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No doubt, the majority of people have personal accounts on several social networks, which
allow them to exchange information with their family and friends and to follow their in-
terests. A social network can be defined by a set of social entities and the relationships
that these social entities have with each other directly, or indirectly through the length of
the links between them. For a better understanding the interest of the social communica-
tion between people, which is the main key for the process of social network analysis, we
will use indicators that are supposed to determine the notion of importance in a network
by identifying the most significant entities, called Centrality measures. The idea of this
paper is to generalize these measures and rewrite them in a new way in order to analyze
the importance of social networks through the number of their levels.

Keywords: complex network; centrality measures; social network analysis; degree cen-
trality; closeness centrality; betweeness centrality.
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1. Introduction

Although the concept of “complex network” currently refers to a wide variety of objects and phenom-
ena, due to the development of several complex systems allowing the connection between components
(atoms, individuals, routers). This has motivated researchers to understand and analyze the character-
istics of a complex network and its properties [1,2]. A complex network is a network with topological
characteristics that do not appear in simple networks. The word “complex network” refers to the fact
that it is impossible to predict the behavior of these systems from their components. Complex net-
works can be used to model many types of relationships and processes in physical, biological, social
and information systems [2]. The internet, which can be represented by complex network, is one of
the several complex systems based on interactions between a large number of elements. It represents a
network of computers and routers connected to each other by physical links [2]|. Indeed, social networks
could be represented as complex networks by considering the accounts as vertices and the relationship
between them as edges [2—4].

The notion of social networks was founded to discover if there is a relationship between the impor-
tance of a social network and the pattern of social links in which actors are embedded. Social network
analysis seeks to understand the structure of networks and their entities using two main axes: the
actors and the relationships between them [4,5]. Many kinds of theories have been developed to ex-
amine and explain the properties of interactions between the different components of a social network
to define the importance of each component within a network, such as centrality measures [2,5].

In the analysis of social networks, the idea of centrality measures appeared to understand the
social communication between humans starting first with the characterization of communication in
small groups of people to know if there is a relationship between structural centrality and influence in
the processes of exchange and sharing within the group [3]. Centrality gathers several indicators that
are used to determine the role of each entity in a social network, according to its relations (direct and
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indirect) and its position. In this sense, there are two main categories of centrality measures, those
related to proximity such as Degree Centrality and Closeness Centrality, and those based on being an
intermediate node between two other nodes such as Betweenness Centrality [3, 6].

In the rest of this article, we will define the different terms used in our research, after that, we will
define new generalized formulas of these measures according to the level within a network in function
of d¢.(k) in order to determine the interest of centrality measures in the analysis of social networks and
understand the concept of social communication between the entities of a social network by level.

2. Preliminary notes

The study of centrality is used to define the role of an individual within a social network. A social
network can be represented as a simple connected, and planar undirected graph G, consisting of a
set of V individuals (vertices) and a set of F edges (lines) connecting pairs of individuals. The order
of graph G, denoted by n, is its number of vertices and the size of graph G is its number of edges
denoted by m. The distance between two individuals u and v in graph (network) G, denoted by d(u,v)
represents the number of edges of the shortest path connecting these vertices in G. The degree deg(u)
of the vertex u which is the number of edges incident to w. The diameter of a graph G, denoted by
D(@G), represents the longest distance between two vertices (individuals) of this graph [2,3|. Another
indicator that plays an important role in our research is the d¢(k). It represents the number of vertices
pairs of graph G that are at distance k from w [2,3|. This parameter will help us to generalize the
centrality measures of a social network in order to understand the changes in its structure.
Topological indices are indicators similar to centrality measures used to analyze social networks such
as the Wiener index W(G) which is an index based on distance. It represents the sum of distances
between all vertices of a graph G defined by the following formula: W(G) = %ZuEV(G) w(u, G) with
w(v,G) =3 ev (e du,v) [7]. The degree distance index DD(G) is another example of topological in-

dices based on degree and distance defined as follows: DD(G) = 4m(n—1)+3_ cv(q) 21?:(?) deg(u)(k—
2)dg; (k) [2]-

2.1. Classic centrality measures

2.1.1. Classic degree centrality

In social network analysis, the classic degree centrality is an indicator used to measure the total of

direct relationships of a node with others. For a simple connected and planar graph G, the vertex’s
degree centrality defined by the following formula [5,6]:

Calu) = fjg_(?.

