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A generalized Petersen graph is a graph with 2n vertices, where each vertex has degree 3
and there are 3n edges. A unit-distance graph is a graph with every edge of 1 unit length.
We study the geometric transformation of a generalized Petersen graph into a generalized
Petersen unit-distance graph and the rotation angles of the n-pointed star of the gener-
alized Petersen unit-distance graph. Then, we obtain the properties of the generalized
Petersen unit-distance graph and the rotation angles of the n-pointed star of the gen-
eralized Petersen unit-distance graph by using geometric transformations, trigonometric
functions, and the rule of sine and cosine, along with similar polygons.
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1. Introduction

The generalized Petersen graph is the general structure of the Petersen graph, denoted by GP(n,k)

for integers n > 3 and 1 < k < L@J It consists of 2n vertices and 3n edges, as shown in Figure 1.

It can be drawn in a way that has n mirror reflection edges and n-fold rotational symmetry so that it
consists of an outer n-sided regular polygon and an inner n-pointed star. However, each edge may not
have a length of one unit.

Fig.1. A generalized Petersen graph. Fig.2. A generalized Petersen graph with the re-
maining n edges having equal lengths but shorter than

1 unit.

A unit-distance graph is widely studied in recent years. For example, chromatic number [1-3],
product of graphs [4, 5], planarity [6,7] and regularity [8]. In 2019, Griffiths [9] geometrically trans-
formed the Petersen graph into a Petersen unit-distance graph and then studied a geometric property
of a particular unit-distance Petersen graph, namely an undirected graph consisting of 10 vertices and
15 edges. We extend to a generalized Petersen unit-distance graph by starting with resizing the outer
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n-sided polygon so that its edges are one-unit long. Then, we enlarge the inner n-pointed star until
each edge of the star is also one-unit long. The resultant graph can be seen in Figure 2.

After that, we rotate the enlarged n-pointed star clockwise
around the center of the circle that surrounds the outer n-sided poly-
gon until we obtain a generalized Petersen unit-distance graph with
3n edges have a length of one unit, as shown in Figure 3.

In [10], Zitnik, Horvat, and Pisanski studied there are only 13
generalized Petersen graphs can be transformed into a generalized
Petersen unit-distance graph such as GP(5,2), GP(6,2), GP(7,2),
GP(7,3), GP(8,2), GP(8,3), GP(9,2), GP(9,3), GP(9,4),
GP(10,2), GP(10,3), GP(11,2) and GP(12,2).

Therefore, we separate the consideration of the rotation angle of
the n-pointed star in the unit-distance generalized Petersen graph
into three parts as follows:

1) The rotation angle for the generalized Petersen graph
GP(n,2), where n € {5,6,7,...,12}.

2) The rotation angle for the generalized Petersen graph GP(n,3), where n € {7,8,9,10}.

3) The rotation angle for the generalized Petersen graph GP(9,4).

The objective of the study is to determine the rotation angle of the n-pointed star that transforms
a generalized Petersen graph into a generalized Petersen unit-distance graph.

Fig. 3. A generalized Petersen
unit-distance graph.

2. Computations

2.1. The rotation angle for the generalized Petersen unit-distance graph GP(n,2),
where n € {5,6,7,...,12}
First, we consider triangle DEF to find the length of the diagonal of

the n-sided polygon, and we obtain that triangle DEF' is an isosceles
triangle because DE = FF =1 and DEF = (=27 1t follows that

n .
_(n=2)m

BFF - FDE < = _ =
By the law of sines, we obtain that —2E_ = —2E_ and then,
sin DEF sin DFE
sin =27 gin (m—22)
R
sin - sin 7
i 21 AT s
sin =~  2sin = cos = us
=—2 = "t = 2cos —.
sin Z sin Z n
n n
Therefore, the diagonal of the n-sided polygon has a length 2cos 7.

Next, consider the n-pointed star. Then, draw edges connecting

Fig.4. A tially-labelled Gen-
8 partia yziaberec en each vertex of the n-pointed star, resulting in an inner n-sided poly-

eralized Petersen unit-distance ) e -
graph GP(n,2). gon. It follows, that each diagonal of this inner n-sided polygon has

a length of 1 unit.

The ratio of the radius of the circle circumscribed in the outer n-sided polygon to the diagonal
lengths of such n-sided polygon is equal to the distance from O to the vertices of the inner n-sided
polygon. That is, OA: DF = OC': 1.

