odeling
MATHEMATICAL MODELING AND COMPUTING, Vol. 12, No. 1, pp.355-361 (2025) M @puting

athematical

Research of thermal processes in a solid bimetallic cylinder under
the action of an unsteady electromagnetic field

Musii R., Kunynets A., Klapchuk M., Sai I., Guk L., Svidrak I., Ivasyk H.

Lviv Polytechnic National University,
12 S. Bandera Str., 79013, Lviv, Ukraine

(Received 19 Juny 2024; Accepted 26 March 2025)

This study introduces a comprehensive physical and mathematical model designed to inves-
tigate thermal processes within a solid bimetallic cylindrical rod subjected to an amplitude-
modulated radio pulse. The initial relations for the electrodynamics initial-boundary-value
problem of the rod are presented, with the axial component of the magnetic field intensity
vector identified as the key determining function. The problem is addressed by approx-
imating the distributions of this determining function in the constituent cylinders using
quadratic polynomials along the radial coordinate. The paper outlines the expression for
the axial component of the magnetic field intensity vector and Joule heat in the constituent
cylinders of the solid bimetallic rod under the influence of an amplitude-modulated radio
pulse. Numerical analysis is then employed to investigate the time variation and radial
coordinate distribution of these factors within the constituent cylinders of the bimetallic
rod.

Keywords: solid bimetallic cylinder; amplitude-modulated radio pulse; axial component
of the magnetic field intensity vector; Joule heat; thermal modes.
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1. Introduction

The study of electromagnetic processes in conductive materials is a fundamental topic explored in
monograph [1], which delves into the general principles governing these phenomena. Concurrently, the
application of pulsed magnetic fields in modern material processing technologies is examined in detail
in [2].

Solid bimetallic cylindrical rods play a crucial role as structural components in various applications
within the chemical industry, serving as cathode elements and power devices [1,2|. These structural
elements, taking the form of solid bimetallic cylindrical rods, are routinely subjected to non-stationary
electromagnetic fields (EMF), in particular, amplitude-modulated radio pulses (AMRPs) during their
operational processes.

Literature on heat transfer processes in solids is comprehensively detailed in [3], while [4] focuses
on mathematical methodologies for solving thermal conductivity problems. Additionally, the mono-
graph [5] discusses the theory of electric heating and its application in heating structural elements
within technological processes.

The results of studies of the thermomechanical behavior of electrically conductive structural ele-
ments under induction heating by steady-state and quasi-steady-state electromagnetic fields are pre-
sented in [6].

Conversely, Ref. |7] explores the effects of AMRPs on thermoelastic energy dissipation in a hollow
cylindrical sensor, highlighting gaps in the study of thermal behaviors under short-term, unstable
electromagnetic field effects.

This research focuses on investigating the thermal behavior of solid bimetallic cylindrical rods
(SBMCR) when subjected to electromagnetic treatment using AMRPs. Through computer analysis,
this study unveils the patterns in the thermal dynamics of SBMCR, revealing their dependence on the
amplitude-frequency parameters of AMRPs and the geometric characteristics of the rods.

(© 2025 Lviv Polytechnic National University 355



356 Musii R., Kunynets A., Klapchuk M., Sai l., Guk L., Svidrak I., Ivasyk H.

2. Initial statements of the physical and mathematical model

Consider a solid bimetallic cylindrical rod (SBMCR) within the cylindrical coordinate system Oryz.
The axis Oz coincides with the symmetry axis of the SBMCR. The inner solid cylinder has a radius
of 7 = r1 while the outer hollow cylinder has a radius 7 = r5. The joint surface radius of the solid and
hollow component cylinders of the SBMCS is uniform and equal to r = 7.

Each component cylinder (n = 1,2) of the SBMCS is composed of materials that are homogeneous,
isotropic, and nonferromagnetic. It is assumed that their electrophysical parameters, denoted as o,
for electrical conductivity and u, for magnetic permeability, remain constant and are equal to their
average values within the respective heating ranges.

For the electromagnetic treatment of SBMCR, the action of AMRP was employed. This action of
AMRP is mathematically described by the following expression [7]

Hy,(t) = kHy (exp (—/1t) — exp (—[fat)) cos wt. (1)
Here Hj is the amplitude of sinusoidal carrier electromagnetic oscillations of frequency w; (1, B2 are
parameters characterizing the times of the AMRP rise and fall fronts; k is normalization factor, ¢ is
time.

As aresult of the action of AMRP in each n-th (n = 1,2) constituent cylinder of SBMCR, eddy cur-
rents are induced. When these currents flow within the constituent cylinders of SBMCR, volumetrically
distributed non-stationary Joule heat sources Q™ arise.

