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CONSIDERATION OF INDUCED POLARIZATION EFFECTS
IN SOLVING INVERSE PROBLEMS OF GEOELECTRICAL SOUNDING

The paper aims to develop an algorithm for identifying the physical (polarizability and resistivity) and
geometric (center of mass, orientation, and dimensions) characteristics of local heterogeneities. This is achieved
by analyzing induced polarization (IP) potential field data measured at the boundary of the object, using the
indirect near-boundary element method. Methodology. A piecewise homogeneous half-plane was chosen as a
model of the Earth’s crust, where the components are in non-ideal contact. An efficient combination of the
indirect near-boundary element method with a cascade iterative algorithm for parameter identification was
developed to solve the inverse two-dimensional problem of the IP potential field theory. At each step of the
algorithm, a series of direct problems was solved, in which the Laplace equations were transformed into integral
representations. This transformation utilized the Green’s function for a half-plane, which automatically satisfies
the boundary condition and eliminates the need for boundary discretization. Additionally, a fundamental solution
for the inclusion was applied. The conditions of non-ideal contact were satisfied in the collocation sense at the
midpoints of each boundary element. This made it possible to determine the intensities of the unknown sources
introduced into the near-boundary elements and approximated by constants. The medium and the inclusion were
then treated as independent regions, and the desired IP field potential and flow across their boundaries were
calculated. Results. A computational experiment was conducted for the problem of geoelectrical sounding using
a constant artificial field (electrical profiling method). Initial estimates of the physical and geometric
characteristics of the inclusion were obtained based on the behavior of apparent resistivity and apparent
polarizability. Through two cascades of iterations, the location and approximate dimensions of the inclusion
were first refined, followed by adjustments to its shape and spatial orientation. A necessary condition for
successful identification was the presence of a boundary segment with an excess of boundary conditions, which
enabled the minimization of the selected functional on that segment. Originality. The problem of geoelectrical
sounding by direct current in piecewise homogeneous polarized media was reduced, via mathematical modeling,
to a potential theory problem with non-ideal contact conditions at the interfaces between different media.
Practical significance. An efficient computational approach was developed for solving the inverse problem of
geoelectrical sounding using direct current. It considers the effect of induced polarization, including surface,
volume, and mixed polarization. Computational efficiency was achieved through a two-stage cascade- iterative
algorithm that refined initial approximations and eliminated parameters with negligible impact on the results.

Keywords: mathematical modeling, induced polarization, direct problem, inverse problem, indirect near-
boundary element method, piecewise homogeneous polarized medium, electrical profiling.

Introduction interpreting experimental data while accounting for
the complex geometry of inclusions and variations in
physical parameters, which is essential for
constructing reliable geoelectrical cross-sections.
They also support both qualitative and quantitative
analysis of geoelectrical properties for describing
complex geological processes in the Earth’s interior.
Numerical modeling enhances theinterpretation of
data obtained from the induced polarization method.
It is also a powerful tool for investigating the Earth’s
deep structure and the mechanisms of tectonic
activity. Additionally, it plays a crucial role

Mathematical models of the induced polarization
(IP) effect enable the study of potential field
distributions in heterogeneous media, which is
particularly important in regions with tectonic
activity. Based on the calculated apparent resistivity
and polarizability, such models allow the
identification of fluid-saturated zones, faults,
boundaries of tectonic blocks, and metasomatic zo-
nes — processes directly related to geodynamic
changes in the lithosphere. These models enable
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monitoring the development of fault zones, an
essential aspect of geodynamic analysis.

A rigorous physico-mathematical model of a hete-
rogeneous conducting medium proposed by [Zhda-
nov, 2008] is based on the effective medium ap-
proach. The generalization of the classical theory of
effective media (TEM) consists of two main com-
ponents: the introduction of an effective conductivity
model for heterogeneous, multiphase rocks with
inclusions of arbitrary shape, conductivity, and pola-
rizability using quasi-linear approximation principles
within the TEM formalism, and the development of a
generalized effective-medium theory that incorporates
induced polarization (GEMTIP). This model accounts
for both electromagnetic induction (EMI) and induced
polarization (IP) effects associated with the relaxation
of polarized charges in rocks. The geoelectrical para-
meters of this model are determined by the composite
medium’s internal petrophysical and geometrical cha-
racteristics, such as mineralization and/or fluid con-
tent in the rocks, matrix composition, porosity,
anisotropy, and formation polarizability. In a simpli-
fied version involving spherical inclusions, GEMTIP
is consistent with the empirical Cole—Cole model and
the classical IP model proposed by Wait.

In [Ye et al., 2014], an adaptive finite element
method for 2.5D modeling of the IP effect is
proposed, which uses an irregular grid with triangular
elements and allows for describing the of complex
geological structure geometry, particularly inclined
layers and uneven terrain, with local refinements. In
[Hongzhu, Zhdanov, 2017], an approach to modeling
the IP response in 3D dispersed conducting media is
proposed, using the finite element method in the time
domain, an unstructured tetrahedral grid, stable time
discretization, and the Cole-Cole model with an
adaptive Padé expansion to accurately account for
conductivity dispersion.

In the article [Yanju et al., 2018], a new method for
numerical simulation of electromagnetic signals is
presented. This method, based on the finite difference
approach, in the time domain is specifically designed for
3D polarization media with consideration of IP effects.
The approach utilizesthe Cole-Cole model and addresses
challenges relatedfractional ~derivatives. Numerical
experiments have shown that the medium’s size, charge
and frequency dependence significantly affect the
detection of polarization bodies, and small objects
remain difficult to register with modern methods.