Next, we consider triangle AOB to determine the length of side OA. We see that since OA and
OB are radii of the circle that circumscribes the n-sided polygon that means OA = OB. Therefore,

iy o o _
triangle AOB is an isosceles triangle. Since AOB = 2%, we have that OAB = OBA = "= = (=2

) i OA A 2 2n
By the law of sines, we obtain that —25— = —22— and then,
sin ABO sin AOB

. (n—2 x_ (n=27
OA sin % Cos (2 on cos & 1
pr— ; 27‘_ pr— n E E pr— n E E pr— N E .
sin < 2sin - cos © 2sin - COoS & 2sin -
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Since OA: DF = OC' : 1, it follows that
OA 1 1

DF 2sin 7 - 2cos - © 2gin 20’
n

oC =

Next, we consider triangle AOC to determine angle A/O\C', which is the rotation angle of the n-
pointed star. We see that AC =1, OA = ﬁ and OC = —L .

T .
n 2sin <%

Let 6 = AOC. By the law of cosines, we obtain that
AC? = 0A% + 0C? — 2(0A)(0C) cos b,

] 1 n 1 cos 0
- N . - . A )
4 8in? % 4 sin? 27” 4 sin % sin 27”
sin? 2% 4 sin? Z — 2sin T sin 2= cos
1= - "3 72 - ’
: s : T
4 sin -~ sin” =7
L 9T . 92T . 9 2m Lo T .om . 27
4sin? = sin? == = sin® = + sin®? — — 2sin — sin — cos 6.
n n n n n n

Let A = sin 7 and B = sin 2% It follows that
4A%B? = A2 + B® — 2AB cos ),
A? + B?2 —4A%B?

cosf = 545 ,

A’ + B~ 4A2B2>

2AB
Hence, the rotation angle of the n-pointed star that transforms the generalized Petersen graph

6 = arccos <

GP(n,2) into a generalized Petersen unit-distance graph is arccos (%}%232), where A = sin 7

2

and B = sin =

2.2. The rotation angle for the generalized Petersen unit-distance graph GP(n, 3),

where n € {7,8,9,10}

First, we consider triangle EF'G, and then we see that triangle EFG
is an isosceles triangle because FF = FFG =1 and FFG = @

T (n—2)m

It follows that FEG = FGE = —t— = .
Next, we consider triangle DGE to determine the length of the
diagonal of the n-sided polygon. We see that 4DE =1, DGE = ©

and DEG = (=27 _x _ (n=3)m

.
By the law of sines, we obtain that —2&— = —L2E__ an( then,
sin DEG sin DGE

sin (n—3)m sin (7T — 3—”) sin 37

sin % sin % sin %
T _4aind &
:3smn. jlrsm - :3—4sin2z. ‘ '
sin n Fig.5. A partially-labelled Ge-

neralized Petersen unit-distance

Therefore, the diagonal of the n-sided polygon has a length eraph GP(n, 3).

3—4sin? T,
Next,nconsider the n-pointed star. Then, draw edges connecting each vertex of the n-pointed star,
resulting in an inner n-sided polygon. It follows that each diagonal of this inner n-sided polygon has
a length of 1 unit.
The ratio of the radius of the circle circumscribed in the outer n-sided polygon to the diagonal
lengths of such n-sided polygon is equal to the distance from O to the vertices of the inner n-sided
polygon. That is, OA: DG = OC : 1.
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Next, we consider triangle AOB to determine the length of side OA. Since OA and OB are radii

of the circle that circumscribes the n-sided polygon that means OA = OB. We obtain that, triangle
— —  _— o 2= oy
AOB is an isosceles triangle. Since AOB = 27“, we have that OAB = OBA = T—n = (n=27

2 2n
By the law of sines, we obtain that — 04— _AB_ and then,
sin ABO sin AOB

- -2
OA_sin%_COS<§_%)_ cos & 1
sin 27” 2sin 7 cos 2sin 7 cos & 2sin 7~
Since OA : DG = OC': 1, it follows that
OA 1 1 1
ocC

" DG (2sinZ) (3—4sin2Z)  (3sinZ—4sin®Z)  2sin 3%

n
Next, we consider triangle AOC to determine angle A/O\C', which is the rotation angle of the n-
pointed star. We see that AC = 1, OA = 5=+ and OC = —.