Based on the considered physical model, to determine the Joule heat Q" it is first necessary to
determine the axial component H én) of the magnetic field intensity vector H (n) — {0; 0;H én) (7, t)} in
each cylinder that is different from zero.

Let us consider a plane axisymmetric problem of electrodynamics for the considered SMSC. Under
such conditions, according to Maxwell’s relations, the axial component H. én)(r, t) of the magnetic field
intensity vector H( is different from zero. This component H én) (r,t) is a function of the radial
variable r and time t.

To find the function H{" (r,t) in each n-th (n = 1,2) constituent cylinder of the SBMCS, the
following equations

o> H" ! o™ oH" )
or? r Or Tnkn 5 T

were obtained on the basis of Maxwell’s relations.
Equation (2) is solved under the boundary condition

HP (ry, t) = Hi(t) 3)

on the outer surface r = r9 of the SBMCS and the condition
oHM(0,1)
or

on the cylinder axis r = 0. This condition corresponds to the axisymmetry of the magnetic field on
the cylinder axis. On the surface r = r; of the connection of the SBMCS constituent cylinders, the
conditions of perfect electromagnetic contact are observed

8H§1)(r1,t) _ kj 6H§2)(T1,t)

~0 (4)

HW (r,t) = H® (rq,t : 5
z (Tla ) z (Tl’ )’ or or ( )
Here k, = 01/02. In the absence of AMRP at a given time ¢ = 0, the initial condition is

H{M (r,0) = 0. (6)

By solving the initial boundary value problem (2)—(6), we obtain the expression for the component

H én) within the n-th constituent cylinder of the SBMCS. Using the found function H én), according to
Maxwell’s relations, we formulate the expression of the Joule specific heat density

() 2
Q" = i(aH‘Z ) (7)

or
in n-th composite cylinder of the SBMCS.
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3. Determination of the Joule heat under AMRP action

According to the considered physical-mathematical model, in the initial stage, we first find the solution
to the initial-boundary-value problem (2)—(6). To achieve this, we approximate the distributions of

the functions H én) in each n-th component cylinder of the SBMCR with quadratic polynomials

2
=" a"(t)r. (8)
=0

Applying a methodology similar to the one presented in the monograph [8], we construct the
solution to the formulated initial-boundary-value problem (2)—(6) under the action of AMRP. For this
purpose, we express the boundary condition (3) in the form of (1). As a result of these transformations,
we obtain the expression for the component H én) (r,t) of the magnetic field intensity vector under the

influence of AMRP:

HO (r koﬂoz( () ,—(Br—iw)t +B(n) —(Ba—iw)t

+B§g)e—(61+z‘w)t +B£Z)e—(52+iw)t _i_Bi(gl)eplt _'_Bl%’b)epgt),ri' 9)

Here, the expressions BZ({L ). BZ-((? ) depend on the geometric parameters of the SBMCS and the elec-

trophysical parameters of the materials of its component cylinders, as well as on the time parameters
of the AMRP. The values p;, pe are the roots of the characteristic equation corresponding to (2).
According to formula (6), the specific Joule heat density Q™ (r,t) in n-th constituent cylinder of the
SBMCS is written by the expression

1k 2 2 20
Q(n)(’l“,t — U_ ZZ Z alt z+] 2 (10)

In this context, the expressions Cz'(jl)’ (1 =12 j = 1,2, I = 1,20) are described by appropriate

combinations of expressions BZ-(:) (i=0,2,s=1,6), oy (I =1,20) depend on the geometric parameters
of the SBMCS, the frequency w of electromagnetic oscillations, the parameters 51 and S of AMRP, and
electrophysical characteristics o,,, t, of the materials comprising of the SBMCS cylinder components.

4. Computer analysis of thermal modes

The calculations were performed for SBMCSs
with radii of cylindrical surfaces r;1 = 0.005 m
and 79 = 0.0l m. Thermal regimes were
investigated for the SBMCR made of non-
ferromagnetic materials. Stainless alloy steel
was chosen for the material of the internal
solid component cylinder of the SBMCR, while
the external hollow component cylinder of the
SBMCR was made of copper. The electric and
thermophysical characteristics of the materials

of the constituent layers of the cylinder under 1l ‘ ‘ ‘ ‘
consideration were selected from the reference . ! 2 4 ) 6
book [9] Fig.1. Temporal variation of the axial component

am (r,t) of the magnetic field intensity vector on the

The duration of AMRP was selected as ¢; = surfaces r — 1 (line 1) and r — r (line 2).