In [Kamran, Hamidreza, 2019], the authors
investigate the effectiveness of the IP method for
modeling ore bodies and optimizing drilling
operations using the example of the Madan Bozorg
copper deposit in Abbasabad, Iran. They combined
IP, electrical resistivity, and copper content data from

58

drill holes to create two- and three-dimensional ore
distribution models. Using geostatistical methods
(cokriging) and artificial neural networks, they pre-
dicted the location of ore bodies in areas without drill
data. The results showed a high agreement between
the predicted and actual data, which allowed for
reducing the number of required drill holes by
approximately 45 % and optimizingtheir location.
This study demonstrates the potential of the IP
method as an effective tool for reducing costs and
increasing accuracy in geological exploration.

In Saudi Arabia, the Glass Earth geophysical
project [Alfouzan et al., 2020] was successfully
implemented on more than 8,000 km? of previously
unexplored territory to search for minerals, water, and
geothermal resources. Aerogeophysics, spectral in-
duced polarization, and GEMTIP inversion were
used, which takes into account 3D electromagnetic
(EM) effects. A method was developed that considers
all three-dimensional EM effects when inverting 1P
data. [Yanju et al., 2020] presents a three-dimensional
numerical simulation of the VP for the GREATEM
system using the fictitious wave field method and the
Colem-Kerr model. It allows for effective simulation
of the VP in a polarized environment, reducing the
calculation time by a factor of five compared to
traditional methods. It has been shown that [P effects
are better manifested in high-resistivity zones, and are
practically not recorded in low-resistivity zones.

The article [Revil et al., 2021] investigates the
application of the IP method to construct the
temperature field inside shield volcanoes. The authors
analyze the dependence of the electrical properties of
volcanic rocks ont emperature and humidity using
experimental data and numerical modeling. The re-
sults show that the IP method allows you to detect hot
zones and thermal anomalies, which are important for
geothermal monitoring and assessing the potential
activity of volcanoes. In 2015, an induced polarization
survey was conducted on the Kilauea volcano. Charge
and conductivity tomograms were obtained using 64
electrodes and 6,210 measurements. A conductivity /
polarization model was used to determine the
temperature tomograms, which allows these para-
meters to be used as temperature sensors.

In [Caowei et al., 2022], a numerical simulation
was conducted to study the relationship between
mineralized structures and IP properties of marine po-
lymetallic sulfide rocks. The effect of sulfide content
on charge and electrical conductivity was investi-
gated, which is relevant for electrical studies of ma-
rine deposits. The simulation shows how the mine-
ralization structure affects IP properties in seafloor
sulfide rocks. The article [Bérubé, Charles, Bérubé,
Pierre, 2022] presents a new approach to IP modeling
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in the time domain using variational autoencoders
(VAE). The model is trained on more than 1.6 million
IP decay curves collected in Canada, the United Sta-
tes, and Kazakhstan. The approach allows for synthe-
tic data generation, Bayesian noise cleaning, signal-
to-noise estimation, and outlier detection without the
need for manual tuning or empirical models.

In [Satoshi, 2023], a method for modeling the
polarization of metal grains in a 3D environment
using OpenFOAM was developed. The paper studied
the influence of the shape, size of the channels,
orientation, and interaction of the grains on the
potential distribution. This allows for a better un-
derstanding of the mechanisms of IP in complex con-
ditions. The results will help improve models, in-
terpretation, and laboratory experiments. [Davies, et
al., 2023] presents a Bayesian approach to detecting
IP effects in airborne electromagnetic (AEM) data.
The authors developed an approach that combines a
split-layer model with a Monte Carlo algorithm and
reversible jumps (Reversible Jump Sequential Monte
Carlo, RISMC). It allows for simultaneous estimation
of the parameters and model structure, taking into
account the uncertainty in the number of layers in the
geological environment. A statistical criterion is pro-
posed for assessing IP detection based on the model
posterior probabilities. The method was tested on
large-scale AEM data, demonstrating its effectiveness
in detecting IP effects that previously had no estab-
lished methodology in aviation geophysics.

In the study [Zibulski, Klitzsch, 2023], the authors
analyze the effect of grain internal surface roughness
on spectral induced polarization (SIP) in laboratory
measurements. Using models with smooth and rough
surfaces, they simulate the SIP response, focusing on
the polarization of the electric double layer around the
particles. Roughness is modeled in two ways: by
adding fractal structures to the surface and by
generating random rough surfaces. The results show
that surface roughness leads to changes in the fre-
quency dependence and magnitude of polarization,
which is important for interpreting SIP data in geo-
physical studies. The study emphasizes the impor-
tance of considering the microstructural features of
rocks when analyzing SIP data, which can improve
the accuracy of geophysical models and interpre-
tations. A strong correlation is established between
the strength of electric polarization and the internal
surface of rocks. The effect of surface roughness on
the SIP response was investigated, and two main
effects were identified: relaxation frequency shift and
secondary polarization formation.

[Cox et al., 2023] considers the physical and
mathematical foundations of the method of aero-
excited induced polarization. A method of joint in-

verse modeling is proposed to obtain electrical
conductivity and parameters of the IP using the
GEMTIP theory. The results of 3D modeling for the
Echum area, Canada are presented. To model the IP in
an anisotropic environment, the authors of [Jiaxuan, et
al., 2024] used 2D F ourier transform and integration
by shape functions. The method reduces compu-
tational costs, provides high accuracy and efficiency,
and takes into account the anisotropy of polarization,
which significantly affects the results of field
measurements.

In [Pourhashemi, et al., 2024], the inversion of
time-domain IP tomography is considered to determi-
ne the charge distribution in geomaterials. The
technique allows for improving the characterization of
near-surface structures, which is useful for mineral
exploration, engineering, and environmental studies.
The finite difference method is used to solve the
Poisson equation, and the inversion algorithm is used
to obtain resistivity and charge models of the near-
surface layer.

