking method for simulating and approxi-
mating solutions to complex mathematical problems, including nonlinear difference systems [2,14,15].
Deep learning models, particularly neural networks, excel at capturing intricate patterns and rela-
tionships in high-dimensional data, making them well-suited for approximating solutions to systems
like (1) [13,18]. By training neural networks on known solutions or boundary conditions, it is possible
to generate accurate approximations for systems where analytical solutions are difficult or impossible
to obtain [16, 17]. This approach not only complements traditional mathematical methods but also
opens new avenues for exploring the behavior of nonlinear systems in higher dimensions [19, 20].

In this article, we emphasize the importance of combining analytical techniques, such as critical
point theory [10, 11], with computational tools like deep learning [2, 14, 15] to tackle the challenges
posed by nonlinear difference systems. Recent developments in physics-informed neural networks
(PINNs) [19–23] and adaptive activation functions [23] have shown great promise in solving differ-
ential equations, including those arising in discrete settings. Additionally, the Krylov method [24, 25]
has proven to be highly effective for solving large-scale linear and nonlinear systems, particularly in
sparse and high-dimensional settings. By integrating these approaches, we aim to provide a compre-
hensive framework for studying the existence and properties of solutions in higher-dimensional settings,
ultimately advancing our understanding of these complex systems.

In this work, we address the challenges posed by nonlinear difference systems through a comprehen-
sive approach that spans multiple key areas. First, we present some preliminary results in Section 2,
which lay the theoretical foundation for our analysis. In Section 3, we establish the existence of so-
lutions to the nonlinear discrete boundary value problem using critical point theory. Moving beyond
traditional analytical methods, Section 4 introduces the application of deep learning techniques, par-
ticularly PINNs, for solving nonlinear partial differential equations (PDEs). Section 5 discusses the
optimization of hyperparameters for PINNs, which is crucial for achieving accurate and efficient so-
lutions. Finally, in Section 6, we extend our results to other nonlinear functions, demonstrating the
versatility and robustness of our approach. By covering these diverse yet interconnected topics, this
work aims to provide a holistic framework for understanding and solving nonlinear difference systems,
bridging the gap between theoretical analysis and computational methods.

2. Some preliminary results

Throughout this section we assume that pi : N[0, T1 +1]×N[0, T2 +1] → [2,+∞) for i = 1, 2, such that

p−i = min
(k,h)∈N[1,T1]×N[1,T2]

pi(k, h), p+i = max
(k,h)∈N[1,T1]×N[1,T2]

pi(k, h) < +∞.

One defines p−, p+ by p− = min(p−1 , p
−
2 ), p+ = max(p+1 , p

+
2 ).
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The space X is defined as follows:

X =
{

u : N[0, T1 + 1] × N[0, T2 + 1] → R | u(k, 0) = u(k, T2 + 1) = 0, k ∈ N[0, T1 + 1],

u(0, h) = u(T1 + 1, h) = 0, h ∈ N[0, T2 + 1]
}

,

with the norm

‖u‖ =

(

T2
∑

h=1

T1+1
∑

k=1

|∆1u(k − 1, h)|p
−

+

T1
∑

k=1

T2+1
∑

h=1

|∆2u(k, h − 1)|p
−

)

1

p−

.

For the data g we impose the following conditions: for each (k, h) ∈ N[1, T1]×N[1, T2], the function
g((k, h), ·) : R → R is continuous and there exists a constant β > 0 and α(k, h) such that:

|g((k, h), ξ)| 6 β |ξ|α(k,h)−1 (2)

with

0 < α− = min
(k,h)∈N[1,T1]×N[1,T2]

α(k, h), α+ = max
(k,h)∈N[1,T1]×N[1,T2]

α(k, h) < +∞.

We denote

G((k, h), r) =

∫ r

0
g((k, h), s) ds for (k, h, r) ∈ N[1, T1] × N[1, T2] × R.