100 ps. This corresponds to the parameters of
AMRP used for technological processing. The frequency of the carrier electromagnetic oscillations was
taken as w = 6.28 - 10° rad/s. This corresponds to the radio frequency range. With such a duration
t; = 100 ps and the specified angular frequency w = 6.28 - 10° rad/s, ten periods of electromagnetic
oscillations occur.
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The results of the numerical analysis of the axial component H. §”) (r,t) of the magnetic field intensity
vector under the action of AMRP are shown in Figures 1, 2.

Figure 1 illustrates the variation over time of the axial component Hén) of the magnetic field
intensity vector on the surface of the junction r; = 0.005 m (line 1) connecting the constituent cylinders
of the SBMCR and on the outer surface r, = 0.01 m (line 2) of the SBMCR. Line 1 corresponds to
the condition of ideal electromagnetic contact between the constituent cylinders of the SBMCR.

It has been established that the maximum values of the component H. én) (r,t) of the magnetic field
intensity vector on the surface of the junction of the constituent cylinders are approximately 4 times
smaller than those values on the outer surface of the SBMCR.

Figure 2 illustrates the distribution of the
axial component H én) of the magnetic field in-
tensity vector along the radial variable of the
constituent cylinders of the SBMCR at the mo-
ments of time ¢t = 0.05 ¢; (line 1), t = 0.1 ¢;
(line 2), and ¢ = 0.25 ¢; (line 3).

These moments in time correspond to the
middle of the rising front, the maximum, and
the middle of the falling front of the amplitude-
modulated radio pulse signal.

It was found that the distribution of the

7™ A

Hy m
il

0.5+

-0.51

_1-

1 3 5 7 8 9 10

Fig. 2. Distribution of the axial component H™ of the
magnetic field intensity vector along the radial coordi-
nate of the solid bimetallic cylinder at moments in time

magnetic field intensity vector component H él)
along the radial variable in the inner solid steel
cylinder is close to linear. Accordingly, in the

t =0.05¢ (line 1), t = 0.1 ¢; (line 2), and ¢t = 0.25 ¢,

(line 3) outer copper hollow cylinder, the distribution
me .

of the magnetic field intensity vector component
H 52) is significantly nonlinear. It is established that the maximum values of the magnetic field intensity
vector component H. én) are obtained at the time t = 0.1 ¢;.

Q(2> 1 ,ZJmZ
HZ' A?

Fig. 3. Temporal variation of Joule heat Q(? (r,t) in the external copper component cylinder
on the surfaces r = r1 (line 1) and r = ro (line 2).

In Figure 3, the variation over time of Joule heat @) on the surface of the junction r = rq (line 1)
connecting the constituent cylinders of the SBMCR and on the outer surface » = ry (line 2) of the
SBMCR is depicted.

It has been determined that the maximum value of Joule heat @® in the copper component
cylinder on the outer surface r = ro is approximately 2 times greater than the corresponding value on
the surface r = r1 connecting the constituent cylinders of the SBMCR.
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Fig. 4. Temporal variation of Joule heat Q(l)(r, t) in the inner steel composite cylinder
on the surface r = ry.

Figure 4 depicts the temporal variation of Joule heat QY g-adm?
QW(r,t) in the internal steel component cylinder on the H A
surface r = r1 connecting the constituent cylinders of the 21
SBMCR.

It is obtained that the maximum value of Joule heat
QW on the surface r = r; is about 100 times less than the
following value of Joule heat Q) on the surface r = ro.

1.5

The component H§") of the magnetic field intensity 14
vector and the Joule heat Q™ acquire their maximum
values at time ¢t = 0.1¢;. This corresponds to the maxi-
mum of the function

p(t) = exp(=pit) — exp(—Fat), R

which modulates the time dependence of AMRP. 1 3 5
Figure 5 shows the distribution of Joule heat QW)  Fig.5. Distribution of Joule heat Q') along
along the radial coordinate of the inner steel cylinder at  the radial coordinate of the inner steel cylin-

times ¢ = 0.05¢; (line 1), ¢ = 0.1¢; (line 2), and t = 0.25¢; ~ der at times £ = 0.05; (line 1), ¢ = 0.1t;
(line 3) (line 2) and t = 0.25¢; (line 3).

0.51

QM _,Jm?
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Fig. 6. Distribution of Joule heat along the radial coordinate of a solid bimetallic
cylinder at times ¢ = 0.05¢; (line 1), ¢ = 0.1¢; (line 2) and ¢t = 0.25¢; (line 3).