The paper [Finden, et al., 2024] investigated the
possibility of using IP in the transient electromagnetic
reconnaissance method for detecting near-surface ice
on Earth, Mars, and the Moon. Numerical simulations
show that IP can detect ice, especially if it contains
salts. [Bérubé, Gagnon, 2025] presented an approach
to modeling anisotropic IP using a combination of
neural networks and GEMTIP, which allows signi-
ficant acceleration (up to 100,000 times) of calcula-
tions without significant loss of accuracy, which is
promising for effective IP modeling in complex
geological conditions for rapid calculation of depo-
larization tensors in anisotropic environments.

In [Fys, et al., 2023], the conventional approach to
constructing a three-dimensional distribution of the
Earth’s masses involves using Stokes constants incre-
mentally up to a certain order. Based on the mathe-
matical modeling and the described algorithm, a
three-dimensional model of the density distribution of
subsoil masses in the middle of the Earth is obtained.
It takes into account Stokes constants up to the eighth
order inclusively and corresponds to the surface distri-
bution of masses of the oceanic model of the Earth, its
concise interpretation is also presented.

The article [Brusak et al., 2025] develops a method
for detecting geodynamic anomalies in GNSS time
series using machine learning algorithms. The method,
which has been implemented in the Python environment,
allows for the semi-automated analysis of large datasets.

Rocks capable of polarization are characterized by
two parameters (resistivity p or electrical conductivity

o =1/ p and polarizability 7) or one p *= p(1-17)

or ¢ =c (1-7), which is interpreted as the specific
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resistivity or electrical conductivity of the polarized
medium. The induced polarization method is based on
measuring secondary electric fields of electrochemical
and electrokinetic nature that arise in rocks when an
electric current flows through them. It is one of the
leading geophysical methods used to search and explore
ore deposits. The IP method is used in both profiling and
sounding modifications, using the same installations as
in resistivity methods.

The resistivity and induced polarization methods are
most often implemented together,if there is equipment for
measuring non-stationary fields. Usually, anomalies of
significantly increased values of apparent polarization 77,

are observed over ore objects, in particular sulfide and
graphitized ones. For a heterogeneous environment 77, ,

the spatial distribution of rock sections with different
polarization depends on their specific electrical resistivity,
the location of the feed and measuring electrodes, and the
polarizing field’s nature. By studying the spatial
distribution of 77, , its dependence on the specified factors

and taking into account the true polarization of the rocks
that make up the area, it is possible, using geological data,
to establish the features of the geoelectric section and on
this basis to solve the problems of geological mapping and
prospecting for mineral deposits.

The interpretation of the profiling results by the
VP method is mainly qualitative. It comes down to
selecting anomalies with increased apparent
polarizability relative to background values. Quan-
titative interpretation is used for individual anomalies
caused by local objects of simple shape. It is based on
analytical solutions of the direct problem for bodies of
simple geometric shape: a sphere, a cylinder, a
vertical layer, etc. Analytical solutions to potential
theory problems for piecewise homogeneous regions
can be found by classical methods only for inclusions
of a canonical or close-to-canonical shape.
Consequently, there has been a growing reliance on
numerical methods in mathematical modeling, espe-
cially for three-dimensional objects of arbitrary sha-
pes. Recent years have seen an increase in the use of
modern high-speed computers, particularly with acce-
lerated modeling techniques such as GPU computing,
adaptive meshes, hybrid methods, and machine lear-
ning algorithms for data interpretation [Zhuravchak,
2019; Zhuravchak, 2024].

Purpose

The paper aims to build an algorithm for
recognizing physical (polarizability and resistivity)
and geometric (center of mass, orientation, and size)
characteristics of local inhomogeneity based on the
field potential of induced polarization measured at the
object's boundary.
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Methodology

Problem formulation

Let us consider the problem of determining the
physical (polarizability and electrical conductivity)
and geometrical (center of mass, orientation, and
dimensions) characteristics of a local inhomogeneity

(), based on the pattern of the induced polarization

(IP) potential field flow on the electrically insulated
boundary T ={(x,x,):—0<x <o, x, =0} of a half-
plane. The domain

half-plane  occupies a

Q=0yuQ U =R> ={(x},x,): -0 <x <0, -0 < xy <0)
in the Cartesian coordinate system(xj,x,), where

0Q); denotes the interface between different media.

Two main types of polarization are observed in
electronic conductors: surface and volume. Surface
polarization is typical for large, solid ore bodies,
where secondary charges accumulate on the surface
under the influence of an external electric current.
When the current is switched off, the accumulated
energy dissipates (relaxes) over several seconds.

Volume polarization is characteristic for em-
bedded ores not detected by other geophysical
methods. The IP method is the main research method
when searching for such objects. Non-ore rocks
(sedimentary and igneous) are polarized much more
weakly. In addition, the IP method is also used in
hydrogeological geophysics to determine the ground-
water level and identify various lithological rock
complexes in the section due to the noticeable
dependence of the polarization of sedimentary rocks
on humidity, clay content, and porosity. Therefore,
the main areas of application for the IP method
include: mineral (especially ore) exploration, hydro-
geology, and geological mapping. The increasing use
of the IP method in petroleum exploration is also
worth noting. Numerous field experiments have de-
monstrated that accumulations of pyrite inclusions
often form above hydrocarbon reservoirs, creating
favorable physical conditions for detecting and deli-
neating oil and gas deposits.

We consider three possible types of polarization
effects:

— surface polarization, resulting from the effect
of a single conductive inclusion or a compact ore
body embedded in a medium with ionic conductivity;

— volume polarization, arising from the cumu-
lative effect of many conductive inclusions;

— mixed polarization, which combines aspects of
both surface and volume mechanisms.