2sin 2sin
Let 6 = AOC. By the law of cosines, we obtain that
AC? = 0A% + 0C? — 2(0A)(0C) cos b,

n

|- 1 1 cos
N 4sin2% + 4 sin? 37” B 4sin%sin‘%’r’
1= sinz?’?7r +sin2% — 2Sin%Sin3%COSH
lein2%8i112377r ’

9 3T

Lo T . Lo 3T .
4sin? = sin? = = sin® =~ + sin®
n n n

T_ 2sinzsin—7T cos 6.
n n n
Let A = sin% and B = sin 3% It follows that
4A%B? = A + B? — 2AB cos ),
A%+ B2 —4A’B?

cosf = 5AB ,
- A% + B2 — 4A%B?
= arccos 545 .

Hence, the rotation angle of the n-pointed star that transforms the generalized Petersen graph

. . . . . 2 2__ 22 .
GP(n,3) into a generalized Petersen unit-distance eraph is arccos ( A8 445"\ ghere A = sin T
) g grap 5AB ) n
3T

and B = sin =

2.3. The rotation angle for the generalized Petersen unit-distance graph GP(9,4)

First, we consider triangle FGH, and we obtain that triangle FGH
is an isosceles triangle because FG = GH = 1 and FGH = %r. It

—_— —_ _7_7"
follows that GFH = GHF = "> = .
To consider triangle FF H, we found that EF = 1, EHF = 3

E/FT{:%’T—%:%”andF/ET{:ﬂ—%—%”:%’T.
Next, we consider triangle DEH to determine the length of the
diagonal of the 9-sided polygon. Then, DE = 1, DHE = 3 and

DEH -T2 _ %=

9 9 9
By the law of sines, we obtain that —2Z_ = —PE__ 4n( then,
sin DEH sin DHE
DH — sin%7T _ sim%7T _ élsim%cosgcos%’T
Fig. 6. A partially-labelled Gen- sin % sin % sin %
eralized Petersen unit-distance 4 s 2 9 s i 149 ™
graph GP(9,4). = 4 cos § COos ? = (cos § -+ cos 5) =1+ 2cos §
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Therefore, the diagonal of the 9-sided polygon has a length 1 + 2 cos §.

Next, consider the 9-pointed star. Then, draw edges connecting each vertex of the 9-pointed star,
resulting in an inner 9-sided polygon. It follows that each diagonal of this inner 9-sided polygon has a
length of 1 unit.

The ratio of the radius of the circle circumscribed in the outer 9-sided polygon to the diagonal
lengths of such 9-sided polygon is equal to the distance from O to the vertices of the inner 9-sided
polygon. That is, OA: DH = OC : 1.

Next, we consider triangle AOB to determine the length of side OA. Since OA and OB are radii
of the circle that circumscribes the n- sided polygon that means OA = OB We have triangle AOB is

_om
an isosceles triangle. Since AO0B = , we have that OAB = OBA = - = %.
By the law of sines, we obtain that OA_ _— _AB_ 4nd then,
sinABO  sinAOB
OA—SIHE :cos(%—%) _ Cos § _ 1
sin2f  2sinfcosy 2sinfcosy  2sinf’

Since OA: DH = OC' : 1, it follows that

OA 1 1 1 1 1
oC = = =

DH (2s1n ) (1 +2cos & ) - 2sin g +—i—2sin%7r - 2(2sin%cos%) N 2 cos g B 2sin%’r'
Then, we consider triangle AOC to determine angle A/O\C which is the rotation angle of the
9-pointed star. It follows that AC =1, OA = 5= and OC = —14—

2sin g 2sin 5~
Let 6 = AOC. By the law of cosines, we obtain that
AC? = OA? + OC? — 2(0A)(0C) cos 8

] 1 N 1 cos
- 2T 102 4 4r
4 sin 9 4 sin 35 4 sin 9 sin 5
sin? 4” + sin? 9 — 2sin 9 sin 497r cos 0
4 sin? 3 T sin? %’T
T 47 47 T T T
4sin? = sin? — = sin® — + sin®? = — 2sin — sin — cos @
9 9 9 9 9 9
sin? 4“ +sin? T — 4sin? 3 T gin? 45
cos = i

281H g sin R

sin2 4“ + sin? 9 — 4sin? 3 T gin? 45 T
6 = arccos = —.