We deduce that

|G((k, h), ξ)| 6 τ |ξ|α(k,h), (3)

where τ is a nonnegative constant.
We make the following assumption about f :

f : N[0, T1 + 1] × N[0, T2 + 1] −→ R such that Cf =

T2+1
∑

h=0

T1+1
∑

k=0

|f(k, h)| < ∞. (4)

Lemma 1. a) max
(k,h)∈N[0,T1+1]×N[0,T2+1]

|u(k, h)| 6 T1+T2+2
4 ‖u‖, ∀u ∈ H.

b) There exist positive constants C1 such that ∀u ∈ H with ‖u‖ > 1, we have

T2
∑

h=1

T1+1
∑

k=1

|∆1u(k − 1, h)|p1(h,k) +

T1
∑

k=1

T2+1
∑

h=1

|∆2u(k, h− 1)|p2(h,k) > C1‖u‖
p− − C2. (5)

Proof. See (Ref. [26], Lemma 61 pp. 251) for similar arguments. �

3. Existence of solutions

In this section, we show the existence of at least a weak solution to problem (1).
We define the energy functional J : X → R by

J(u) =

T2
∑

h=1

T1+1
∑

k=1

1

p1(k, h)
|∆1u(k − 1, h)|p1(k,h) +

T1
∑

k=1

T2+1
∑

h=1

1

p2(k, h)
|∆2u(k, h− 1)|p2(k,h)

−

T1
∑

k=1

T2
∑

h=1

G
(

(k, h), u(k, h)
)

−

T1
∑

k=1

T2
∑

h=1

f(k, h)u(k, h).

Then J is well-defined and J ∈ C1(X,R). Its derivative is

(J ′(u), v) = lim
t→0

J(u + tv) − J(u)

t

=

T2
∑

h=1

T1+1
∑

k=1

φp1

(

∆1u(k − 1, h)
)

∆1v(k − 1, h) +

T1
∑

k=1

T2+1
∑

h=1

φp2

(

∆2u(k, h− 1)
)

∆2v(k, h − 1)

−

T1
∑

k=1

T2
∑

h=1

g
(

(k, h), u(k, h)
)

v(k, h) −

T1
∑

k=1

T2
∑

h=1

f(k, h) v(k, h).
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Definition 1. A weak solution of problem (1) is u ∈ X such that

T2
∑

h=1

T1+1
∑

k=1

φp1(k,h)

(

∆1u(k − 1, h)
)

∆1v(k − 1, h) +

T1
∑

k=1

T2+1
∑

h=1

φp2(k,h)

(

∆2u(k, h − 1)
)

∆2v(k, h − 1)

−

T1
∑

k=1

T2
∑

h=1

g
(

(k, h), u(k, h)
)

v(k, h) −

T1
∑

k=1

T2
∑

h=1

f(k, h) v(k, h) = 0

for every v ∈ X.

Theorem 1. Assume that (2)–(4) holds and 2 6 α+ < p− then problem (1) admits at least one weak
solution. If in addition, r → g(·, r) is decreasing, then the solution is unique.

Proof. Since J ∈ C1(X,R) and is weakly lower semicontinuous. The existence of a solution is
equivalent to showing that J is coercive. Let us consider u ∈ X with ‖u‖ > 1, we deduce from
inequalities (5) that

J(u) >
2C2

p+
‖u‖p

−

−
2C3

p+
− Cα

(

‖u‖α
+

+ C2
f + ‖u‖2

)

. (6)

Hence α+ < p−, J is coercive. Then there exists u∗ ∈ X such that infx∈X J(x) = J(u∗) and u∗ is also
a critical point of J , i.e. J ′(u∗) = 0. Therefore u∗ is a weak solution of (1). Now if we also assume
that r → g(·, r) is decreasing, then J is sctrically convex, so the solution is unique. �

4. Introduction to deep learning for solving non-linear PDEs

Partial Differential Equations (PDEs) are simply, equations used to explain diverse physics phenomena,
such as heat transfer, fluid dynamics, and electromagnetic fields. The solution process for non-linear
PDEs can become more difficult when domain complexity increases and coefficient variability occurs.
PINNs have proven to be a powerful tool for solving PDEs. Unlike traditional numerical methods such
as finite difference or finite element methods, PINNs use neural networks to approximate solutions.
They embed physical laws (PDEs, boundary conditions, and labeled data, if available) directly into
the training process as constraints. A key advantage of PINNs is that they do not necessarily require
labeled data to approximate PDE solutions, as the governing physics can guide the optimization of the
loss function. Below is our approach for implementing PINNs.

Algorithm 1 Algorithm for PINNs.

Statement 1. Define the PDE, boundary/initial conditions.

Statement 2. Initialize a neural network uθ(x, t) with parameters θ.

Statement 3. (Optional) Include data points (observations) if available.