From a mathematical perspective, these cases can
be modeled by imposing non-ideal contact conditions
at the interface between different media:
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surface polarization:

AU (X)
Ug(X) —U (X)) = —A———,
0 (X) —up(X) ()
g0 GUO(X) =01 aUI(X) , X 6891 N (1)
on(x) an(x)
volume polarization:
Up (X) = Uy (X),
aSaWKX)::afau“X),xeéxy, )
an(x) an(x)
mixed polarization:
AUy (X)
Uy (X)—U (X)) =—A ,
0(X) = () on(x)
« OUg(X) S ou(X) X o9, . 3)

90 =0 )
an(x) an(x)
Here )\ is a surface polarization coefficient on 9}

, s:] =sy(-hy), Sy, is an electrical conductivity of

Wy, m=0,1; h,, is a coefficient of induced pola-

rizability of the medium in W, , i.e. the ratio of the resi-

dual potential difference of the field caused by pola-
rization, measured 0.5 s after the electric current in the
power line is turned off, to the potential difference mea-
sured during the passage of the electric current before it
is turned off; N(X) is the external uniquely defined unit

normal to the boundary 9€2, of the domain £, .

The first of the equalities (2) is fulfilled only when
there are no contact electromotive forces (EMF) at the
interface. In the case of the latter, when crossing the
boundary, a jump in the potential of the IP field will be
observed, equal in magnitude to this contact EMF (the
first ones of the equalities (1), (3)).

At the boundary G the potential field flow IP is zero
everywhere, except for the section I'; CI' (not

necessarily single-connected), in which the current
sources are located:

0 ,0 )
_ 0% J(XI,O), (Xlao)erd , (4)
1>
*a ’0 .
— 0% 1(%1,0) , x,0ely,
1>

where j(X;,0)=0 at (x,0)€ Iy, j(X,0)=0 at
(1,00 I'j. Note that in the case of surface po-
larization, we choose boundary condition (4), we
choose boundary conditions (4) and (5) for volume
and mixed polarization.

In addition, there is a region W 1 G where the

potential value was additionally measured:

UO(XI'JO) = Ub(Xl,O), (Xl,O) € Fb . (6)

Inside the half-plane, the potential of the IP field
satisfies the equation:

2, 0%up(x)

P(Upy (X)) = > =1 =

i=1 Xi

0,XEQ,, m=0,1, (7)

where X = (X[, X,) are the Cartesian coordinates.

As we can see, the introduction of a new
characteristic ~ of  the environment  model
(polarizability) allows us to preserve the structure of
the basic equations and simplify the solution of direct
and inverse geoelectrical prospecting problems for
models of polarizable objects.

Solving the direct problem of the theory of the
potential field of the IP for the case of surface
polarization

When solving a direct problem, we assume that all
characteristics of local heterogeneity and the
containing medium are known.

According to the basic principles of the indirect
near-boundary element method [Zhuravchak, Zabrod-
ska, 2010; Zhuravchak, Kruk, 2015], let us consider
the set R2(2) composed of two planes Rzm , which
has the following properties:

RZNR? =0, U8, R22)NR*=QuUT,

R NR? =09, .
Contact boundary and external near-boundary
areas

Gy =By \Qy,
where B, CR%, Wy, 1By, W, CIB, =&,
are discretized into boundary G, and near-boundary
Gy, elements, respectively, so that each boundary

element corresponds to two near-boundary elements:
G GTW; =Gy, Gy CGpg =&, v1q,

V.q=1LV, EV=;Gpy =Gn.
We approximate the intensities of unknown
fictitious sources introduced in the near-boundary
elements by constants dp,, , considering that the

sources are chosen on the boundary of the half-plane
in the form of

Y(x,0)=—-2j(x,0)/0p for volume and

P(X,0) =—2](%,0)/ U; for mixed polarization
ensures the fulfillment of conditions (4), (5), and we
pass from differential equations (7) to their integral
representations, i.e., we write down the potentials
Up (X,01) of the IP field and their intensities

O (X,0)

em(xoUm) = 8n(x)
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V
Up(%.59) = > doy | Eon(%.£09)dGoy (§) +

v=1 Goy

+ [ Eon(x.£.00)(6.00T(€), X€ QU .

N

V
e0(x,00) == doy [ Fon(x.€)dGp, (&) -

v=l GOv

— | Fon(%.£,00)1(&,00dTj(£) ®)

L

V
(%0 =Y dyy [ Ej(x&07)dG, (O +C.
v=l G,
XeQuoYy,

V
& (o)== dy [ F(6E)AG(©). (9)

v=l Gy,
Eon(r,So) =Eo(r,So) +Eo(r',sq) s
the Green function of the operator P(Uy (X)) for the

Here

half-plane, which automatically satisfies the boundary
conditions 4, (5) at j(X,0)=0;

En(r,Sm) = En(X,X,Sy) = - Injr/r|
m
is the fundamental solution of the

P(up, (X)) for the plane;

operators

Fon(r,Sg) =Fy(r,sp) +Fy(r',sy),
3 (% -x%)
Fm(rasm):Fm(XaX,Sm)ZSm a 5 5

£=(8.6)€RE,

X;,Xp is a coordinate system that coincides with

X5 Xy,
— 2 2
= =x)2+ 0 -x0)
r':\/(xl -X))% + (X +Xp)P
constant  Iyis used to improve the accuracy of
calculations.

Here and further, we choose the values o, oy for

surface polarization, and 03, Uf for volume and
mixed polarization. Note also that the current density,
using (8) and (9), is found as
Im(%0m) = 0mem(X,om) .

We apply the collocation method to satisfy the contact
conditions (1) in the middle of the boundary elements:
in the points xeI'y,, (W=1L..,V) [Zhuravchak,
Zabrodska, 2024]. We obtain systems of linear
algebraic equations (SLAE) for determining the

unknowns dy, :

V V
> doy [ Eon(X",&00) + AFon (X*,€,70))dG0y ()~ Sy [ Ey(X",€,07)dGyy () — G =

v=l1 GOv

v=l le

=— | (Bon(x",&,00) + AFon (X", £,00))1(&,0dT (&) »

I‘J
XY € o0, (10)
V V
70> oy [ Fon(x".£,00)dGoy ()~ 01Dy [ F(X",&01)dGy, (€)=
v=1 C:’OV v=1 le
=00 [ Fon(x",€,00)9(§,0dTj (€) , X" € 99 ; (11)
T.