The degree centrality of a social network is the sum of the degree centralities of each node, it represented
as follows:

ZueV(G) [Cd(umaX) - Cd(u)] 1
(n—1)(n—2) ’ (1)

where Cy(umax) is the maximum degree centrality of any entity within the social network.

Ca(G) =

2.1.2. Classic closeness centrality

In social network analysis, the classic closeness centrality measures each node according to its “close-
ness” to all other nodes within a social network. Closeness centrality allows assigning a score to the
entities of a network based on the sum of the shortest paths to designate the individuals who are best
placed and who influence more on the entire network. For a simple connected and planar graph G, the
vertex’s closeness centrality defined by the following formula [6,8,9]:

1
Celt) = 5=y dlwv)

The closeness centrality of a social network represented by the following formula:

C@) = (n-1)Y _ Celu). (2)

ueV(G)
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2.1.3. Classic betweenness centrality

In social network analysis, the classic betweenness centrality is an indicator that is used to identify the
entities influencing the flow of communication within a social network by calculating the sum of the
short paths between two vertices v and w through the vertex u. For a simple connected and planar
graph G, the vertex’s betweenness centrality defined by the following formula [8-10]:

Gy =y Ll
vEWAUEV (G) Gow
where g, ,, represent the total number of shortest paths from node v to node w and g, ,(u) represent
the number of such paths that pass through wu.
The Betweenness centrality of a social network G represented by the following formula [11]:

G(G) = ~Cyfw). (3)

2.2. Centrality measures in social communication

The methodology of social network analysis are used to identify and analyze the interactions between
individuals in a social network. This approach has attracted researchers to dig into the field of sociology
to understand human behavior, and to study the social relationships between the different components
of a social network and their consequences.

As already mentioned, in the context of social communication, centrality was first applied to hu-
man communication in small groups of people to determine the relationship between the position of
individuals and their influences within a group [3,10,11]. In the article [12], the authors represent a
general review of social network analysis by discussing the different problems recognized in this anal-
ysis such as the social communication. Another example of the use of centrality measures could be
mentioned, the authors of the article [13| discussed the general concept of centrality measures and
presented some applications of these indicators in social network analysis. Researchers have proposed
indicators known as measures of centrality to quantify the notion of importance in terms of degree,
closeness and betweenness. Knowing the important nodes in the network allows us to adopt strategies
to protect them, as they play an essential role in communication.

3. Main results

In order to define the importance of each social network, we must define the importance of each
component of this social network. In this sense, we tried in the article 3] to characterize the importance
of each entity within the social network by treating each person in a group (level), we proposed a method
of analysis of social networks based on the level of importance by generalizing the three measures of
centrality according to d¢(k). In this section, we will improve our results by trying to calculate the
centrality measures of social networks by level to discuss the importance of a social network by group
and define if there is a relation between the influence of each individual and the importance of a social
network.