It is obtained that the distribution of Joule heat Q") along the radial coordinate in a steel cylinder
for the considered moments of time is close to linear. The maximum values are achieved at the time
t = 0.1¢; on the surface r = rq.
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Figure 6 shows the distribution of Joule heat Q™ along the radial coordinate in the constituent
cylinders of the SBMSC at times ¢t = 0.05¢; (line 1), ¢ = 0.1¢; (line 2), and ¢ = 0.25¢; (line 3).

It was found that on the surface of the joint of the component cylinders, the Joule heat undergoes
jumps of the corresponding magnitude at the considered moments of time. It was found that the
distribution of Joule heat in the steel component cylinder of the SBMCS is close to linear, while in the
copper component cylinder of the SBMCS it is significantly nonlinear.

5. Conclusion

A physical-mathematical model has been introduced to explore the thermal behaviors within the
constituent cylinders of the SBMCR, under the influence of AMRP. The approach involved employing
a quadratic approximation for the distributions of the axial component of the magnetic field intensity
vector in the constituent cylinders of the SBMCR. This enabled the derivation of expressions for
the aforementioned magnetic field component and the specific Joule heat density in the constituent
cylinders of the SBMCR, presented in a form conducive to analytical convenience for computer analysis.

The time-dependent variations and radial coordinate distributions of the axial component of the
magnetic field intensity vector and the specific Joule heat density in the constituent cylinders of the
SBMCR were subjected to numerical analysis. Novel patterns, indicative of the thermal regimes within
the constituent cylinders of the SBMCR during technological processing with amplitude-modulated
radio pulses, were identified.
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Hocnig>xeHHs TennoBmx Npouecis y cyuinbHomy bimetanesomy
UMUAIHOPI 3a AiT HeyCTaNleHOro esIeKTPOMarHiTHOro noas

Myciit P., Kynunens A., Kianuyk M., Cait 1., I'yk JI., Ceigpak 1., Isacuk I

Hauionarvrut ynisepcumem “/Ivsiscora nosimexnira’,
eya. C. Bandepu, 12, 79013, m. Jlveis, Ykpaina

V wiit poboTi IpeacTaBIeHO KOMILIEKCHY (PI3UKO-MaTeMaTUYHy MOJE/b, IPU3HAYEHY JIJIst
JOCJIPKEHHs] TEIUIOBUX IPOIECIB y CYIILHOMY OiMeTaJIeBOMY IUIIHAPUIHOMY CTPUKHI,
10 3a3HAE BIIUBY aMILTITY/IHO-MOIYIbOBAHOIO paioimiryabcy. HaBemeno Buxinmi ciiBsig-
HOIIIEHHST TIOYATKOBO-KPAROBOI 38/1a4i eJIeKTpoInHAMIKY 1J1st cTprzKHsI. OChOBa KOMITOHEH-
Ta BEKTOPaA HAIPYKEHOCTI MarHiTHOIO I110Jisi BUOpaHa sIK BU3HA4YaJbHA (DYHKIls. 3ajada
PO3B’SI3YEThCS MIJISTXOM AITPOKCUMAIII] PO3IOILIIB i€l BU3HAYAIBHOT (DYHKINI B CKJIAIOBUX
MTHIpaX 3a JIOIMOMOTOI0 KBaIpaTHIHUX MTOJIHOMIB [0 paJiaJbHiil KoopauuaTi. Onucano
BHUPA3 [JIsi 0CbOBOI KOMIIOHEHTU BEKTOPA HAIPYKEHOCTI MATHITHOTO 10JIs1 Ta Ternia JIkoy-
JIsi B CKJIQJIOBUX IIJIIHIPAX CYIJILHOTO OiMeTaIeBOr0 CTPUKHS i/l BILTMBOM aMILTITY/IHO-
MOJLYJTBOBAHOTO PAJIOIMITYJIbCY. 3a JOMOMOTOI0 YUCEIHLHOIO AHAJI3Y JOCIIZKEHO 3MiHY B
4Jaci Ta PO3MOAUI 33 PaiajbHOK KOOPAMHATOK IHUX (aKTOPIB y CKJIAJIOBUX IUJIIHIPAX
6iMeTaJIeBOrO CTPUKHS.

Knw4osi cnosa: cyuiavhutll 6imemanesuti Uurindp; amnaimyono-molysvo8anuli pa-
i0IMNYADC; 0CHOBA, CKAAD0EA BEKMOPA HANPYHCEHOCTNT MAZHIMHO20 NOAS; Menao Jlocoy-
AA; MENNOET PEHCUMAU.

Mathematical Modeling and Computing, Vol.12, No. 1, pp.355-361 (2025)