J

We supplement the system of equations (10), (11)
with the condition of equality of zero in the sum of all
sources at infinity:

\é dy ¢ dG,, (x)+C,=0" (12)
v=l Gy

In the last step, we substitute the obtained
solutions of the SLAE (10)-(12) d,,,, into (8), (9).
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Solving the direct problem of the theory of the
potential field of the IP for the cases of volume and
mixed polarization

In the case of volume polarization, the SLAE for

finding the unknowns dg, will have the form (we

satisfy the boundary conditions (2)):



V V
S dov [ Eon(x".£00)dG0y ()~ >y [ E1(X",&,01)dGy, ()~ G =

v=1 Goy

L

v=1 Gy,

=— [ Eon(x".&,00)0:(&.00dT (&) , X" €09, (13)

V V
75> oy [ Fon (X", 6,00)dG0y ()~ o7 >y [ R(X",&,07)dGy (€)=

v=l GOV

v=l G,

= —0p [ Fon(x",&,00)0(§,0dT(€), X" € 9 ; (14)

N

and the integral representation are follows:

V
Uo(%,09) = > doy [ Eon(%,€00)dGoy (€) + [ Eon(x,€,00)1(§,00T (€, X € Q9 Uy,

v=1 Goy

V
e (%,00) == doy | Fon (%,€70)dG0, (€) — [ Fon (x.£.00)¥(& 0T (©). (15)

v=1 Goy

T

v
Ul(X:Ul)ZZdlvaﬂX»&Ul )Gy, () + Gy, xeQ U,

v=l G,

V
& (601) = =D dy [ F(x&01)dGy, (©). (16)

v=I

le

In the case of mixed-type polarization, we satisfy boundary conditions (3), i.e., the SLAE consists of

equations similar to (10):

V V
> doy [ (Eon(x",00)+ AFon (X", £:70)dG0y ()= >y [ Ey(x",&,01)dGy, ()~ C; =

v=l GOv v=l C'\’]v
= [ Bon(x",&,00) + AFon (X", £, 00§, 0T (), X €09, (17)
T
and the system of equations (14). We write the Sy =S;o*Ds,1=1,+DI, (19)

integral representations by formulas (15), (16).
Each of the systems of equations (13), (14) or
(17), (14) is supplemented by condition (12).

Solving the inverse problem of the field potential
theory of the VP

Let us assume that the separation boundary W, is

given by a quadrilateral. The cascade iterative re-
cognition algorithm will first be written for the case of
surface polarization of the inclusion (we consider the
medium to be unpolarized).

Step 1. By the nature of the change in apparent
resistivity and apparent polarizability (assuming a
linear dependence of the induced polarization of ionic
and electronic conductors on the current density):

k
—2u N N
Fa =40 (m»So) ~Uo (Xn»So)]»

_ e(')P(x,sO) _ ﬂu(')P(x,sO) / ﬂu(')\' (X,8¢)

e(xSo)  In(x) n(x)
we determine the sign and initial approximations for
Ds, DI, taking into account that

, (18)

initial approximations (Xjo Xp9) — the center of mass
of the inclusion, modeled by a rectangle with sides 2

L, 21y, % we determine exactly by the extremum

of the curve ry (18) or hy (19), Xy and I, I, —

approximately by this curve, integrated within the
limits between its inflection points.
Here Kk

ABMN [Zhuravchak, Zabrodska, 2024]; it is clear
that the apparent resistivity and apparent
polarizability of a homogeneous half-plane are equal
to unity at each point.

The potential of the field IP is calculated as the
difference of the potentials of the full polarized field

is the coefficient of the installation

ug (X,S¢) and the primary field u(')\l (X,Sq) :
1P P N
Up (X,S¢) =Up (X,S¢)-Up (X,Sg),

where ug‘ (X,8¢) is obtained as a solution to the

problem of potential theory (4), (7) in an unpolarized
medium [Zhuravchak, Zabrodska, 2024], sup-
plemented at the contact boundary by the conditions
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of continuity of the potential and normal components
of the current density:

(X)) _ duy(X)
anx) o)’

Ug(X) =U;(X), oy X €08y,

ug (X,S¢) is a solution to the problem (1), (4), (7).
Step 2. We assume that S and ) are known.

Step 3. We organize the first cascade of iterations
to clarify the location of the local heterogeneity and
its approximate dimensions.

1. We model fW; with a rectangle with vertex

coordinates:
1 _ 1 _
X = X0 = hXp = X0 -,
2 _ 2 _
X=X+l Xy = X0 =1,
x13 =X +I1,x§ =X90 +1y,
4 _ 4 _
X =X ~hXg = X0 . (20)
2. For the selected Sjpand ) using the above-
described algorithm for solving the direct problem,
we calculate the potential of the IP field uy(X) by
formula (8) for X T TW, .

3. Minimize the functionality

1= Uy (0 - up (0 [dTW, (),

=0
Wy

@n

allowing variation only Xo, Iy , I5.

4. We fix Xzfo, |1f , |2f , which correspond to the
found minimum of the functional (21) and refine s
and A\ by formulas (20), using minimization (21),
denote them by Slf, 1f

5. As a result, we find, using formulas similar to
(20), the refined coordinates of the vertices of the

rectangle ( Xlnf , ng ), n=1,...,4.

Step 4. We organize a second cascade of iterations
to refine the shape and orientation in the inclusion
space.