Am
2sin 9 sin =& g

Hence, the rotation angle of the 9-pointed star that transforms the generalized Petersen graph
K

GP(9,4) into a generalized Petersen unit-distance graph is .

3. Application

Inspired by generalized Petersen unit-distance graph, an electrical circuit design requires the con-
nections between any two components to maintain equal distances. This design enhances the good
performance and reduces potential issues. For example, (i) Resistors, capacitors, and electronic chips
are arranged symmetrically and orderly, with equal spacing between each component. This arrange-
ment allows for a smooth flow of electrical current. (ii) The golden traces on the circuit board are
designed in balanced and consistent geometric pattern. All traces have equal lengths, which helps to
avoid issues such as noise interference and signal errors, and (iii) The overall design is balanced in
terms of component placement and lengths of connection, making the circuit durable and reliable in
various situations.

This design improves efficiency and durability of electrical circuits, particularly in systems that
require high precision and stability. For more details, see in [11-13].
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4.

Conclusion

From the previous computations, we found the rotation angle of the n-pointed star to transform the

gen

eralized Petersen graph into a generalized Petersen unit-distance graph as Table 1.

Table 1. This table shows the rotation angle of the n-pointed star
that makes it a generalized Petersen unit-distance graph.

Types of the generalized Petersen graph | The rotation angle of the n-pointed star after consideration
GP(n,2), where n € {5,6,7,...,12} arccos W , where A = sin 7 and B = sin 27”
GP(n,3), where n € {7,8,9,10} arccos W , where A = sin T and B = sin 37”
GP(9,4) 3

Besides previous thirteen generalized Petersen graphs, other generalized Petersen graphs also be

transformable into a unit-distance graph. For example, a graph GP(10,4), which is isomorphic to an
I-graph 1(10,2,3). We see that the I-graph can be represented as a unit-distance graph with rotational
symmetry, as shown in Figure 7. Therefore, other generalized Petersen graphs might be transformable
into a generalized Petersen unit-distance graph by providing a unit-distance I-graph and finding its
rotation angles that could be more than one angle.

For further research, we investigate rotation angles of the generalized Petersen graphs rather than

thirteen generalized Petersen unit-distance graphs by considering the I-graph instead.

1
2]
13l

4]
5]
16]
7]

Fig. 7. A generalized Petersen graph GP(10,4) and I-graph I(10,2, 3).
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rpacda ognHn4Hux Bigcrtadeii lNetepcena
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L @axyarvmem mamemamury, oceimu ma Garyabmem npupooHUNUT HAYKY Ma UUPGPOSUT HHo6ayil,
Vwisepcumem Taxcina, 90000, Conexzaa, Tainand
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Darysvmem npupooruvuT HayKx ma Yudposur HHoeawit,
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Vzaragpuennit rpad Ilerepcena — e rpad i3 2n BeprmmHaMu, /1€ KOXKHA BEPITHHA MA€
creninb 3 i € 3n pebdep. I'pad ommamuHOl BifcTani — 1e rpad, B KoMy KOKHE peOpo
Mae J1oBkuny 1 onmuuio. JlocsikeHo reomeTprutdne IePeTBOPEHHS y3araJabHeHOro rpada
Ilerepcena B y3arajabHenuit rpad omuHuyvnux Bifcraneit [lerepcena Tta KyTu mOBOPOTY -
KIHIIEBOI 3ipKHU y3arajbHeHOro rpada onuanaanx Bigcraneii [lerepcena. [lotim orpumano
BJIACTHBOCTI y3arajbHeHOro rpada oauHndHux Bimcraneit [lerepcena ta KyTtu obepraHHs
N-KiHIEeBOI 3ipKU y3araJbHEeHOro rpada oquHuYHuX Bigcraneit IleTepcena 3a gomoMororo
reOMETPUYHUX [1I€PETBOPEHb, TPUTOHOMETPUYHUX (PYHKIIIN 1 IpaBuiia CHHYCa Ta KOCHHYCA,
a TAKOXK TMOMIOHMX MHOTOKYTHUKIB.

Kntouosi cnoBa: ysazasvnernud epad Ilemepcena; odunuusa eidemani; Kymu nogopomy.
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