3.1. Degree centrality

Theorem 1. Let G be a simple connected planar graph of diameter D(G) with n vertices, m edges,
then the Degree Centrality by level of a social network G, is defined as:

) ||- 522 )] - |- S5 dew)
(n—2) |

ueV

Ci(G) = (4)

Proof. Let G be a simple connected planar graph of diameter D(G) with n vertices, m edges, then
the Degree Centrality by level of a vertex u, is deﬁned as [3]

Ch(u) n_lzyw (5)
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Using (1) and (5), we have:
ZuEV(G) [Cd(umam) - Cd(u)]

Cp(G) =

(n—1)(n—2)
 2uev(@) H L ) de (i ‘ ‘_ﬁ s “(k:)H
(n—1)(n—2)
Y uev(c L1“_ D(G e (k )‘_‘_Zk:Z d%(k‘)”
B (n—l)(n—2>
v |20 ]| D]
(n—l)(n—Q !
ot = ZreVO (|- d;zj:ax(;)\ - |- 229 asw]]

3.2. Closeness centrality

Theorem 2. Let G be a simple connected planar graph of diameter D(G) with n vertices, m edges,
then the Closeness Centrality by level of a social network G, is defined as:

k = (n— 1

Proof. Let G be a simple connected planar graph of diameter D(G) with n vertices, m edges, then
the Closeness Centrality by level of a vertex wu, is defined as [3]:

1
Ci(u) = m (7)
Using (2) and (7), we have:
Ce(G) = (n—1) Z Ce(u),
ueV(G)
@) =-1) Y —pm
e T kg
[

3.3. Betweenness centrality

Theorem 3. Let G be a simple connected planar graph of diameter D(G) with n vertices, m edges,
then the Betweenness Centrality by level of a social network G, is defined as:

D zdu ®)

UGV(G

Proof. Let G be a simple connected planar graph of diameter D(G) with n vertices, m edges, then
the Betweeness Centrality by level of a vertex u, is defined as [3]:

D©) n—1
S = 37 dih) - = ©)
k=1
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Using (3) and (9), we have:

D(G)
1 1 " n—1 . n—1
CHE) = 2Clw = 1| S dplh) ~ "5 =1 % {zd =
k=1 ueV(G)
D(G) D(G)
1 u 1 n— 1 . _1lnn-1
- R DIDMCCEFE
ueV(G) k=1 ueV(G) ueV(G

3.4. Centrality measures in social communication by levels

The importance of a social network resides in the importance of its components in terms of direct and
indirect relationships as well as the type of information shared. In other words, in social networks,
some entities play a very important role in the social communication between individuals while others
have no influence on the network. In this sense, researchers have noticed that some actors play a more
“important”
the notion of the importance of a network in terms of the importance of its components. The centrality
of a network can be used to define to most influenced entities in social networks (e.g., a group of people,
a community, etc.). In our case, we are interested to capture the notion of the importance of a social
network by identifying its central components.

role than others, for this reason, they have proposed the centrality measures to quantify

3rd level

4th level

Fig. 1. The social network G composed by N individuals.

Understanding the flow of sharing and exchanging information between individuals in a social
network constitutes the main objective of the study and analysis of social networks. The measures
of centrality allow to indicate the importance of networks (graphs) in terms of individuals. These
indicators measure the importance of a user in terms of direct and indirect relations, in other words,
the number of users who are far from the individual u by 1 represents the first level of the relationship
of this individual with the other components of a social network noted by d(1). The second level
represents the number of users far from an entity u by a distance equal to 2 (d{(2)), which means
the importance of the neighboring entities of this individual u according to the number of their direct
relations (the degree of the neighboring entities). Our method will come to its end when we reach the
last level (D(G)).
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Our main objective is to determine the relationship between the centrality measures of a social
network and the number of its levels using the di (k). This will allow us to classify the relationships
between individuals within a social network according to its levels and to understand the process of
information diffusion between the components. Based on this method, we can define the individuals
who influence more within a social network as well as the relationship between its importance and the
importance of its different components.

60 40 40
> 50
s 2 30 o 30
S 40 s z
o 5 E
2 o o)
2 30 @ 20 O 20
£ g g
3 3 g
H 20 o a
& © 10 10

10

0 0 0

1 2 3 4 1 2 3 4 1 2 3 4
Level Level Level

Fig. 2. The variance of the importance of a social network according to its levels.