1. We will rotate the rectangle found in step 3
around its center of mass, simultaneously scaling
along the axes. To do this, we introduce three new

parameters Jg,S|,S, and calculate new coordinates of
the vertices of the rectangle:
nr _ . nf = nf fy =
Xp =(X =X)cosJg = (Xy =Xyq)singg + X,
nr _ . nf - nf f = f
X3 = (X =X0)singg +(Xy = Xy))co8 g * Xy,
nc _  nr
X =% s+ (=-8)%0,
nc _ ., nr f
Xy =Xy Sy +(1-53)Xy. (22)
2. We minimize the functional (21) by variation
J0,5,S, and fix jof ,Slf ,52f , which correspond to

the found minimum.
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fof f f
3. For constants Xjg,Xy ly (or , I, 1, ),
jO]c ,Slf ,52f we specify Slf, 1 using minimization
f2 gf2
(21), and denote them by s; °, I '~

Step 5. The found ones X{'°,Xj serve instead of

variables Xln f , ng , in formulas (22) for further

refinement in the iterative process of minimization

f2 gf2
1 1

(21) with constants S . Note that the last two

steps are sometimes advisable to repeat several times.

For the case of volume polarization of the
inclusion, the cascade iterative recognition algorithm
is similar to the one given above, except that now we
find, in addition to geometric parameters, physical
characteristics S; and h; =h; ; +Dh (instead of 1),

and instead of formula (19), we use this one:
e (%Sg) _ Tug (x.S0) g (x.So)
ey (X,Sg) In(x) in(x)

and the potential of the IP field is calculated as the
difference in potentials of the full polarized field

h, =

ug (X,S;) and the primary field u(')\l (X,Sq) :

ul” (x%,80) =uf (x,50)-u (%,8¢),  (23)

where ug) (x,s S) as a solution to the problem (2), (5), (7).
The case of mixed polarization does not cause any

fundamental difficulties, however, the number of

physical characteristics increases to three (S;, Aand

h;), and ug (X,S;) in formula (23) is the solution to
problem (3), (5), (7).

The results

The direct and inverse problems of direct current
electrical exploration for polarized media using electrical
profiling were solved by the indirect boundary element
method for A=(-25, 0) and B=(25,0), and respectively.
The current strength I and the electrical conductivity S

of the geological medium W, were set equal to unity.

The distance between the receiving electrodes was
chosen MN = 0.1AB, and they were moved along the
line (-25, 25) with a step of 0.1.

First, a volume polarized inclusion in the form of a

rectangle with sides 2k =4, 21,=2, with different

coefficients of induced polarization h; in an unpo-

larized medium was considered. The “center of mass”
of the inclusion, i.e., the intersection point of the
diagonals of the rectangle, was located at the point (0,
-3), the distance from the half-plane boundary h = 2.
The medium and inclusion resistivity (quantities
inversely proportional to their electrical conducti-
vities) were chosen as follows:
ro=1,r; =0.5and r; =2.
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We investigated the change in the shape of the
apparent resistivity p, and apparent polarizability 1,

curves calculated over the inclusion when the coefficient
was changed 77; for cases where the inclusion resistivity

£2,0m:m

1.02

was less (Fig. 1, @) and greater (Fig. 1, b) than the
resistivity of the medium. Only the apparent resistivity
graphs are presented, since the apparent polarizability
graphs had a similar appearance.

p.Om-m

Fig. 1. Graphs of apparent resistivity over a volume polarized inclusion at different induced
polarizability coefficients for cases when the inclusion resistivity is less (a)
and greater (b) than the resistivity of the medium.

As we can see, each graph is characterized by three
extrema: the central one and two symmetrical ones with
respect to it. The central extrema can be used to estimate
the magnitude of the inclusion resistivity (whether it is
greater or less than the resistivity of the medium) and to
determine the coordinate x; of the “center of mass” of the
inclusion, and the horizontal distance between the sym-
metrical extrema — the horizontal dimensions of the
inclusion. The value of the induced polarization coef-
ficient 77; for such graphs will be determined taking into
account the difference between the extrema of the curves
corresponding to polarized and non-polarized inclusions,
since an increase 77; leads to a decrease in the magnitude
of the extrema in case (a) and to its increase in case (b).

The acquired graphs resemble the apparent resistivity
graphs calculated for various depths % and different
electrical conductivity values of the inclusion, excluding

£.0m-m

1025
1000
0.97%
0.950 1
0925
0.900

0875

0.850 " - .- .2 -: - i
=20 -15 =10 -5 o 5 10 15 20

polarizability. However, there is no complete overlap
between them. This observation indicates that each uni-
que set of characteristics for the studied region corre-
sponds to a specific distribution of apparent resistivity.

Next, the cases of surface polarization (with different
values of the coefficient at the boundary of the inclusion)
and mixed polarization (Fig. 2, a) are considered. As can
be seen from Fig. 2, @, an increase in the coefficient of
surface polarization is reflected in a decrease in the value
of the central extremum on the graphs. From the graphs
(Fig. 2, b), it is clear that the greatest influence is
observed with volume polarization; therefore, when
solving the inverse problem, we will consider this
particular case. Surface polarization has a much smaller
influence, but it is significantly enhanced in the case of
mixed polarization.

p.0m-m

1
== m=0. A=0
— m=0250=0 |
— m=0, ;=025
— m=0.254;=025 |

1125

1100

1075

1030

1025

1000

0975

T v 4 1
-20 -13 -10 -3 a 5 10 15 20

Fig. 2. Graphs of apparent resistivity over an inclusion
with surface (a) and mixed (b) polarizationfor cases when the inclusion resistivity
is less (a) and greater (b) than the resistivity of the medium.
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The graphs shown in Fig. 1and 2 are used to
select initial approximations for the geometric and
physical characteristics of the inclusion. In particular,
the convexity in the graphs in Fig. 1 indicates that the
resistivity of a polarized inclusion is greater than the
resistivity of an unpolarized medium, so we set
Ao, AG* to be negative. The coordinate xjy is

determined exactly by the extremum of the curve p, ,

and x,y and /; ,/, are approximately by this curve,
integrated within the limits between its inflection
points. The horizontal size of the inclusion /; will be
less than the distance between the minima of the
curve by approximately 50 %, and the vertical size /,

and depth of the center of mass / will be proportional
to the height of the maximum on the graph.