Statement 4. Compute PDE residuals and boundary/data errors via automatic differentiation.

Statement 5. Construct the total loss L = Ldata + λphysLphysics + LBC/IC.

Statement 6. Use the Adam optimizer to minimize L for a specified number of epochs:
1. Perform a forward pass, compute L, and backpropagate to update θ.
2. Save model checkpoints every M epochs.
3. Repeat until the prescribed number of Adam epochs is reached.

Statement 7. Refine the model using LBFGS:
1. Initialize LBFGS with the final parameters θ from Adam.
2. Minimize L until convergence or a stopping criterion is met.

Statement 8. Obtain the trained network u∗

θ
as the approximate PDE solution.

Mathematical Modeling and Computing, Vol. 12, No. 2, pp. 549–557 (2025)



Numerical simulation by deep learning for discrete nonlinear problems involving the anisotropic . . . 553

5. Recommended hyperparameter settings

We conducted experiments to optimize PINNs for solving the discrete nonlinear p-Laplacian problem
by tuning hyperparameters such as neurons per layer, hidden layers, training epochs, and grid size. Our
objective was to achieve a balance between computational accuracy and efficiency. The simulations
were executed on a machine equipped with an NVIDIA RTX 3050 GPU, 16GB RAM, and an Intel
i5-11400H CPU.

In all experiments, we used a spatially varying exponent

p(k, h) = 2 +
1

1 + k2 + h2
,

and a quadratic-type nonlinearity

g((k, h), u(k, h)) = −0.1 |u|
1+ 1√

1+k2+h2 , f(k, h) = 5.

We selected these specific functions to highlight how effectively PINNs can handle spatially varying
exponents and nonlinearities in discrete p-Laplacian problems.

5.1. Baseline configuration

The baseline setup was:
— Architecture: 4 hidden layers, 128 neurons each.
— Training: 30 000 Adam epochs, then 2000 LBFGS epochs.
— Grid Size: 12 × 12 points on [0, 11] × [0, 11].

5.2. Varying neurons per layer

To evaluate how the model capacity affects performance, we varied the number of neurons per layer.

Table 1. Results for varying neurons per layer.

Neurons Adam loss LBFGS loss Physics loss Boundary loss Time

64 6e-5 6e-5 2e-5 4e-5 228.36 seconds

128 6e-5 1e-5 7e-6 6e-6 295.89 seconds

256 8e-5 4e-6 1e-6 3e-6 294.36 seconds

Fig. 1. 3D surface plot for different numbers of neurons per layer(64,128,256).

5.3. Varying grid size (number of training points)

We assessed the effect of training data resolution by varying the grid size used for discretizations.

Table 2. Results for varying Grid Size.

Grid size Adam loss LBFGS loss Physics loss Boundary loss Time

7× 7 0 0 0 0 510.75 seconds

22× 22 2e-3 7e-5 5e-5 2e-5 572.23 seconds

50× 50 4e-1 4e-4 3e-4 6e-5 1618.41 seconds

Fig. 2. 3D surface plot for different grid sizes (7 × 7, 22 × 22, 50 × 50).
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5.4. Varying hidden layers

Here, we explored the impact of network depth on solution accuracy by varying the number of hidden
layers.

Table 3. Results for varying hidden layers.

Layers Adam loss LBFGS loss Physics loss Boundary loss Time

2 7e-2 9e-6 7e-6 2e-6 464.49 seconds

3 9e-3 1e-5 2e-6 1e-5 390.94 seconds

4 6e-5 1e-5 7e-6 6e-6 295.89 seconds

Fig. 3. 3D surface plot for different numbers of hidden layers(2,3,4).

5.5. Varying training epochs

To examine the influence of training duration, we varied the number of Adam epochs before switching
to L-BFGS.

Table 4. Results for varying training epochs.

Epochs Adam loss LBFGS loss Physics loss Boundary loss Time

20 000 7e-4 1e-5 7e-6 8e-6 263.23 seconds

30 000 6e-5 1e-5 7e-6 6e-6 295.89 seconds

40 000 2e-5 2e-5 2e-5 4e-6 325.58 seconds

Fig. 4. 3D surface plot for different numbers of training epochs(20k,30k,40k).

5.6. Conclusion of hyperparameter studies

Based on these results, we recommend using:
— Neurons per layer: 256.
— Number of layers: 4.
— Grid size: 22 × 22.
— Training epochs: 40 000 for Adam, followed by 1500 LBFGS epochs.