The graph above shows us the variance of the importance of a social network (C%(G), C¥(@G),
CF(@)) in terms of the number of levels that compose this network and the number of individuals. To
see this difference, we tried to calculate the three measures of centrality of the social network (Figure 1)
based on the new formulas proposed in function of d(k) to understand the behavior of each entity
that composes this network. According to the obtained results, we can notice that the importance
of a social network depends on the importance of its entities, in the first case, we can notice that
the importance of the network (Figure 1) decreases when the number of levels increases, it is about
the degree centrality and closeness centrality (C’C]lg (@), C¥(@)), on the other hand, the importance of
the network increases when the number of levels increases in the case of the measure of betwenness
centrality (CF(G)).

4. Conclusion

The importance of an individual within a social network depends on the number of direct and indirect
friendship relationships with other individuals that you can reach from it. Social network analysis
allows to measure the importance of each person as a function of the social relationships within a
social network. In this context, centrality measures have been proposed to provide a ranking that
identifies the most important nodes in social network analysis.

Our main research work has to present an overview about the most centrality measures used by
generalizing these indicators in function of di (k) to understand the concept of social communication
between the entities of a social network by level and define if there is a relation between the influence
of each individual and the importance of a social network.
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leHepani3ayis neBHNX MIp LEHTPabLHOCTI
O aHanNi3y couiaibHUX Mepexx

Jarpigar C.!, Eccamix M.?

LLAPSSII, Buwa wxora mexnonoeiti Cagi,
Vwisepcumem Kadi Atiada, Mappaxew, Mapoxko
2LRIT-CNRST URAC 29, Ilenmp IT Paéam,

Daxyavmem nayk, Ynisepcumem Moxammeda V, Pabam, Mapoxko

BesymoBHo, OinbimicTs JT07€l MaOTh 0COOMCTI AKAYHTU B KIJTBKOX COIIAJIBHUX MEPEXkKaX,
110 JTO3BOJISIE IM OOMIHIOBATHCS 1H(OPMAIIIEIO 3 POJAMHOIO T JAPY3SIMHU Ta CTEKUTH 3 CBOI-
Mu inTepecamu. ColjajbHa Mepezka MoxKe OyTH BUSHAUEHA sIK Habip COlajbHUX CYyTHOCTEMH
Ta 3B’s13KiB, SKi I COIMIaIbHI CyTHOCTI MAIOTh OJHA 3 OJHOI0 OEe3MocepeIHbO ab0 OIOCePe -
KOBAHO Yepe3 JIOBXKUHY 3B’s3KiB MixK HuMmu. [[J1st Kpammoro po3yMiHHsI iHTEpecy COIliaJib-
HOI KOMYHIKAITl MiK JTIOAbMH, IO € OCHOBHUM KJIIOYUEM JIJIST IIPOIIECY aHAJII3y COIIaJIbHUX
Mepexx, MU OyIeMO BUKOPHCTOBYBATHU IIOKA3HUKH, SIKi IOBHHHI BU3HAYATU HOHATTS BaXK-
JIMBOCTI B MepeXKi, BUABJSIOUN HAMOILIBIN 3HAUYINI CYTHOCTI, fKi HA3WBAIOTHLCSI MipaMu
nenTpaabHocTi. [nes 1iel poboTu mosisirae B renepaJiizariii nux Mmip i mepenucyBaHHi X y
HOBUI CHIOCIO 71 aHAJII3Y Ba’KJIMBOCTI COIIAILHUAX MEpeXK dYepe3 KiIbKiCTh IX PiBHIB.

Kno4oBi cnoBa: cxaadna mepesica; Mipu UeHMparoHOCT; AHANMS COUTAADHUT MEPEIC;
CMYNEREBA UEHMPAALHICTG; BAUSLKICTND UEHMPANLHOCTNT; UEHMPAALHICTY YEPES Noce-
peJHUUMEO.
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