S

[~~03,

0.4 T T
1.00 125 1.50

The inverse problem for inclusion in the form of a
rectangle with sides 2/ = 4, 2/l,= 2, placed

horizontally (i. e., with its longer side parallel to the
day surface), is solved for the case of volumetric
polarization. Having found the initial approximations,
the values of the functional are calculated for two
fixed parameters (o19= 0.5 and 4 = 2) and two

variables (the sides of the rectangle). We find the
range of values of the variable parameters in the
vicinity of which the functional is minimal. Fig. 3
presents contour lines that show that there are areas
where the values of the functional are the smallest,
and they cover possible pairs of solutions to the

problem: the desired values /; are in the range from 1

to 2.1, and /, from 0.2 to 2, which is displayed in the

figures by a wider light strip.

Fig. 3. Isoline graphs of the values of the functional calculated with two fixed parameters
(a— o0, =0.5, h=2) and two variables (sides of the rectangle) for a polarized inclusion (a) and the

values of the modulus of the difference of the functionals for polarized and unpolarized inclusions (b).

It should be noted that the difference between the
values of the functionals corresponding to polarized and
non-polarized inclusions makes it possible to estimate
the induced polarization coefficient. The proposed
approaches have been implemented in software using the
modern and powerful Python programming language, as
it is free to use and offers a large number of additional
libraries, such as NumPy, SciPy, Matplotlib, and others.
The use of these libraries significantly accelerates and
simplifies the development of programs, enabling visual
control over the processes of constructing the geometric
research domain, the discrete model, and the overall
computational procedure.

A volume-polarized inclusion in the form of a
rhombus was also considered to test the 4th and 5th
steps of the algorithm and the case of surface
polarization for a rectangle; these results are not
presented because they did not cause fundamental
differences in implementation.
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Based on the proposed approach, automated com-
puter modules were developed in Python to solve the
direct and inverse problems of the potential theory of
induced polarization.

In future research, we plan to extend the proposed
algorithm for solving the inverse problem using
profiling for two, three, or more horizontally arranged
inclusions with identical or different electrical con-
ductivities. We also aim to develop an algorithm for
detecting two vertically aligned inclusions using the
method of vertical electrical sounding.

Originality

Using mathematical modeling, the problem of DC
geoelectrical surveying in piecewise homogeneous
polarized media has been reduced to potential theory
problems with imperfect contact conditions at the
interfaces between different media.
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Practical significance

An efficient computational approach has been
developed for solving the inverse problem of DC
electrical sounding, which accounts for the effect of
induced polarization in cases of surface, volume, and
mixed polarization. Time optimization is achieved
through a two-stage cascade-iterative algorithm that
refines initial approximations and eliminates
parameters with negligible influence on the result.

Conclusions

1. The calculation of induced polarization (IP)
fields is reduced to determining the polarized field
within the medium, followed by computing the
difference between the polarized and primary fields.
The polarized field is defined as the total field acting
during the charging period, while the primary field
refers to the initial current field at the moment of
charging onset, when IP effects can be neglected. At
any fixed moment during charging, the polarized field
satisfies Laplace’s equation. It is computed using the
same methods as for the direct current field, under
identical boundary conditions. However, the contact
conditions are more complex and vary depending on
whether the induced polarization is of surface, volu-
me, or mixed type.Induced polarization (the formation
of surface and volume charges in the rock) can occur
only in multi-component media consisting of a solid
matrix and an electrolyte fluid. IP effects are
particularly pronounced in areas with disseminated
sulfide mineralization and graphitized geological
formations and ion-conductive rocks. The electric
field of a point source in a polarized medium is
described by the same relations as in a non-polarized
medium, except that the resistivity of the polarized
medium p * replaces the standard resistivity p . The

manifestation of induced polarization is characterized
by frequency-dependent dispersion of electrical
resistivity, which leads to a phase shift between the
power source’s current and the voltage measured in
the polarized medium.

2. The proposed methodology
possible:

— to solve the direct problem and determine the
potential of the IP field in a piecewise-homogeneous
half-space with an inclusion of arbitrary shape;

— to place point and finite-sized sources of various
types, as well as observation points, anywhere within
the half-space, simulating both surface and borehole
measurements;

— to solve the inverse DC resistivity problem,
taking into account cases of surface, volume, and
mixed types of induced polarization.

makes it

3. The developed methods of research and con-
sideration of the effect of induced polarization (IP)
make it possible to investigate the distribution of the
potential field in heterogeneous media. By examining
the the spatial distribution of the calculated apparent
resistivity and polarization, to identify fluid zones,
faults, boundaries of tectonic blocks, as well as zones
of metasomatism — processes directly related to
geodynamic changes in the lithosphere. This analysis
is particularly important for regions with seismo-
tectonic activity.