5.7. Final results with recommended hyperparameters

The figures below show the final solution and training success.

Fig. 5. 3D surface plot of the final PINNs solution. Fig. 6. Training Loss by Adam and LBFGS.

Mathematical Modeling and Computing, Vol. 12, No. 2, pp. 549–557 (2025)



Numerical simulation by deep learning for discrete nonlinear problems involving the anisotropic . . . 555

6. Results for other nonlinear functions

In this section, we showcase two different examples of combined nonlinearity terms. Throughout these
examples, we retain:
— The same PINN framework as in the previous sections (four hidden layers, 256 neurons each, and 40 000/1 500

training epochs).
— The same discrete domain and Dirichlet boundary conditions (u = 0 on the boundary).
— The same spatially varying exponent

p(k, h) = 2 +
1

1 + k2 + h2
.

For each example, we display three plots: a 3D surface of the solution, a heatmap, and the loss

function curve over training.

Example 1. g((k, h), u(k, h)) = −0.1u2, f(k, h) = 1 + 1√
1+k2+h2

.

Results:

Fig. 7. 3D surface plot of the PINNs solution. Fig. 8. Training Loss by Adam and LBFGS.

Example 2. g((k, h), u(k, h)) = − sin
(

u
)2

− 0.6u3, f(k, h) = 10.
Results:

Fig. 9. 3D surface plot of the PINNs solution. Fig. 10. Training Loss by Adam and LBFGS.

Throughout all the provided examples, the PINN framework consistently exhibited robustness,
stable convergence, and accurately captured complex nonlinear behaviors. The provided 3D plots,
heatmaps, and training-loss curves highlight the accuracy and stability of this approach.

7. Conclusion and observations

When comparing the traditional Newton–Krylov solver approach and our PINNs approach to solve
the discrete p(·)-Laplacian problem, a crucial difference emerges as we refine the grid and increase its
size (e.g., from a 12 × 12 mesh to a 25 × 25 or beyond). In our numerical experiments:

— Krylov solver scalability. For moderate grid sizes, the Krylov-based method converges reason-
ably fast and provides accurate solutions. However, Increasing the grid density rapidly expands the
nonlinear system, since every additional interior point introduces another unknown to solve for.Our
numerical experiments indicate that for grid sizes of approximately 25 × 25 or greater, the Krylov
solver either fails or faces significant convergence issues, primarily due to increased system size
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and nonlinear complexity. Iterative solvers that rely on building or approximating large Jacobians
can become prohibitively expensive in terms of both memory and compute time, especially if no
sophisticated preconditioning is used.

— PINns with larger grids. By contrast, PINNs benefit from having more training points when the
grid size increases. With additional data points, the neural network has more explicit constraints
guiding it toward the true solution. Although training a neural network also requires significant
computation, the PINN approach does not require forming and solving a large coupled system
of equations in one go. Instead, it minimizes a loss function via gradient-based methods (Adam,
LBFGS, etc.). Our experiments suggest that increasing the number of collocation points (grid
points) often improves PINNs final accuracy. The network effectively leverages the additional data
points to improve its approximation of the solution.

In summary, increasing grid resolution can reduce the practicality of traditional Krylov-based meth-
ods due to escalating memory demands and system complexity, leading to convergence difficulties.
Meanwhile, the PINNs approach appears more robust and scales better with additional points, con-
sistently yielding good approximations. This robustness highlights the growing appeal of machine-
learning-based methods, especially for high-dimensional or highly nonlinear problems where classical
iterative methods may slow down and become costly.
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Чисельне моделювання дискретних нелiнiйних задач iз
анiзотропним p(·)-лапласiаном за допомогою глибинного

навчання
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У статтi доведено iснування класу дискретних нелiнiйних систем iз анiзотропним
p(·)-лапласiаном шляхом застосування пiдходу, заснованого на оптимiзацiї. Здiйсне-
но чисельне моделювання розв’язкiв шляхом реалiзацiї моделi глибинного навчання.
Чисельнi результати показують, що запропонований метод є стабiльним та надiйним
порiвняно з традицiйними пiдходами, такими як метод Ньютона–Крилова.

Ключовi слова: дискретна крайова задача; глибинне навчання; анiзотропний p(·)-
лапласiан.
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