4. The obtained results can also be applied to
developing recognition methods in exploration geo-
physics for delineating mineral deposits. Additionally,
they can be utilizedin materials science and de-
fectoscopy for determining the location and di-
mensions of foreign inclusions and defects.
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BPAXYBAHHS E®PEKTY BUKJIMKAHOI ITOJISAPU3ALII
IIJ1 YAC PO3B’AA3YBAHHS OBEPHEHUX 3AJTIAY 'EOEJIEKTPUYHNX 30HYBAHDb

Mera po0OTH — 3 BHKOPUCTAHHSM HENPSIMOIO METOJy NPUrPaHMYHHX €JIEMEHTIB MOOYyIyBaTH alrOpPUTM
posmizHaBaHHs (i3NYHUX (MOIIPU30BHOCTI i MMUTOMOTO €JIEKTPUYHOTO OIOpPY) Ta TE€OMETPHYHMX (LIEHTpa Mac,
Opi€eHTAaIlil Ta PO3MIpIiB) XapaKTEPUCTUK JIOKAJIHHOI HEOTHOPIAHOCTI 32 JaHUMH MOTEHIIANTY IOl BHKIUKAHOI
nonspuzauii (BII), BumipsHoro Ha Mexi o0’ekta. MeTtoanka. 3a Mojenb 3¢MHOI KOpH BHOPaHO KyCKOBO-
OJTHOPIHY MiBIUIOLIMHY, CKJIA/IOBI SKOT Iepe0yBaroTh y HeifeadbHOMY KOHTaKTi. [1st po3B’si3yBaHHs 00epHEHOT
JBOBUMIpHOI 3amadi Teopii moreHmiamy moist BII po3pobieHo epexTHBHE MOETHAHHS HEMPSIMOTO METOIY
MPUTPAaHHYHUX EJIEMEHTIB 13 KacKaIHUM ITepaliiHAM aJrOPUTMOM pO3IMi3HABaHHSA XapakTepucThk. Ha
KO’KHOMY KPpOLli aJITOPUTMY PO3B’SI3aHO HHU3KY NPSIMUX 3a/ad, B SIKMX 3JIHCHEHO Mepexij Bill CUCTEMH PiBHSHb
Jlarutaca 10 iHTEerpanbHUX MojgaHb 3 QyHKHmiero ['piHa At miBIUIOMMHM (BOHA aBTOMATHYHO 3aJJ0BOJIBHSIE
BKJIFOUCHHS. YMOBU HEIZIealbHOTO KOHTAKTy 3aJ0BOJICHO B KOJIOKALliIHOMY CEHCI y CepeluHi KOXKHOTO
TPAaHUYHOTO €JIEMEHTa, IO JaJ0 MOJJIMBICT 3HAWTH IHTEHCHBHOCTI HEBIIOMHX JDKEpesd, YBEACHHX Y
NPUTPaHUYHHX EIEMEHTaX i allPOKCHMMOBAaHUX cTanuMu. [Ticas mporo cepenoBHIIe i BKIIOYESHHS PO3IITHYTO SIK
IIJIKOM HE3aJe)KHI AUITHKH, B HUX OOYMCIICHO NIyKaHui moteHijan mons BII Ta moTik depe3 ixHI Mexi.
Pesynbrati. OOUuCIIOBAIbHAN EKCHEPUMEHT BHKOHAHO IS 337a4i €JEeKTPOPO3BIAKM TOCTIHHMM MITyYHHM
monem meronoMm BII (emekrpompodimoBanHsaM). 3a 3MiHaAMH TO3ipHOTO OMOpPY Ta MO3ipHOI MOJIIPU30BHOCTI
BU3HAYEHO [I0YATKOBI HaONWkeHHs s (I3MYHUX Ta TEOMETPUYHUX XapaKTepUCTHK BKIIOYEHHS. 3a
JIOTIOMOT'0I0 OPr'aHi30BaHUX JIBOX KacKaiiB iTepaliii CrioyaTky yTOYHEHO HOro MiCLe3HaXOKEHHS Ta MPHOIN3HI
po3Mipu, a moTiM — ¢opMy Ta opieHTamito y npocropi. HeoOXinHOI yMOBOIO YCHIIIHOI'O PO3II3HABAHHS €
HaSBHICTD NUITHKE MEXi 13 3aJaHUM HAITUIIKOM KpailoBUX YMOB, IO JaJ0 3MOTY BHKOHATH MiHIMi3aIlio
PO3IIISTHYTOTO Ha Hil QyHkuioHany. HaykoBa HOBH3HA. 3a OITOMOrOI0 MareMaTHYHOTO MOJENIIOBaHHS 3ajadi
Te0eNeKTPOPO3BIIKN TIOCTIHHUM CTPYMOM y KyCKOBO-OIHOPIJHHX ITOJISIPU30BAaHUX CEPENOBHIIAX 3BEICHO 10
3ama4 Teopii MOTEHIialy 3 YMOBaMH HEiNealbHOrO KOHTAKTy Ha MeKax MOoAury ceperoBum. I[IpaxTmaHa
3HAYYIICTh. P03po0jeHO ePeKTHBHUN OOYMCIIOBAIBHHMIA MiAXiq [0 pO3B’sA3yBaHHA OOEpHEHOI 3amadi
€JIEKTPOPO3BIJIKH MOCTIHUM CTPYMOM, SIKWI BpaxOBY€ BIUIMB €()EKTy BHKJIMKAHOI MOJSpH3alii AJIs BUIA/IKIB
MOBEPXHEBO1, 00 €MHOI Ta 3MimaHoi moispu3amii. YacoBoi onTuMizallii JOCATHYTO 3a paXyHOK JBOETAITHOCTI
KaCKaJHOTO ITepalliifHOro aqropuTMy AJIS YTOYHEHHS ITOYaTKOBUX HaOJIVDKEHb Ta BiAKUAAHHS MapaMeTpiB, IO
MaJio BIUTUBAIOTh Ha pe3yJIbTar.

Kniouosi crosa: MateMaTHyHe MOJEIIOBAHHS, BHUKJIMKaHa IOJSIpU3alis, IpsMa 3agada, oOepHEHa 3aaada,
HeNMpsMUHA METOZA TNPUTPaHHYHUX ENIEMEHTIB, KyCKOBO-OJHOPIJHE MOJSPU30BaHE CEPEIOBHILE, EICKTPHUYHE
npodiroBaHHS.
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